1.3 EXERCISES

In Bxercises 1 and 2, compute w + v and n — 2v.,

o= [Sv=[3] 2e=[3e=] ]

In Exercises 3 and 4, display the following vectors using arows
OmAnxy-graph: w, v, —v, —2v, 0+ v, u — v, and u — 2v. Notice
thatu — v is the vertex of a parallelogram whose other vertices are
u, 0, and —v.,

3. wand v as in Exercise 1 4. v and v as in Exercise 2

In Exercises 5 and 6, write a system of equations that is equivalent
to the given vector equation,

7. Vectors zi, b.e,andd 8. Vectors w, %, y, and z
6 -3 1 !
Soxp=1|+xm| 4] =1-7 In Exercises 9 and 10, write a vector equation that is equivalent to
5 0 -5 the given system of equations.
-2 8 1 0 : .9- Xa + 5x3 =0 10, 4x; + X2+ 3= 9
6. x, +X2 ‘x| =],
3 ] 5 —b 0 X 4.x1+6x2— X3=0 xl—7x2—2x3= 2
i —Xp + 339 — Bes =10 8x; - 6xp — 5x3 = 15

Use the accompanying figure to write each vector listed in Exer-
tises 7 and 8 as a linear combination of u and v. Is every vector  In Exercises 11 and 12, determine if b is a linear combination of

in R? a linear combination of n and v? ' a,, &z, and a;.
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1 0 5 2
a,=|—2|.:2= 1| . ag=|—6]|.b= -1
0 2 8 G
. ] 0 2 -5
ay = —2 | 8= 5] ,83= 0 ,b= 11
2 5 g —7.

n Bxercises 13 and 14, determing if b is & linear combination of
the vectors formed from the columns of the matrix A.

13.

14.

) 3
A=l 0 3 5|,b=|-7
o 8 -4 -3
1 -2 -6 11
A=l0 3 7|.b=]"3
1 -2 5 9

In Exercises 15 and 16, list five vectors in Span {v;, v,}. For each
vectar, show the weights on Vi and va nsed to generare the vector
and list the three entries of the vector. Do not make a sketch.

15.

16.

17.

18.

19.

21.

22.

7 =5
= Jl,.va= 3
—6 0

=]

35 —2
vy = 0 , V3 =
2 3

I 1 -2 4
Letay =) 4], ;== 3|, mdb=|1}. For what
-2 7 h

value(s) of kis b in the plane spauned by a; and ;7

1 =31 . h
Let vy = 0l,v= 1{,and y= —5 |. For what
-2 8 -3

valne(s) of hisyin the plane generated by ¥ and va?
Give a geometric description of Span {¥1, ¥,} for the vectors

o8 12
o= 2| mdv= 3"
1—6] -9

. Give a geomeltric description of Span [¥;, ¥} for the Vectors

in Exercise 16.

2 ) 2 Ry .. .
Let u= [_J and \_[1]. Show that {k] is in
Span {u, v} forallh and k. : .
Construct 2 33 matrix A, with nonzero entries, and a vector

b in B3 such that b is not in the set spauned by the columns
of A.

Tn Exercises 23 and 24, mark each statement True or Talge. Justify
each angswer.

23.

24.

25.

26.

27.

o Another notation for the veetor {—g] isf—4 3L

p. Thepoints intheplane corresponding te [—§] and [—Z}
Tie on a line through the origin.

c. An example of a linear combination of Veclors ¥y and ¥a
is the vector V1. :

d. The solution set of the linear system whose angmented
matixisfa; a2 83 D135 the same a8 the solution set
of the equation x;a; + 5o@z + X283 =D

e. The set Span{u, v} i always visualized as 4 plane
through the origin.

a, Anylistof five real mumbers is a veclor in B5.

b. The vector v results when 2 vector u — ¥ 18 added to the
veclor v.

c. The weights ci1,-. in a lnear combination

Qv+ T epVy cemnot all be zero.

