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Lecture 10

We conclude

Theorem 6 The Vitali set V is not Lebesgue measurable.

proof If V ∈ Λo then λ(V ) = λ(Vi) for all i and by 2.)

1 = λ([0, 1)) =

Hence V 6∈ Λo as there can be no number λ(V ) that satis�es this equation. �

Lemma 7 Let A ⊂ V , A ∈ Λo be a measurable subset of the Vitali set. Then λ(A) = 0.

proof Set Ai = A⊕ qi ⊂ V ⊕ qi = Vi. Then λ(A) = λ(Ai) and

1 = λ([0, 1)) ≥

This implies that λ(A) = 0, because otherwise we arrive at a contradiction �.

Proposition 8 Let A ⊂ R with λo(A) > 0. Then A contains a non-measurable set.

proof Suppose A ⊂ [0, 1). Let Ai = A ∩ Vi. If each Ai ∈ Λo, then λ(Ai) = 0 by the pre-
vious lemma. Therefore

0 =

In general we know that λo(A ∩ [n, n+ 1)) > 0 for some n ∈ Z and

A ∩ [n, n+ 1)− n ∈ [0, 1).

Hence the general statement follows from the case where A ⊂ [0, 1). �
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Cantor Set

Aim: We want to show that B(R) ( Λo. We �rst de�ne the Cantor set C and then �nd a
subset A ⊂ C that is measurable, but not a Borel set.

Picture

De�nition (Cantor set) Let I11 = (13 ,
2
3) and I21 = (19 ,

2
9), I22 = (79 ,

8
9). We continue, such

that In1 , I
n
2 , . . . , I

n
2n−1 are the middle thirds of the 2n−1 intervals that make up

[0, 1]\
n−1⋃
i=1

2i−1⋃
j=1

Iij

The Cantor set is

C := [0, 1]\
⋃
n≥1

2n−1⋃
j=1

Inj

Note We know that

• λ(C) =

• C 6= ∅ as the endpoints Inj \Inj are all contained in C.

• C is compact, has no interior and no isolated points.

• C is uncountable.
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proof (C is uncountable)We can write any real number as an (in�nite) decimal expansion. In
the same way we can write every real number as an in�nite ternary expansion using base three
instead of base ten. If a ∈ [0, 1] then there is (ai)i∈N, where ai ∈ {0, 1, 2}, such that

a =
∑
i∈N

ai
3i

Furthermore this expression is unique unless a = z
3n , where z ∈ Z and n ∈ N.

Example 1
3 ' (1, 0, 0, 0, . . .) ' (0, 2, 2, 2, . . .).

We will now use the ternary expansion to show that C is uncountable: To this end set

N =

{
∞
j

if
ai 6= 1 for all i ∈ N
aj = 1 and ai 6= 1 for all i < j.

Now de�ne ϕ : [0, 1]→ [0, 1],

ϕ(a) :=
N∑
i=1

bi
2i

where bi :=


0
1
1

if
ai = 0
ai = 2
ai = aN

.

The function ϕ is callled a Cantor function or also a Devil's staircase. It is illustrated below.

Figure 1: The Cantor function ϕ.

Note that ϕ is well-de�ned: ϕ(a) does not depend on the representation of a in terms of its
ternary expansion. It is monotone and surjective, hence continuous.
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If a is the left-hand endpoint of I
n
j then

ϕ(x) = ϕ(a) for all x ∈ Inj (1)

Hence ϕ(C) = [0, 1] and in particular, C is uncountable. �

We now de�ne f : [0, 1]→ [0, 2] by
f(x) := x+ ϕ(x)

Claim: f is a homeomorphism.

proof f is continuous and surjective. Furthermore [0, 1] is compact and [0, 2] is Hausdor�.
We recall the following theorem from topology:

Theorem Let f : X → Y be a bijective continuous function. If X is compact, and Y is
Hausdor�, then f : X → Y is a homeomorphism.

It is therefore su�cient to verify that f is injective. Let without loss of generality y > x.
Then

Hence f(y) > f(x). By the same arguments for x > y we have that f is injective. �


