MATH 13 FALL 2004

CALCULUS OF VECTOR-VALUED FUNCTIONS

Example of a function that has different mixed partial derivatives at (0, 0)

Consider a function f : R? — R:

zy(x? — 9y?

0 ifr=9y=0.
The partial derivatives of f are given by

ot —yt —dx?y?)
ren= | E A T # 0.0

0 ifr=y=0

and
x(xt — oyt — 42292
e = | T 2 0.0

0 ifx=y=0.

One can check that f as well as f, and f, are continuous everywhere in R%. Hence, f is
differentiable in R2.

We can compute the second order mixed partial derivatives of f at (0,0) explicitly:
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The mixed partial derivatives f,;(0,0) and f;,(0,0) of f at (0,0) are different

The reason is that they are both not continuous in a neighborhood of (0, 0):

0 22 —y?) (2t + 102%y? + 0
Funlan) = () (o) = I SRV (1) a0) = fuyfann)

The limits of both fy,, and f;, DNE as (z,y) — (0,0). If # = 0, they should be —1, but if
y = 0, they should be 1.

Notice that fyy(z,y) = fyz(x,y) away from the origin. Indeed, all the derivatives of f are

continuous there.



