Math 14
Winter 2009
Friday, January 9

More About Limits

Something to do if you finish the quiz early: Fill in the missing parts of
the following proofs.

Theorem: Suppose that F': R™ — R” is written in terms of its compo-
nent functions as

F(Z) = (F1(Z), F5 (D), ..., F.(2)),

that the domain of F' is an open set A, that @ is either in A or a boundary
point of A, and that the domain of each F; is A. Show that if

lim F(Z) = b = (by, by, ..., by),

r—a
then for every ¢ between 1 and n we have

lim F(#) = b,

Proof: Let i be given. (That is, consider some particular i.) We need to
show that for every e > 0, there is a 6 > 0 such that the following is true:



Because lim F(Z) = b, we know that for our given € there is some § > 0

such that whenever 7 is in A and ¥ # d, we have
7—ad <8 = |F(@)—b| <e

(We say & because the distance that works for I/ may or may not be the same
d we are looking for that works for F;.)
If |F(Z) — b| < € then we know that

[F(Z) — bi| <

Therefore we can take




Theorem: Suppose that F': R™ — R” is written in terms of its compo-
nent functions as

F(T) = (Fy(T), F5(Z), ..., Fa(T)),

that the domain of F' is an open set A, that @ is either in A or a boundary
point of A, and that the domain of each F; is A. Show that if for every ¢
between 1 and n

lim F(7) = b;,

r—a

then we have .
hITlF(Zi") =b= <b1, bg, ey bn>

—_—
r—a

Proof: Let € > 0. We need to show that there is a § > 0 such that
whenever 7 is in A and ¥ # d, we have

7—d <6 = |F(&)—b] <e

We know that

[F(@) = b = | D (@) = bi)? < 3 [F(T) = bi,

i=1

so if we can make each |F;(Z) — b;| less than E, we will have succeeded.

n
We know that for each i, there is a §; such that the following is true:

Therefore we can take




Theorem: Suppose that F' : R™ — R” is written in terms of the com-
ponents of its argument as

F(Z) = F((x1, 23, ..., Tm)),

that the domain of F is an open set A, and that @ = (ay, as, ...a,,) is either
in A or a boundary point of A. Suppose also that if @ is a boundary point
of A, there is some open ball B around @ such that every point of B except
a is in A. Show that if

lim F(7) = b,

then for every i between 1 and m we have

lim F({a1, ag, ..., Gi_1, Tj, Qrs1, -+, Q) = D.
T;—a;
(That is, as ¥ — a along the line given by =1 = aj, 29 = as,...,x;1 =

i1, Tit] = Qitl,- .. Ty = Gy, we have F(Z) — b.)

Proof:



Question for the very careful: Why did we assume that if @ is not in the
domain of F, there is an open ball B around a such that everything in B
except @ is in the domain of F'?7

Hint: What if the domain of F' consists of all points on the xy-plane that
are not on the z-axis and we know

lim F(z,y)=(2,3,2)7
e FEy) = (2,3,2)

Can we conclude that
lin(l) F(z,0) = (2,3,2)?

Why or why not?