2 Cp

_ When u and v are noNZeM vectors, Span {u, v} containg
the line throngh u and the origin.

e. Asking whether thelinsar gystem corresponding 10 an 21g-

mented matrix [8; 23 83 b]basa solution amounts

10 asking whether b ig in Span {a;. 8z, as}.

(=5

1 0 —4 4
let A= 0 3 —2| and b= i |. Denote the
-2 6 3 —4

columns of A by ap, 82, 83, and let W = Span {a;. 82, a3}

a Ish in {2y, 2a, 23)? How many v&Ctors are in {a;, @2, 23}?

b. Is b in W? How many Vectors ave in W7

¢. Show that @; isin W. [Hint: Row operations are nonec-
essary.]

2 0 6 10
letA=|-1 8 5l,leth= 3 |, and let W be the
1 -2 1 3

get of all linear combinations of the columns of A.

a. Ishin W?

. Show that the thizd columm of A isin w.

A mining company liag two mines. One day's operation at

mine #1 produces ore that contains 20 metric tons of copper
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and 550 kilograms of silver, while one day’s operation at mine Point T Mass
#2 produces ore that containg 30 metric tons of copper and 500
: . 20 30 - v =(5-43) 2
kilograms of silver. Let v = and vy = . Then vy = (4,3, -2) 5g
550 500 e
voe=(—4,—3,-1) 28
v, and v, represent the “output per day” of mine #1 and mine v, ={-9,8,6) lg

#2, respectively.

a. What physical interpretation can be given ta the vector
SV]?

b. Suppose the company operates mine #1 for x; days and
mine #2 for xy days. Write a vectar equation whose solu-
tion gives the numbet of days each mine should operate In
order to produce 150 tons of copper and 2825 kilograms

of silver. Do not solve the equation.
¢. [M] Solve the equation in (b).

28. Asteam plant burns two types of coal: anthracite (A) and bitu-
minous (B). For each ton of A burned, the plant produces 27.6
miltion Biu of heat, 3100 grams {g) of sulfur dioxide. and 250
g of particulate matter (sofid-particle pollutants). Foreachton 30, Letvbe the center of mass of a system of point masses located

of B burned, the plant produces 30.2 million Btu, 6400 g of atvy, ..., Vi as in Exercise 29, Js v in Span {v1, - .-, Ve}? Bx-

sulfur dioxide, and 360 g of particulate matter. plain.

2 How much heat does the steam plant produce when itbums 31, A thin trianguiar plate of uniform density and thickness has
‘ x; tons of A and x, tons of B vertices at v, = (0, 1), v = (8, 1), and va = (2, 4), a5 in the’

b. Suppose the output of the steam plant is described by 2 figure below, and the mass of the plate is 3 g.

k vector that lists the amounis of Leat, sulfur dioxide, and
particulate matier. Express this output as a linear com-
bination of two vectors, assuming that the plant burns x,
tons of Aand x; tons of B.

c. [M] Overa certain time period, the steam plant produced
162 million Bt of heat, 23,610 g of sulfur dioxide, and
1623 g of particulate matter. Determine how many tons
of each type of coal the steam plant must have burmed.
Include a vector equation as part of your solution.

© 29, Tiet ~¥p; . - -4V -bE points in R® and suppose that for
j=1,...,k an object with mass m; is located at point ¥;.
Physicists call such objects point masses. The total mass of
the system of point masses is

a Find the (x, y)-coordinates of the center of mass of the
plate. This “balance point” of the plate coincides with the
mo=py +eee center of mass of a system consisting of three 1-gram point,

i masses located at the vertices of the plate.

b. Determine how to distribute an additional mass of 6 g
at the three vertices of the plate to move the balance
point of the plate to (2, 2). [Hint: Let wy, wa, and w3
denote the masses added at the three vertices, SO that
w1+wg+w3—'_-6.] .

The center of gravity (or center of mass} of the system is
N
Y=—[mv + -7 mkv;_.]
m

Compute the center of gravity of the system consisting of the
following point masses (see the figure):
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32, Considerthe veclors vy, ¥2,¥a and bin R?, shown in the figore. 33, Use the vectors == (Wi, ..., Uy): v =(¥,..., V), and

Does the equation x; ¥y + XaVa + XaV¥s = 1 have a solution? 1s W= (1w, ..., Wy} to verify the following algebraic proper-
the solution unique? Use the figure to explain your answers, tes of ",
v g A+ +Fw=u+ v+
3
* b. efo +v) = cn+cvforeach scalar ¢
34. Use the vector u = (i1, ..., ¥) 10 verify the following alge-
b braic propertiss of R,
.2 a - (—0) = (—w) +u=0
b, cldu) = {cd)un for all gcalarg ¢ and d
0 .
vy



Compute the products in Exercises 1-4 uging (a) the definition, as
in Example 1, and (b} the row-vector rule for computing Ax. If a
product is undefined, explain why.

HERREE
[ et ]

In Exercises 5-8, use the definition of Ax to write the matrix equa-
tion as a vector equation, or vice versa.

5
s[5 1 -8 47f-1|_[-8
=2 -7 3 5| 3|7 |16
- -2
T 7 -3 1
6. | 2 1|[-2]_1|-9
9 -6l -5| | 12
-3 2 —4
47 -5 7 6
~1 3 -8 —8
7. X (s =
S A R I A ) B 0
—4 1 2 -7

el fen[ e[ ] fi] - 4]

In Exercises 9 and 10, write the system first as a vector equation
and then as a matrix equation.

e

9. 3x; +xp -5 =20
X3 + 4xz3 =0

10. 8x) — x =4
Sxp +4x, =1
X, = 3x =2

Given A and b in Exercises 11 and 12, write the angmented ma-
trix for the linear system that corresponds to the matrix equation
Ax =h. Then solve the system and write the solution as a vector,

12 4

.A=| 0 1 5
-2 —4 3]
12

2. A=]-3 -1 2
0 5 3

0

3
13, Letu= ,:4J and A = [—2

4

1

-5
6]. Is u jn the plane B
X i

spamied by the columns of A7 (See the figure.) Why or why

not?

Where isu?
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2 5 8 7
14. Letu=1 -3 | and A= | O 1 —1 1. Isnin the subset
2 1 3 0

of It spanned by the columns of A? Why or why not?

15. Let A= 2 1 ab= b . Show that the equation
—6 3 bg

Ax =1 does not have a soludon for all possible b, and de-
ecribe the set of all b for which Ax =b does have a golution,

1 -3 -4 b
16, Repeat Exercise 13: A= -3 2 6|,b=|lh
5 -1 -8 b3

Exercises 17-20 refer 1o the matrices A and B below. Malce ap-
propriate calculations that justify your answers and mention an

appropriate theorem.
1 3 0 3 13 -2 2
-1 -1 -3 1 0 1 1 =5
A=1"g 4 2 8| Pl 1 23 7
2 0 3 -1 -2 -8 2 -1

17. How many Tows of A contain a pivot position? Does the
equation Ax = b have a solution for each b in R*?

18. Do the columns of B span R*? Does the equation Bx =Y
have a solutien for each y in R*?

19, Can each vector in J* be written as a linear combination of
the columns of the maimix A above? Do the columns of A
span 47 ' _

20. Can every vector in R be written as a linear combination of
the columns of the matrix B above? Do the columns of B
span R*?

17 F 0] 1

0 -1 0

21. Letv; = 1 3 Vo= 0 , V3= ol
0] | 1] -1

Does {v;, V2, va) span R*? Why or why not?

0] ) 0} [ 4

22, Letyi=| Qfl,va=|-3],va=|-1
—2] 8 -5

Does {¥1, V2, ¥a) span R*? Why or why not?

