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Theorem 1

If vi,vo,..., vk is a finite list of vectors in a vector space V such
that

vi & span{vi,...,vi_1}
for i =1,2,..., k, then the set {vq, va,..., vk} is linearly
independent.

Indirect Proof.

Suppose
aivi +avo+---+avi=0
where a; # 0.
Then
a a ai—1
Vi=——Vi— —Vvp— - ——Vi
aj aj i




Theorem 2

Suppose A is a finite set of vectors in a vector space V. If CC A is
linearly independent then there is a linearly independent set B such
that C C B C A and span(B) = span(A).

Write A = {v1,va,..., vk} and C = {v1,va,...,v;}. We proceed
by induction on k > J.
Base Case (k = ).
Then A= C and B = A = C works:
1. CCBCA.
2. B is linearly independent because B = C.
3. span(B) = span(A) because B = A.




Theorem 2

Suppose A is a finite set of vectors in a vector space V. If C C A is
linearly independent then there is a linearly independent set B such
that C C B C A and span(B) = span(A).

v

Induction Step (k — k + 1).

Let A= {v1,va,..., vk, Vks1} be given.

Write Ag = {vi,va,..., vk}.

By the Induction Hypothesis, there is a set By such that
1. CC By C Ao
2. By is linearly independent.
3. span(Bp) = span(Ap).




Theorem 2

Suppose A is a finite set of vectors in a vector space V. If C C A'is
linearly independent then there is a linearly independent set B such
that C C B C A and span(B) = span(A).

Induction Step (continued)

> If viy1 € span(Bp) then B = By works:

1. CCBCA

2. B is linearly independent because B = Bj.

3. span(B) = span(A) because A = Ag U {vk;1} C span(B).
> If vir1 ¢ span(Bp) then B = By U {vky1} works:

1. CCBCA

2. B is linearly independent by Theorem 1.7.

3. span(B) = span(A) because A = Ag U {vk;1} C span(B).




Theorem 3

Every finite generating set in a vector space V contains a basis
for V.

Let A be a finite generating subset of V.
By Theorem 2, there is a set B such that:

1. g CBCA
2. B is linearly independent.
3. span(B) = span(A) = V.
Thus, B is a basis for V contained in A.




Theorem 4

Every finite linearly independent set in a finitely generated vector
space V can be extended to a basis for V.

Proof.

Let C be a finite linearly independent set and let A be a finite
generating for V set containing C.

By Theorem 2, there is a set B such that:

1. CCBCA
2. B is linearly independent.
3. span(B) = span(A) = V.
Thus, B is a basis for V extending C.




Theorem 5

If vi,va,..., vk is a finite list of vectors in a vector space V then
every list of k 4+ 1 (or more) vectors from span{vi, vo,..., v} is
linearly dependent.

We proceed by induction on k > 1.
Base Case (k = 1).

Suppose xi1, x2 € span{vi}, say x1 = a1v1 and xo = axvy.
Then

dpX1 — adiXpo = 32(31V1) — al(agvl) = (3281 — alag)V]_ = OV]_ = 0.

So, if a1 # 0 or ap # 0, this shows that x1, x» are linearly
dependent.

On the other hand, if a3 = a = 0 then x; = x» = 0 and hence
X1, Xp are again linearly dependent.




Theorem 5

If vi,vo,..., vk is a finite list of vectors in a vector space V then
every list of k + 1 (or more) vectors from span{vi, vo, ..., vk} is
linearly dependent.

Induction Step (k — 1 — k).

Suppose xi, X2, ..., Xk, Xk+1 € span{vi, va,..., vk}, say:
X1 = ayivi + aiz2ve +---+ a1 kVk
Xp = azivi + aoVe +---+ a2 kVk
Xk = akavi + akaVe +---+ Ak kVk

Xk+1 = ak+1,1V1 + Ak412V2 + -+ Ak+1,kVk




Theorem 5

If vi,vs,..., Vv is a finite list of vectors in a vector space V then
every list of k + 1 (or more) vectors from span{vy, vo,..., vk} is
linearly dependent.

Induction Step (continued).
> In the case where a1 x = ax = -+ = ak k = k41,6 = 0.
Then we have xy,x2, ..., Xk, Xk+1 € span{vy, vo, ..., Vk_1}.
The induction hypothesis applies directly to show that
X1, X2, . . .y Xky Xk+1 1S linearly dependent.




Theorem 5

If vi,va,..., vk is a finite list of vectors in a vector space V then
every list of k 4+ 1 (or more) vectors from span{vi, vo,..., v} is
linearly dependent.

Induction Step (continued).

» Otherwise, we may assume that ay41 x # 0.
Consider the vectors

yi=x1— Xk4-1
dk+1,k
- ak k
Yk = Xk — Xk+1
Ak41,k

Note that y1,y2,..., ¥k € span{vi, va,..., Vk_1}.




Theorem 5

If vi,vs,..., Vv is a finite list of vectors in a vector space V then
every list of k + 1 (or more) vectors from span{vy, vo,..., vk} is
linearly dependent.

Proof.
Induction Step (continued).

By induction hypothesis there are scalars by, ..., bk, not all
zero, such that

0= b1y1 + boys + - - - + b yk.
Thus
0= bixi + boxo + -+ - + bexx — CXkt1

for some scalar c.
Therefore x1, Xo, ..., Xk, Xk+1 are linearly dependent.




