Continuity



Suppose the graph of y = f(x) looks like answers to 4.:
__As a| x—a | x—at
1| DNE 1
4 2 1
S 6 15 2
N 7 3 DNE
1. What is the domain of f(x)? ](1,2)u(2,6)u(6,7]\
2. What is the range of f(x)? (-1,3]
3. For which values a in [1,7] does lim f(x) not exist?
X—a
4. For those values you picked out in 3., what are (see above)
lim f(x) and lim f(x)?
x—a~ x—at
5. Which values a satisfy a=5

f(a) and lim f(x) exist, but f(a) # lim f(x)?

X—a X—a



Domain definitions

Definition
An interior point of D is any point in D which is not an endpoint
or an isolated point.

Ex. Everything in D except x = 7.

Ex 2. Everything in D except x = % & 7.



Continuity

Let a be an interior point of D.

Ex. f(x) is discontinuous
at x =4 and 5.
No other points are fair game!

Definition
A function is continuous at a if limy_,, f(x) = f(a). If it is not
continuous at a, then function is discontinuous at a.

Checklist:

1. Is a an interior point? If no, stop here. .. we'll get back to these.
2. Does (a) lim f(x) exist? (b) lim f(x) exist?
x—a~ x—at
3. Does lim f(x) exist? (i.e. does (a) = (b)?)
X—a
4. Does f(a) = lim f(x)?
X—a

If the answer to any of 2.—4. is “no", then f(x) is discontinuous at a.



Some examples:

Over their domains, all
polynomials, rational functions, trigonometric functions,
exponential functions, absolute values,
and their inverses are all continuous functions.
(Jumps all happen over domain gaps)

x2 x<1

Example: Is the function f(x) = continuous?
342 1<x

Solution: The only possible problem would happen at x = 1. Let's check
there:
lim f(x) = lim x>=1

x—1= x—1=

lim f(x)= lim x*+2=3

x—1t x—1+

, f(x) is discontinuous at x = 1 because 1 is an interior point of the
domain, but limy_,1 f(x) does not exist.



Right Continuity and Left Continuity

Definition

A function f(x) is right continuous at a point a if it is defined on
an interval [a, b) and lim,_, ,+ f(x) = f(a).

Similarly, a function f(x) is left continuous at a point a if it is
defined on an interval (b, a] and lim,_, - f(x) = f(a).

Example:

f(x) is
(a) continuous at every interior point in D except x = 4 and 5;
(b) only right continuous at those points included in (a); and
(c)

additionally left continuous at x =4 and x = 7.



Suppose a function f has no isolated points in its domain.

Definition

A function f is continuous over its domain D if (1) is is continuous at
every interior point of D, and (2) it is left (or right) continuous at every
endpoint of D. Otherwise, it has a discontinuity at each point in D
which violates (1) or (2).

Is @ an interior |
point of D?

Does the limit exist from the
right of a? from the left of a?

Is f(x) left (or right) continuous
(as appropriate)?

Is the two-sided
limit equal to f(a)?

f(x) is continuous
at x=a

f(x) is discontinuous
at x=a




Filling and Fixing
Suppose a is a point of discontinuity in D
(a) If ais an interior point and limy_,, f(x) = L exists; or
(b) if ais an endpoint and lim,_, + f(x) = L exists,

then we say f(x) has a removable discontinuity:

F(x) — {f(x) X#a

L X =a
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Filling and Fixing
Suppose a is a point of discontinuity in D
(a) If ais an interior point and limy_,, f(x) = L exists; or
(b) if ais an endpoint and lim,_, + f(x) = L exists,

then we say f(x) has a removable discontinuity:
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Example: f(x) has a removable discontinuity in exactly one place:

2« Jf(x) x#5
f(X){1/2 x=5



Filling and Fixing
Suppose a is a hole in D (ais arbitrarily close to points in D, but not in D).

(a) If a would be an interior point and lim,_,, f(x) = L exists; or
(b) if a would be an endpoint and lim,_,,+ f(x) = L exists,

then we say f(x) has a continuous extension:

Fx) = {f(x) x#a

L X=a
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Examples

(A) Which of the following have removable discontinuities? For

those which do, what are the alternate functions with those
discontinuities removed?

(B) Which of the following have continuous extensions? For those
which do, what are those extensions?

1. (%)= );2:24
2 1= {5 TP
3. flx)= %
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Examples

(A) Which of the following have removable discontinuities? For
those which do, what are the alternate functions with those
discontinuities removed?

(B) Which of the following have continuous extensions? For those
which do, what are those extensions?

1 f(X):Xz—‘l fLom f(b—. Q::; %2 =4

XxX—2 - X2t e
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Examples

(A) Which of the following have removable discontinuities? For

those which do, what are the alternate functions with those
discontinuities removed?

(B) Which of the following have continuous extensions? For those
which do, what are those extensions?

2 _ - f 2
1. f(x)= ); 24 Cont. extension: f(x) = {4(X) X7 )
— =

2. f(x) = {Zinx i 7: :g Removable disc.: f(x) = sin(x)

3. f(x) = L No continuous extension.
X



One application: The Intermediate Value Theorem
Suppose f is continuous on a closed interval [a, b].

If f(a) < C < f(b) or f(a) > C > f(b),

then there is at least one point c in the interval [a, b] such that

f(c)=C.
| 7 | 7
o/ ‘/
R I b I b

Example 1: Show that the equation x> — 3x 4+ 1 = 0 has at least
one solution in the interval [0, 1].
Example 2: Show every polynomial

p(x) = apx" + -+ - + a1x + ao, an %20

of odd degree has at least one real root (a solution to p(x) = 0).
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Our favorite application: Rates of change!

It only makes sense to study the rate of change of a function where
that function is continuous (or maybe where the function has a
continuous extension)!