In Exercises 23 and 24, mark each statement True or False. Justify
each answer.
23. a. The equation Ax = b is referred to as a vecior equation.

b. Avector b is 2 linear combination of the colomns of ama-
trix A if and only if the equation Ax = b has at least one
solution.

25.

¢c. Theequation Ax = bis consisientif the au gmented matrix
[A b]has a pivot position in every row.

d. The first entry in the product Ax is a sum of products.

. If the columns of an m x»n mairix A span E™, then the
equation Ax = b is consistent for each b in R™.

f. If A is an m xn matrix and if the equation Ax = b is in-
consistent for some b in B, then A cannot have a pivot
position in every row.

a. Every matix equation Ax =D corresponds 1o a vector
equation with the same solution set.

b. Any linear combination of vectors can always be written
in the form Ax for a suitable matrix A and vector x.

¢. The solution set of a linear system whose augmented ma-
trixnis[a; @ 23 b]isthe same ag the solution set of
Ax=Db,iTA=[a a aal

d. If the equation Ax = b is inconsistent, then b is not in the
set spanned by the columns of A.

e. If the augmented matrix [ A b1 has a pivol position in
every row, then the equation Ax =b is inconsistent.

f. If A is an m xn matrix whose columnns do not span E",
then the equation Ax = b is inconsistent for some b in ™,

| 4 -3 1113 -7
Notethat | 5 -2 5|{=-1{=|-3]. Use this fact
—6 2 =3 2 10
(and no row operations) 10 find scalars ¢;, ¢a, €3 such that
—7 4 -3 [ 1
—3|l=el| 5|+a|-2}|+a 5
10 —6 2 3
7 3 [6
Cleto= |21, v=|1|,andw=|1
5 3 0

It can be shown that Su—5v—w =0. Use this fact (and
no row operations) to find x; and x, that gatisfy the eguation

7 3, 6
2 1 [;}: 1
5 3|L*? 0

. Let qq, gz, 43, and v represent vectors in RS, and let x7, X2s

and x5 denote scalars. Write the following vector equation as ;
& matrix equation. Identify any symbols you choose to use.

o Xt X Qe - Xas =V

28.

Rewrite the (numerical) matrix equation below in symbolic
form as a vector equation, using symbols vy, va, ... for the



29.

30.

31

32.

33.

3.

35,

vectors and ¢y, €3, .. . for scalars. Define what each symbol
represents, using the data given in the matrix equation.

‘ 3
[-5 s -4 9 7} Z|_] 8
15 8 1 -2 — =41
-1
2

Construct 4 3 X 3 matrix, not in echelon form, whose columns

span B3, Show that the matrix yon construct has the desired

property.
Construct a 3 3 3 matrix, not in echelon farm, whose columns
do ot span IR2. Show that the matrix you construct has the

-Gesired property.

Let A be a3 x 2 matrix. Explain whythe equation Ax = b can-
not be consistent for all b in IR*, Generalize your argument to
the case of an arbityary A with more rows than columns.

Could a set of three vectors in R* span all of R*? Explain.
What about 2 vectors in B™ when # is less than m?

Suppose A is a 4x 3 matrix and b is a vector in R* with the
property that Ax = b has a unigue solution. What can you say
ahout the reduced echelon form of A? Justify your answer.

Suppose A is a 3 x 3 matrix and b is a vector in R with the
property that Ax = b has a unique solution. Explain why the
columns of A must span B3,

Let A be a 3 x4 mattix, let y; and ¥, be vectors in B2, and let
W=y, +¥2. Suppose ¥, = Ax; and yo = A%, for some vec-

36.
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tors x; and X, in R*, 'What fact allows you fo conclude that
the system Ax =w is consistent? (Nofe: x; and x; denote
vectors, not scalar entries in vectors,)

Let A be a 5x 3 matrix, Iet ¥ be 2 vector in R?, and let 2 be
a vector in [R°. Suppose Ay =z. What fact allows you to-
conclude that the system A% = 4z is consistent?

