NAME: GRADE:

1. Let G and G’ be groups and m : G — G’ a group homomorphism.
Prove that ker m is a subgroup of G.

Note: we proved in class that kernels are normal subgroups. Do not use this fact.
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2. Let G be an abelian group. Prove that every subgroup of G is normal.



3. Consider the additive group C*°(R) of differentiable functions on R and the map
¢ : C®(R) — C*=(R) defined by

o(f)=f -

a. Is ¢ a group homomorphism?
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b. Is ¢ injective? :
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4. Recall that a matrix g = [ Z 2 ] with real coefficients is invertible if and only if

ad — bc # 0, in which case its inverse is
1 d -b
Y Tad=bc| - a |’

The multiplicative group of invertible matrices of size 2 x 2 is denoted by GL(2, R).

a. Consider the map 7" : GL(2,R) — R defined by

([ ]

Is T' group homomorphism?
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b. Prove that the subset H of matrices of the form [ 8 ll) ] witha > 0and b € Ris

a subgroup of GL(2,R).
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c. Prove that the map ¢ : H — GL(2,R) defined by

(5 7]) = [nto 1]

is a group homomorphism.
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5. Let G be a group and H, K subgroups of G. We assume that the reunion H U K is
a subgroup of G.

Provethat H c Kor K C H.
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6. Let G be a group. Its center is by definition the set Z(G) of elements that commute
with all the elements of G:

Z(G)={9€G,ag=ga forallaeG}.

a. Prove that the relation R defined on G by
Ry & 39€CG,y=gxg’

is an equivalence relation.

b. Let z € Z(G). Determine the equivalence class of z.



c. Prove that Z(G) is a subgroup of G.
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d. Is Z(G) normal in G?
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7. Let G be a group with neutral element e and q, b elements in G such that
al=e , ¥ =e , ab = ba.

Let I be the subgroup of G generated by {a, b}.

a. Prove that I is necessarily abelian.
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b. How many different elements can I' contain (at the most)?



