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1. Consider flipping of two fair coins. Let

X — 1 if first coin comes up heads
~ | 0 if first coin is tails

Let

y 1 if second coin comes up heads
| 2 if second coin comes up tails

Let Z =X +Y. Find the probability distribution of Z. Find the E(Z). )
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2. Let S, be the number of heads in a fair coin toss. What is the limit as n — oo of each of
the following probabilities? Justify your answers.

(a) P(n/2—100 < S, <n/2+ 100)
This is the same as problem 8 in section 8.1.
limy 0o P(n/2 — 100 < S, < n/2 + 100) = 0.

See also a different solution done in detail in HW 5 write-up. Below is justification

using CLT. _
Note E(S,) = 3. And standard deviation of S, = 1/Z. Then by CLT (theorem 9.4 of
text). [0
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This is the probability of the event shown in the figure. The area —{J 38 n — oc.

P(n/2—-100 < S, <n/2+100) = P
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3. Give an example of a Markov Chain that is neither absorbing nor ergodic. = 0-54%1%

Solution: Problem 3 done in the practice problem handout for markov chains is neither
absorbing nor ergodic. you can make up simpler ones by choosing 2 states to move to each
other with some probability but not to any of the other states.

4. A process moves on the integers 1,2,3,4 and 5. It starts at 1 and, on each successive step,
moves to an integer greater than its present position, moving with equal probability to each
of the remaining larger integers. State b is an absorbing state. Find the expected number of
steps to reach state 5. This is problem 9, 11.2
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Where
g 111
0o 11
_ 3
Q_O{)Og
0O 00 0
and
1 11 1
loil
— (- = 3
N=(I-Q) 0012
0 0 0 1

Therefore expected number of steps to reach stage 5 starting from step 1 = sum of first row
of the matrix N which is 25/12
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5. Problems 13, 15, 19 section 11.2
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6. Problems 10, 11, 16 section 11.3
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7. A Restaurant feeds 300 customers. On the average 20% of the customers order steak.

(a) Give a range for the number of steaks ordered on any given day so that you can be 95%
percent sure that the actual number will fall in this range.

(b) How many customers should the Restaurant have, on the average to be at least 95%
sure that the number of customers ordering steak on that day falls in the 19% to 21%

range.

Solution:

Apply CLT for Bernoulli trials here. Each order can be considered as a random variable X
and E(X;) =0.2. V(X;) = (0.2 X 0.8) = 0.16.

Therefore expected value of Zf’ﬁ X; = np = 60. Therefore expected number of steaks
ordered = 60.Variance of steaks ordered = 0.16 * 300 = 48 and one standard deviation
= /48 = 6.93. A 95% confidence limit corresponds to 2 standard deviations from the mean.
So steaks are ordered in the range ; — 556 §o 14, 6o +i4)

={§6,74)
We need to find the value of n customers so that number of steaks ordered must lie in a 95%

confidence level of length 0.01. Using the method of example 9.4 in text we want two standard

deviations of the steak orders to be less than 1%. That is we want 24/%8 = 0.8/,/n < 0.01.

Solving we get n = 6400. This is the number of customers the restaurant must have for a
95% confidence that the number of steaks ordered will be between 19% and 21%.
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8. Prove the weak law of large numbers using the central limit theorem.

Solution Let X, i = 1,2,...,n be independent identically distributed random variables with
p=E(X; ) and ¢ = V(X;) for each i. Let S, = }_; | X;. We need to show that for every
€>0, P(]—IL — | > €) = 0 as n — co. We assume that the CLT theorem holds. This means
we can look at the area under the normal curve as an approximation of the probability of
the event:

(X 12—l > €} = (X5 1S - ma| > ne)

Now
Sn —np ne

limmiy o0 P(| o | > T

That is the area to the right of l/; — 0 as n — oo. We have shown that for every ¢ > 0,
P(|%2 —ul > €) - 0asn — oo, which is the result of the WLLN.

) =0

f;\
9. TRUE Or FALSE? Vg ME g™

(a) The Central Limit Theorem (CLT) says that when you multiply a large number of
random variables, the result will be a normal random variable.

False. CLT says nothing about multiplying random variables

(b) Onme of the assumptions of a Poisson distributien process is that the system has no
memory

True. We can talk about the memory of a Poisson process and that is what is meant
here. (Note it makes not sense to talk about memory of a probability distribution.)
The Poisson process has the property that the number of successes of various intervals
are independent. That is a Poisson process has no memory.

(¢} The WLLN gives a limiting value of the sum of independent, identically distributed
random variables

False.

(d) The CLT says that when you add a large number of random variables, the result will
be a normal random variable.

False. The Theorem is about normalize sum of random variables. In addition the
random variables have to satisfy some conditions such as being i.i.d for one.

(e) Chebyshev’s inequality follows from the WLLN
False. The WLLN follows from the Chebyshev inequality.
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(f) Chebyshev’s inequality assumes that the random variable in questions has a symmetric
distribution.

False. Chebyshev assumes nothing about the type of distribution.

Additionally please look over the practice problems of mid-term 1 and 2 - in particular the
true/False.
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