[M] In Exercises 3740, determine if the columns of the matrix
span B4,

7 2 =5 8 5 -7 -4 9§

-5 -3 4 =0 6 -8 =7 5

1 6 10 2 7| Bl 4 4 9 -9

—7 9 2 i5 -9 11 16 7
[12 -7 11 -9 5
-9 4 -8 7 -3
¥l 11 7 3 9
4 -6 10 =5 12
& 11 —6 -7 13
=7 -8 5 6 -9
Wl 7 9 9 6
3 4 1 8 7

41.

42.

[M] Find a column of the matrix in Exercise 39 that can be
deleted and yet have (he remaining matrix columns still span
R .

[M] Find 2 column of the matrix in Exercise 40 that can be
deleted and yet have the remaining matrix columns still span
R4, Can you delete more than one column?
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1.5 EXERCISES

In Bxercises 1-4, determine if the system has a nontrivial solution.
Try to use as few row operations as possible.

X — 3% + Txg =0
‘ —ZI] + xg_—4x3 =1
X+ 23 + 9% =0

--2_I| —Tra+ 33=0
4}.’] +2xg+7x3=0
4, -5x; + Tx3 4+ 953 =0

x;—2x2+6x3=0

3, =3x + 5k — T3 =10
—bx; + Txa + ¥ =0
In Exercises 5 and 6, follow the method of Examples I and 2 to

write the solution set of the given homogeneous system in para-
metric vector form.

5. X+ 3xs + x3=0 6. x1+3th—5.}L'3=0
—4IJ—QJC2+2.I3=0 x1+4x2—8x3=0
— 31 —6xy =10 —3x, — 7% + 9%y =0

In Exercises 7—12, desciibe all solntions of Ax = 0 in parametric
vector form, where A is row equivaient to the given matrix,

1 3 -3 7 1 -2 -9 5
7‘[0 1 —4 5] 8'[0 1 2—6}

3 -9 6 1 3 0 —4
. {—1 "3 —2] 10. {2 6 0 —8}

~2 -5
-1
-4

]

0
—8
1
0 0

13. Suppose the solution set of a certain system of linear equa-
- -tions can be described a3 x| =3 + 43, Xy = —2 — Tx3, with
X3 free. Use vectors to describe this set as a line in R?.

1L

OO O

1
0
0
2 —
1
0

Lo B o T )
|
Do UL OO S

OOV oo o
CORWYW OFH~ODWw

o=

14. Suppose the solution setof acertain system of linear equations
can be described as x) = 3x,, 1, =8 + x4, X3 =2 — Sx,, with
X free. Use vectors to describe this set as a “line™ in B,

13. Follow the method of Example 3 to describe the solutions of
the following system in parametric vector form. Also, give
a-geometric description of the solution set and compare it to
that in Exercise 5.

1.5 Solution Sets of Linear Systems 55

X4+ 3m 4+ =1
~4x; — Oxy + 2z = —1
— 3y — Bxz3 = =3
16. As in Exercise 15, describe the solutions of the following

system in parametric vectar form, and provide a geometric
comparison with the solution set in Exercise 6.

X +3x —S5un= 4
N +Ax —Bxy= 7
—3I1 — 7.152 + QX3 = -6

17. Describe and compare the solution sets of X1+ 9% —4dxy =0
and x; + Oy — 4xq = -2,

18. Describe and compare the solution sets of X — 3%+ 51 =0
and x) — 32y + S5x3 = 4.

In Exercises 19 and 20, find the parametric equation of the line

through a parallel to b.
—2 -5 3 =7
R T N

In Exercises 21 and 22, find a parametric equation of the line M
through p and q. [Hint: M is parallel to the vector g — Pp- See the
figure below.] ‘

per=Slam (3] moe=Slam ] )

%

e
S E

o

The line through p and q.

