Math 11 Section 1
September 26, 2012
Sample Solutions

0
(1.) Last time we saw that —f(:co, Yo) is the vertical slope of the intersection of the graph

Ox
0
of f with the plane y = 1, so that <1, 0, a—f(xo,y0)> is a vector tangent to the graph of
x

0
f at the point (xq, yo, f(Z0,¥0)). Similarly the vector <O, 1, a—f(xo,y0)> is tangent to the
Y

graph of f at the point (zo, yo, f(0, Y0))-

Use this to find two vectors tangent to the graph of the function f(z,y) = z* — zy + y?
at the point (1, —1, 3).

<1707 %> = <1,0,2[E - y> = <1>073>

0
<o, 1, a_£> = (0,1, -z +2y) = (0,1, —3)

Find a vector normal to the graph of the function f(x,y) = 2% — 2y + y? at the point
(1, —1, 3).

(1,0,3) x (0,1, —3) =[(—3,3,1)

Find an equation for the plane tangent to the graph of the function f(z,y) = 22 —xy+y>
at the point (1, —1, 3).

This is the plane containing the point (1, —1, 3) with normal vector (—3,3,1). Its equa-
tion is <_37371> ’ <[L’— Ly— (_1)72_3> =0, Or’—3$+3y+z = —3‘

(2.) Applying this same reasoning to any function f gives us the fact that if f has a tangent
plane at (xo, yo, f(Zo,%0)), then that tangent plane is given by

z = f(x0,%0) + %(%,yo)(w —x9) + g—g(fﬁo»yo)(y — Yo)-

We can use this to get a linear tangent approximation to f(x,y): If (z,y) is near (zo, yo),
then

of of
f(z,y) = L(z,y) = f(xo,90) + 5= (0, y0)(x — o) + 5= (%0, Y0) (¥ — ¥o)-
ox oy
(This should look a lot like the tangent line approximation to a function f(z).)

)
Use this method, applied to the function f(x,y) = ze¥ near the point (2,0), to approxi-
mate (2.005)e™%.



First we compute

0 0
Taew=c Sy —ae

Using (xo, y0) = (2,0), we get that if (x,y) is near (2,0), then

flx,y) = L(z,y) = f(zo0,y0) + %(xojyo)@ — ) + %(xo,yo)(y —Yo) =
2e0 + (%) (z —2) + (2% (y — 2) =2+ 1(x — 2) + 2(y — 0).

(2.005)e=" = £(2.005, —.01) ~ 24 1(2.005 — 2) 4+2(—.01 — 0) = 2+.005 — .02 = [1.985|.

(3.) A theorem from the text tells us that the graph of f(x,y) does have a tangent plane
at (o, Yo, f(xo,y0)) if the partial derivatives of f are continuous on some disc containing
(0, Yo)-

(The graph does not have a tangent plane if the partial derivatives of f are undefined at
(x0,Y0). If the partial derivatives of f are defined at the point but not continuous on any
disc containing the point, the graph may or may not have a tangent plane.)

Consider the function

L if (z, 0,0);
0 if (z,y) = (0,0).

Show that f is continuous at (z,y) = (0,0).

We must show that  lim  f(x,y) = f(0,0) = 0. From the definition of f,

(z,y)—(0,0)

lim f(z,y)= lim i

(2,49)—(0,0) (@9)—(00) /22 + 32

We can analyze this limit in different ways; perhaps the easiest is to use polar coordinates:

25ind 0
lim Y lim I Smyeosy lim 7rsinfcosé.

(y)—(0,0) /22 4+ 92 (29)—(0,0) r (z,y)—(0,0)

Since the absolute value of sinfcos6 is at most 1, we have —r < rsinf cosf < r.
Since as (z,y) — (0,0) both —r and r approach 0, by the Squeeze Theorem we have

lim T lim 7rsinfcosf =0.
(z,9)—(0,0 f( y) = (2,9)—(0,0)

This is What we needed to show.

Since the definition of f has a special case at (0,0), to compute the partial derivatives

of f at (0,0) we will go back to the definition of partial derivative: g—f(xo, Yo) is found by
T

setting y to be a constant g, differentiating the resulting function of x, and evaluating that
derivative at zg:



For example, if we set y = 0, then the definition of f tells us that

f(z,0) = HT “7‘0;] _g

0 if x=0.
feo=0  Feo=o  Loo=o
_ 2 f 0 oy —
f(0,y) =0 ay(O,y)—Q ay(O,O)—Q
Recall that
Ty f
Fag) = { = (2.y) # (0,0);
0 if (z,y) = (0,0)
of y?
If (x,y) # (0,0) then %(x,y) = m

0
Show that 8_f is not continuous at (0, 0).
x

0 0
If y = 0 then 8_f =0, so as (z,y) — (0,0) along the x-axis, (9_f approaches 0.
T x

0
If x =0 and y > 0, then o _ 1 so as (x,y) — (0,0) along the positive y-axis,

or Oz

approaches 1.

0
This shows that 8_f is not continuous at (0, 0).
x

Now f has partial derivatives at (0,0) but they are not continuous there, so we do not
know whether the graph of f has a tangent plane at (0,0,0). Sketch the intersection of the
graph of f with the plane x = y. Note that this plane contains the vertical z-axis and the
horizontal line z = y, which intersect at (0,0); you can start by putting them in your sketch.

If you can’t picture immediately what this curve looks like, you might start by parametriz-
ing it, using « = t. Hint: Your parametrizing function will have a different definition when
t < 0 and when t > 0, because Vi2 = +t.

If that still doesn’t give you the picture, try differentiating your parametrizing function
7 to see what the tangent vectors look like at various points.

x? |
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graph of y = |z|; it has a sharp corner at the origin.

It looks like the

This intersection is given by x = y and z =

This should tell you that the graph of f does not have a tangent plane at (0,0,0).



