Math 13, Spring 2014 — Homework Solutions Week 4

(1) (Problem #66, Chapter 12.5) Find parametric equations for the line
through the point P(0,1,2) that is perpendicular to the line L given by
equations x = 1+1t, y =1 —t, z = 2t and intersects this line.

Solution. Let Q = (1 + a,1 — a,2a) be the point on L such that vector
P_Q) is perpendicular to L. P_Cé = (14 a,—a,2a — 2). The vector giving
the direction of L is ¥ = (1,—1,2).
P_Q)-Uzl—i—aqLa—kéla—él:O, soa:%.
Therefore P—Q) < —%, O> and the parametric equations of the solu-
tion line are x = %

(2) (Problem #50, Chapter 12.3) A tow truck drags a stalled car along a
road. The chain makes an angle of 30 degrees with the road and tension
in the chain is 1500 N. How much work is done by the truck in pulling
the car 1 km?

Solution. (1500 N) (1 km) (cos(30°)) = 750+/3 Newton-kilometers

(3) (Problem #48, Chapter 12.3) Suppose that @ and b are nonzero.

—

(a) Under what circumstances is compg b = compy @ ?

@b @b L
Solution. ki = |3 means |@| = | b]| (the vectors have the
a

same magnitude).

—

(b) Under what circumstances is projz b = projp @?

Ei

|F\% implies the vectors have the same magnitude, while

= ‘23 implies they point in the same direction. Therefore @

equals 7;

(4) (Problem #72, Chapter 14.3) If g(z,y,2) = V1 + 2z + /1 — zy, find

Gayz-



Solution. Since a%\/l +xzz =0 and %\/1 — 2y =0, ggy. = 0.

Suppose you need to know an equation for the tangent plane to a surface
S at the point P(1,2,3). You do not have an equation for S but you
know that the curves rq(t) = (1 4+ 3t,2 — 12,3 — 4t — %), ro(u) = (1 +
u?, 2u® 4+ 2, 2u + 3) both lie on S. Find an equation of the tangent plane
at P.

Solution. P is on both curves, where t = 0 and v = 0. The vectors
r1(0) and r5(0) will be tangent to the surface, and therefore their cross
product will be perpendicular to .S at P and we can use it in the equation
of the tangent plane.

ri(t) = (3,—2t,—4 — 2t); r(0) = (3,0, —4)

rh(u) = (2u, 6u?,2); rh(u) = (0,0, 2)

(3,0,—4) x (0,0,2) = (0,—6,0) so the equation of the tangent plane is
—6(y —2) =0.

(Problem #62, Chapter 14.6) Show that the pyramids cut off from the
first octant by any tangent planes to the surface zyz = 1 at points in the
first octant must all have the same volume.

Solution. Let P(a,b,c) be a point on the surface in the first octant. To

find the equation of the tangent plane, we need to evaluate the partial

derivatives at P.

fo =yz; fo(P) =be

fy =xz; f,(P) = ac

f-=wy; f.(P) =ab

The tangent plane is be(z — a) + ac(y — b) + ab(z — ¢) = 0, which can be

rearranged using the fact that abc = 1 to get x/a + y/b+ z/c = 3. The

intercepts of the plane are the points (3a,0,0), (0,3b,0), (0,0, 3c), and

these along with (0,0,0) determine the pyramid.

The base of the pyramid is the triangle with vertices (0,0, 0), (3a,0,0),

(0,3b,0) which has area gab. The height of the pyramid is 3¢, so its
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volume is 3 - gab <3¢ = %abc = 3. Since (a,b,c) is any point on the

surface in the first octant, all pyramids have the same volume.



