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Math 9 Fall 2002 — Group Projects

Consider the series 1 + % + % + % + % + % + é + é + % + % + %5 + ..., where the terms are the
reciprocals of those natural numbers whose only prime divisors are 2, 3, and 5. Find the sum
of the series.

Recall that the sine and cosine of angles like %, 7, and ¢ can be expressed explicitly and eractly
in terms of radicals; thus, for example, cos(§) = ‘/73, while cos(}) = ‘/75 Find analogous
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formulas for cos( z

) and sin(=<") in terms of radicals. [Hint: Consider complex numbers.]

. Define a sequence of integers a,, inductively by ag = 0, a, = 1, and forn > 1, a,, = a,,_1 + a,,_2;

thus the sequence begins 0,1, 1,2, 3,5, 8,13, .... Prove that a,, is given by the remarkable formula

= (58— (55)).

(Note: It is not even apparent — and indeed it seems like a miracle — that the right-hand side
is an integer!)

[Hint: Consider the function f defined by the power series f(z) = £22,a,%;. What happens
when you differentiate f7]

(a) Determine all triples of positive integers (a, b, ¢) such that ¢* = a?+0?. [Hint: This reduces
to looking for all points on the unit circle whose coordinates are both rational. It may
help to use a parametrization of the circle obtained by joining the point (z,y) on the circle
to the point (—1,0) by a line segment; the y-intercept of this line segment can be used as
the parameter t. What happens when ¢ is a rational number?|

(b) Explain how this same idea permits you to find antiderivatives of all functions of the form

f(sin @,cos 0)

S B.cos0) where f and ¢ are polynomial functions of two variables.

Group 1: Miriam Glaser, Selena Hadzibabic, [an Wanda, Joe Zenruffinen
Group 2: John Kim, Carolyn Lee, Evan Mendelson, David Monte

Group 3: Amos Lubin, Nicola Mootoo, Will Osborn, Vicky Pridgen

Group 4: Christopher Galiardo, Jeff Grossmann, Yoosik Kim, Vivien Savath



