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Power seriesrepresentations

What about a function like

f(x) = sin(x)
ldea:

e Goal: a power series representation ahout

e Them!" partial sum of a series

oo

Z cn(x —a)”

n=0

IS a polynomial of degreen:

Sm=Co+ci(x—a)+ca(x—a)+ -+ cm(x—a)™

e Find polynomials that closely match the functidgitz), nearx = a.
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m = 0and m =1

m =0
sg = ¢ SO simply pickey = f(a).

m =1
s1=co+c1(r—a) = fla)+ c1(x —a)
Find ¢; so thatf(z) — (f(a) + c1(x — a)) is as small as possible near

f(x) = (f(a) + ez —a)) = (f(z) = fa)) + c1(z — a)
Dividing by (z — a) gives:
(f(z) — f(a))

r—a

+c1 ~ fl(a) + ¢

>705 Whenz is close toa. So picke; = f/(a).
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m = 1 geometrically

Using these values, whatd¢s = f(a)+ f'(a)(x —a)?
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m = 1 geometrically

Using these values, whatd¢s = f(a)+ f'(a)(x —a)?

It Is just the tangent line t¢g atx = a!
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Polynomial approximations

If we continue this process, each time we add a term
containing higher derivatives gfatx = a:
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Polynomial approximations

If we continue this process, each time we add at
containing higher derivatives gfatx = a:

m = 2

2= fla) + F(@) —a) + LD (@ - 0)?
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Polynomial approximations

If we continue this process, each time we add at
containing higher derivatives gfatx = a:

m = 2
2= fla) + F(@) —a) + LD (@ - 0)?
m =3
s = f(@) 7 @ @-a)+ D 0 D (o
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Polynomial approximations
D

If we continue this process, each time we add at
containing higher derivatives gfatx = a:

s = f@)+ 7@ @-a)+ D @+ 7D (oa)

a "(q (4) a
( >($—G)2+f3(' >($_a>3_|_f 4'( >($—CL)4
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Polynomial approximations
D

If we continue this process, each time we add at
containing higher derivatives gfatx = a:

s = f@)+ 7@ @-a)+ D @+ 7D (oa)

a "(q (4) a
( >($—G)2+f3(' >($_a>3_|_f 4'( >($—CL)4
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Taylor series

The polynomials{sq, s2, s3, ... } are calledTaylor polynomials and are
the best ordern polynomial approximations of (x) nearx = a. This
leads us to define:

Given a function,f(x), we define thelaylor series of f about
x = a by

o £(n)(,
Zf ()(x_a)n

n!
n=0

If a = 0, this series Is also called tivaclaurin series of f
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Taylor’stheorem

Theorem: Within its radius of convergence, the value of the Taylor se-
ries equals the value of the function. In other words, if thdius of
convergence of the Taylor series fpis R then

©_ £(n)(,
fa) =3 Ly

n

for |x —a| < R.
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Computing Taylor series

Example:f(z) = sin(z),a =0
Compute derivatives:
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Computing Taylor series
D

Example:f(z) = sin(z),a =0
Compute derivatives:

n | 1@ | @ | A0
0 | sin(x) | sin(0) =0 0

1 | cos(x) 1 1

2 | —sin(x) 0 0

3 | —cos(x) —1 — 3

4 | sin(x) 0 0
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Computing Taylor series

Example:f(z) = sin(z),a =0
Compute derivatives:

n | 1@ | @ | A0
0 | sin(x) | sin(0) =0 0

1 | cos(x) 1 1

2 | —sin(x) 0 0

3 | —cos(x) —1 — 3

4 | sin(x) 0 0

So the first few terms of the Taylor series are:

1
sin(x):O+x+0x2—§x3+...
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Maclaurin seriesfor sin(x)

In fact, since the derivatives repeat, we can conclude that

1 1 1
sin(z) =0 — =a° + —=a2° — —z" +.

3! 5! 7!

or, using summation notation:

OO n 2n+1
sin(z) = 3 O 2n—|—
n=0
Check: R = oc.
Exercises:
o0 ( 1>nx2n
S —
cos(x) Z o)t
n=0
e’ = N v
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Why Isthisuseful ?

Recall: we cannot evaluate the integral

1 2
/ e v dx
0

using elementary means. But, we can evaluate the integna replace
the integrand with power series representation:

[ dw:/jZ“
/ n z=" dx

2\n
x') dx

n 2n+1 1
A\l Z 2” + 1)n!
2/7/05 Z (—1)"
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Approximation of theintegral
D

So,

! —x? _ - (_l)n
/0 ‘ dx_Z(Zn—l—l)n!

n=0
We can use the partial sums to approximate the value:

m Sm,

0.6666666667
0.7666666667
0.7428571429
0.7474867725
0.7467291967
0.7468360343
0.7468228068

N | O[O | = W ||
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