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The Space L(V, W)

The collection £(V, W) of all linear transformations from V to W
is a vector space where:

» Thesum S+ T :V — W is defined by
(S+ T)(x)=S(x)+ T(x)

for all x € V.
» The scalar product aT : V — W is defined by

(aT)(x) = aT(x)

for all x € V.
» The zero transformation Ty :V — W is defined by

To(X) =0

for all x € V.



Algebra of Linear Transformations

If S e L(V,W), T, T € L(W,X), U € L(X,Y) then:

[dentity
S/V =S and IV\/S =S5

Associativity
(UT)S = U(TS)

Distributivity
(T+THS=TS+T'S

U(T +T') = UT + UT’

Scalars Commute

(cT)S =¢(TS) = T(cS)



From M,.,(F) to L(F", F™)

Let a and 8 be the standard ordered bases for F” and F™, respectively.

If Ais a m x n matrix then the function Ly : F" — F™ defined by
La(x) = Ax

for x € F" is a linear transformation such that A = [LA]g.

The correspondence
A€ Mpsn(F)— Lae L(F", F™)
is a linear transformation:

LA+B = LA + LB, LcA = CLA, Lo =Tp.




From L(F", F™) to M ,«n(F)

Let a and 8 be the standard ordered bases for F” and F™, respectively.

If T:F"— F™is a linear transformation then [T]3 isa m x n
matrix such that

[T()]s = [Tox

for every x € F".

The correspondence
T e L(F",F™) — [T]? € Mmxn(F)
is a linear transformation:

[S+TI2 =[S1a+1[Tla, [aTl2 = alTla, [Tol2 =0




Algebra of Matrices

If A€ Mpyq(F), B,B" € Mgx((F), C € M,xs(F) then:

[dentity
Alg=A and A=A

Associativity
(AB)C = A(BC)

Distributivity
A(B + B') = AB + AB’

(B+B'YC=BC+BC

Scalars Commute
(cA)B = ¢(AB) = A(cB)



