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Sample Solutions

Recall some definitions and results from the textbook:

A partition of an interval [c,d] is a finite set of points {z; | 0 < i < n}
suchthat c=zo <21 < - < xp1 < xp, = d.

If f:[a,b] = R and [c,d] C [a,b], then the variation of f on [c,d] is

V(f, e d]) —sup{Z]f [z 1)]}

where the supremum is taken over all partitions of [c,d]. V(f, [c,d]) may be
a non-negative real number, or +o0c.
The function f is of bounded variation on [c, d] if V(f,[c,d]) is finite.
Functions of bounded variation (on [c, d]) are, in particular, bounded, and
sums, products, and sometimes quotients of functions of bounded variation
are themselves of bounded variation. (The additional condition for % to be

of bounded variation, provided f and g are, is that é is bounded.)
If a < c< b, then

V(fla, b)) = V(£ la, c]) + V(] [e, b]).

Exercise 1: Show that if f is monotone on [a,b], then f is of bounded
variation on [a, b, and in fact V'(f,[a,b]) = |f(b) — f(a)|. (Note that f need

not be continuous.)

Suppose that f is increasing on [a, b]. (The argument for decreasing f is
similar.) Then for any partition of [a, b], and any ¢, we have f(x;) > f(x;_1),
and so |f(x;) — f(zi-1)| = fzi) — f(@im1) = —f(2im1) + f(2:), and so

n

D) = floi)l =D (= flwia) + flw:)

— flo) + @) — F(o) + ) — e — fan) + Fla)
:f(xn) - f(-To)
—(b) — (a).



Therefore,

V(/la,b]) = sup {Z |f (@) — f(xi—1)|} = [(b) = f(a).

Exercise 2: Find V(f, [0, 2n7)), if f(x) = sinz.
We will use Exercise 1 and the fact cited on page 1,
(*) If a < ¢ < b, then
V(fila, b)) = V(f,[a,c]) + V(f, e b]).
First, for simplicity, we consider the case n = 1. We break the interval

[0, 27] up into three intervals on which f(z) is monotone, I = [0,5], I, =

2,27, I; = 3%, 27]. By Exercise 1,

virn = (5) - fo)f =1

viral =|r () -1 (3)

VI L] = ‘f(%) —y (3—”)‘ —1

Therefore, by (*),
V(f,[0,2n]) =1+2+1=4.

Applying this same strategy to the interval [0, 2n7], we get

V(f,|0,2n7]) = 4n.

Exercise 3: Show that the function f defined by

_)sin(2) ifa #£0;
f(x)_{o if 2 = 0.



is not of bounded variation on [0, 1].

Solution: For any n, we can consider the partition zy = 0, x; = m
for 0 < i < 2n, w9, 1 = 1. For 0 < i < n, we have f(x;) = sin —(2"_;”)“, SO
f(z;) =0if i is even (f(xg) = 0 as well) and f(z;) = +£1 if 7 is odd. In any

case, for 1 < i < 2n we have |f(z;) — f(x;_1)] = 1, and so

2n+1

D 1) = flai)l 2 J1f (@) = fzia)l = 2n.

This shows that V(f,[0,1]) > 2n. Since this holds for every n, this shows
that f is not of bounded variation on [0, 1].

Exercise 4: Show that for any interval [a,b], any ¢ > 0, and any M > 0,
there is a continuous function f on [a, b] such that:

L. f(a) = f(b) = 0.
2. (Vx € [a,b])(|f(2)] < ).
3. V(f,[ab]) > M.

Solution: One solution is, choosing n such that % <eg,

1= Lo (a0 (=27

To see this works, note that as x goes from a to b, x — a goes from 0 to

(ﬂfb_—a)ﬂ goes from 0 to , and Mn <(a:b——a)7r) goes from 0 to Mnm;
Y —

therefore, f(x) goes from 0 to j:% and back Mn times, making the variation
v(f? [07 1]) equal to 2Mn (%) =2M.

b—a,

Exercise 5: Show there is a function f that is continuous on [0, 1] but is
not of bounded variation on [0, 1].



Solution: For each n, let f, be a functlon on the interval [

variation V (fn, I:n—i—l’l]) =n, |fulz)] < n, and f (n+1) = (
example of such a function is given in Exercise 4.) Then define

) falx) if%<x§%;
fla) = {0 =0

1
n
fo

n+1



