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The Space L(V,W)

The collection L(V,W) of all linear transformations from V to W
is a vector space where:

I The sum S + T : V→W is defined by

(S + T )(x) = S(x) + T (x)

for all x ∈ V.

I The scalar product aT : V→W is defined by

(aT )(x) = aT (x)

for all x ∈ V.

I The zero transformation T0 : V→W is defined by

T0(x) = 0

for all x ∈ V.



Algebra of Linear Transformations

If S ∈ L(V,W), T ,T ′ ∈ L(W,X), U ∈ L(X,Y) then:

Identity
SIV = S and IWS = S

Associativity
(UT )S = U(TS)

Distributivity
(T + T ′)S = TS + T ′S

U(T + T ′) = UT + UT ′

Scalars Commute
(cT )S = c(TS) = T (cS)



From Mm×n(F ) to L(F n,Fm)

Let α and β be the standard ordered bases for F n and Fm, respectively.

If A is a m × n matrix then the function LA : F n → Fm defined by

LA(x) = Ax

for x ∈ F n is a linear transformation such that A = [LA]βα.

The correspondence

A ∈ Mm×n(F ) 7→ LA ∈ L(F n,Fm)

is a linear transformation:

LA+B = LA + LB , LcA = cLA, LO = T0.



From L(F n,Fm) to Mm×n(F )

Let α and β be the standard ordered bases for F n and Fm, respectively.

If T : F n → Fm is a linear transformation then [T ]βα is a m × n
matrix such that

[T (x)]β = [T ]βαx

for every x ∈ F n.

The correspondence

T ∈ L(F n,Fm) 7→ [T ]βα ∈ Mm×n(F )

is a linear transformation:

[S + T ]βα = [S ]βα + [T ]βα, [aT ]βα = a[T ]βα, [T0]βα = O.



Algebra of Matrices

If A ∈ Mp×q(F ), B,B ′ ∈ Mq×r (F ), C ∈ Mr×s(F ) then:

Identity
AIq = A and IpA = A

Associativity
(AB)C = A(BC )

Distributivity
A(B + B ′) = AB + AB ′

(B + B ′)C = BC + B ′C

Scalars Commute
(cA)B = c(AB) = A(cB)