In Bxercises 23 and 24, mark each statement True or False, T ustify
each answer,
23. a. Ahomogeneous equation js always consistent,
b. The equation Ax = 0 gives an explicit description of its
solution sef.
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25,

26.
27.

28.
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¢, The homogeneous equation Ax = 0 has the trivial solution
il and only if the equation hias at leas! one free variable.

d. The equation x = p + rv describes a line through v parallel
o p.

“e. The solution sel of Ax = b is the set of all vectars of the

form w = p + v, where v, is any solpl:ion of the equation
Ax=10.

a I x is a pontrivial solution of Ax = 0, then cvery entry in
x is nonzero. :

b. The equation x = %0 + x3¥, With X3 and x5 free (and nei-
ther u nor v a multiple of the other), describes a plane
througl the origin.

¢. The equation Ax = b is homogeneous if the zero vector is
a solution,

d. The effect of adding p 1o a vector is to move the vecior in
a direction parallel to p.

e. The solution sel of Ax =b is abtained by translating the
sohation set of Ax = 0.

Prove Theorem 6:

a. Suppose p is a solution of Ax =b, so that Ap =h. Letv,
be any solutien of the homogeneous equation AX = 0, and
let w =1 + v;. Show that w is a solution of Ax = b.

b. Let w be any solution of Ax =b, and define v, =w—p.
Show that vy, is a solution of Ax = 0. This shows that ev-
ery solution of Ax = b has the form w =p -+ ¥, withp 2
particular solution of Ax = b and v;, a solution of Ax=0.

Suppose Ax =b has a solution. Explain why the solution is

unique precisely when Ax = 0 has only the trivial solution.

Suppose A is the 3x3 zero matrix (with all zero eniries).

Describe the solution set of the equation Ax = 0.

T b £ 0, can the solution set of AX = b be a plane through the

origin? Explain.

In Exercises 29-32, (a) does the equation Ax = 0 have a nontriv-
ial solution and (b) does the equation Ax =b have at least one
-soluttonfor every possible b?

29.

A is a 3 x 3 matrix with three pivot positions.

30.
3L
32

33.

34.

35

36

37

38.

39,

40,

A ig a3 x 3 matrix with two pivot positions.
A is a3 x 2 matrix with two pivet positions.

A is a2 x 4 matrix with two pivot positions.

-2 —6
Given A = 7 21|, find one nontrivial solution of
-3 =9

Ax =0 by inspection. [Hint: Think of the equation Ax =0
written as a vector squation.]

4 -6
Given A= | —8 12 {, find one nontrivial solution of
6 -9
Ax = 0 by inspection.
. 17
Construct 2 3 % 3 nonzero mairix A such that the vector | 1
H
is-a solution of Ax =0. i
: , 17
Construct 2 3 x 3 nonzero matrix A such thatthe vector | —2
1

is a solution of Ax = 0.

Construct a 22 matrix A such that the solution set of the
equation Ax = 0 is the line in B2 through (4, 1) and the ori-
gin. Then, find a vector b in R® such that the solution set of
Ax = bis nor aline in B? parallel to the solution setof Ax = 0.
Why does this nor contradict Theorem 67

Suppose A is 53 x 3 matrix and y is  vectorin 13 guch that the
equation Ax =y does nor have a solution. Does there exist
2 vector z in R® such that the equation Ax = z has a unique
solution? Discuss.

Let A be an m x5 metrix and Jet n be a vector in B” that satis-
fies the equation Ax = 0. Show thaiforany scalar ¢, the vector
cn glso satisfies Ax = 0. [That is, show that A(ca) =0.]

Let A be an m i matrix, and letn and v be vectors in R” with
the property that Au= 0 and Av= 0. Explain why A(u+ )
must be the zeto vector. Then explain why A{eu +dv) =0
for each pair of scalars ¢ and d.



