1. MORE IMPLICIT DIFFERENTIATION (20 MINS)

See attached page

2. DERIVATIVES OF INVERSE TRIG FUNCTIONS (20 MINS)

Implicit differentiation is quite helpful in finding derivatives of various types of inverse
functions: today we will tackle inverse trig functions, and tomorrow logarithmic functions.

Derivative of arcsin(z) Let y = arcsin(z). Then sin(y) = sin{arcsin(z)) = 2 and F <
y < 7. Differentiating implicitly sin(y) = 2 w.r.t. z, we have cos(y) % = 1 so
dy 1
dz ~ cos(y)
Since /2 < y < /2, cos(y) is positive, and since we have the equality sin®(y) +cos?(y) = 1,
then cos(y) = \ﬁm = /1 — 22 since sin(y) — z. Then
d(arcsin(z)) 1
dzx V1= 2?2
Derivative of arccos(z) (optional, if time permits) Let y = arccos(z). Then cos(y) =

cos(arccos(z)) = z and 0 < y < 7. Differentiating implicitly cos(y) = = w.r.t. x, we have
—sin(y) % = 1 so

for-1l<ax<1

dy -1
dr  sin{y)



Since 0 < y < m, sin(y) is positive, and since we have the equality sin®(y) + cos®(y) = 1,
then sin(y) = /1 — cos?(y) = +/1 — 22 since cos(y) = =. Then

darccos{z) -1

dr V1=z%

for—1<zx<1

Derivative of arctan(x) First, we prove sec’(z) = 1 + tan®(z):
sin®(z)  cos(z) +sin’(z) 1
cos?(z) cos?(x)  cos?(z)

1 +tan®*(z) = 1+ = sec’(x)

Now we proceed to find £ arctan(z): let y = arctan(z), then tan{y) = tan(arctan(z)) = =
for all real z. Now we differentiate tan(y) = z implicitly:

it (y) = d:a:
de W T g
dy
2
=1
sec” () ——
dy 1 1 1

dr  sec’(y) 1+ tan’(y) 1- a2

So the derivative formula is

4 ctan(z) = !
dx - T+ 2
Exercises:
(1) L@ asctan(a)) — arctan(z) + - —
o (z arctan(z)) = arctan(z T
(2) i(a.rcsin(?)st‘)) = 3
& V1-()
3) d (arccos(z)\  — —L—e* — arccos(z)e*"2
dx g2z - (e2=)2
(1.35)

3. DERIVATIVES OF LOGARITHMIC FUNCTIONS (REST OF TIME)
We know the derivative of %, what about £2°7 Can write 2° = e%(?") = =10 Then
el d

d—Z:D = d—exln(z) = ¢"n(2) In(2) = en(2) In(2) = 2*In(2)
T T

Works for any a > 0:



Derivative of In(z) Let y = In(z), £ > 0. Then e¥ = @) — 4, Differentiating implicitly
w.r.t. x, we have ey-j—% =1s0

din(z) = l, forz >0
dx T

Although % is defined for z # 0, the derivative {In(z))' = L is only defined for z > 0, since
we only have tangent lines where In(z) is defined.

Derivative of log,(z) Let y =log,(z), z > 0,4 > 0. Then ¥ = a%(=) — 5. Differenti-
ating implicitly w.r.t. x, we have In(a)a?% = 1 so

dy 1 1
dz  In(a)e¥ In(a)z
dlog, (v) S , forz>0,a>0
dz In(a)z
Exercises:
(1) L @In(z) = @) + 2 = — In(z) + 1
T 7)) =In(e) +z. — =
d 2- 1
2 —_ = e = —
@) (022 = 2= 1
2r 2

d

®) 508 =ty ~ e
d xz _In{z) -1

(4) dr (ln(:c)) ~ In(z)?
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