
Bull Math Biol
https://doi.org/10.1007/s11538-018-0441-3

ORIGINAL ARTICLE

Predictive Modeling of Neuroblastoma Growth
Dynamics in Xenograft Model After Bevacizumab
Anti-VEGF Therapy

Yixuan He1,2 · Anita Kodali1 ·
Dorothy I. Wallace1

Received: 4 August 2017 / Accepted: 27 April 2018
© Society for Mathematical Biology 2018

Abstract Neuroblastoma is the leading cause of cancer death in young children.
Although treatment for neuroblastoma has improved, the 5-year survival rate of
patients still remains less than half. Recent studies have indicated that bevacizumab, an
anti-VEGF drug used in treatment of several other cancer types, may be effective for
treating neuroblastoma aswell. However, its effect on neuroblastoma has not beenwell
characterized. While traditional experiments are costly and time-consuming, mathe-
matical models are capable of simulating complex systems quickly and inexpensively.
In this study, we present a model of vascular tumor growth of neuroblastoma IMR-32
that is complex enough to replicate experimental data across a range of tumor cell
properties measured in a suite of in vitro and in vivo experiments. The model provides
quantitative insight into tumor vasculature, predicting a linear relationship between
vasculature and tumor volume. The tumor growth model was coupled with known
pharmacokinetics and pharmacodynamics of the VEGF blocker bevacizumab to study
its effect on neuroblastoma growth dynamics. The results of our model suggest that
total administered bevacizumab concentration per week, as opposed to dosage regi-
men, is the major determining factor in tumor suppression. Our model also establishes
an exponentially decreasing relationship between administered bevacizumab concen-
tration and tumor growth rate.
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1 Introduction

According to the Center for Disease Control, cancer is the second leading cause of
death in the USA (U.S. Cancer Statistics Working 2017). Mathematics can provide
significant contributions to experimental cancer investigation as it is a powerful tool
to test hypotheses, confirm experiments, and predict likely outcomes across a range of
treatment options. Mathematical models are capable of simulating complex systems
quickly without the enormous costs of laboratory experiments and clinical trials nec-
essary in the traditional drug discovery process. This allows researchers to gain a better
understanding of cancer growth dynamics and to design better treatment strategies to
improve the quality of lives of the over one million people diagnosed with cancer each
year.

Neuroblastoma, a rapidly dividing and highly vascularized cancer, is the leading
cause of cancer death in young children. It is the most common type of solid cancer
diagnosed in children younger than a year old, with about 700 new cases diagnosed
each year in the USA (Segerström et al. 2006). Although treatment for neuroblastoma
has improved, the 5-year survival rate of patients with high-risk neuroblastoma still
remains less than 40% (Segerström et al. 2006), despite aggressive treatment pro-
tocols involving high-dose chemotherapy, total body irradiation, and bone marrow
transplants.

It is well established that tumor growth in vivo exists in two main phases: an avas-
culature and a vasculature phase (Tang et al. 2014). In the avasculature phase, the
tumor does not have its own blood supply and is relatively harmless. Upon secretion
of tumor angiogenic factors (TAFs), tumors can establish independent blood supply
by inducing neighboring blood vessels to growth toward the tumor. This new forma-
tion of blood vessels to supply nutrients and/or metabolites to starving tissue is called
angiogenesis (Alarcon et al. 2005). With access to endless nutrients, the now vascu-
larized tumor cells can metastasize, rendering them potentially lethal (Alarcon et al.
2005; Tang et al. 2014).

In our model, we focus on one TAF highly expressed in tumors—vascular endothe-
lial growth factor (VEGF) and a drug which inhibits its production. VEGF and VEGF
receptors have been the target of extensive research in the development of cancer ther-
apeutic agents to hinder tumor angiogenesis and growth. Most notably, bevacizumab
(Avastin®; a humanized anti-VEGF-A antibody) was the first angiogenesis inhibitor
proven to be effective in prolonging survival and delaying tumor progression in patients
with various cancers. In fact, bevacizumab has been approved by the FDA and is com-
monly used in the treatment of metastatic colorectal cancer, non-small cell lung cancer
metastatic renal cell carcinoma, metastatic breast cancer, and epithelial ovarian cancer
(Keating 2014). Recent studies have indicated that bevacizumab may be effective in
neuroblastoma treatment as well (Segerström et al. 2006; Sims et al. 2008).

Many models exist for cancer growth, ranging from extremely complex to simple
with an enormous range in between. Simple models often only attempt to match
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total tumor size (Demidenko 2006; Marušić et al. 1994), but complex models, while
able to replicate a wide range of experimental data, frequently require knowledge of
many specific parameters, some of which are difficult to obtain (Landry et al. 1982;
Piantadosi 1985). Many of these models attempt to capture a key characteristic of
tumor in vivo growth—angiogenesis and vascularization.

In this study, we extend a model adapted from Wallace et al., since it includes
signaling mechanisms known to control pre-vascular tumor growth (Wallace et al.
2016). Tumor cell lines grown as in vitro spheroids are known to cease growth. This
phenomenon was originally conjectured to be due to the limits of diffusion of nutri-
ents (Folkman and Hochberg 1973). However, this hypothesis does not stand up to
scrutiny. Diffusion limits do not rule out the existence of large spheroids with a small
outer layer of proliferating cells, thin enough to receive nutrients. Numerical exper-
iments confirm that diffusion of nutrients alone is insufficient to explain cessation
of growth (Menchón and Condat 2008, 2009). Consistent with the numerical exper-
iments, imaging techniques confirm that mature spheroids have a necrotic core and
thin rim of proliferating cells (Sherar et al. 1987; Folkman and Hochberg 1973). Yet,
most models of tumor growth attempt to limit pre-vascular growth with a logistic or
Gompertz term, assuming that access to nutrients is equal for all cells, that all cells
are actively proliferating, and that some natural limit to growth exists (Hahnfeldt et al.
1999; Byrne 2010; Alarcón et al. 2006). The model presented by Wallace et al. avoids
this assumption by incorporating a known mediator of pre-vascular tumor growth,
tumor necrosis factor (TNF) (Wallace et al. 2016). Experiments show that the necrotic
core produces tumor necrosis factors that inhibit proliferation (Freyer 1988). A specific
factor, known as TNF-alpha, has been shown to induce apoptosis in actively prolif-
erating cells (Botchkina et al. 1997; Leeuwenberg et al. 1995). Even simple models
that use tumor necrosis factor to limit growth will produce in silico spheroids with
qualitatively correct development (Wallace and Guo 2013).

Six recent papers model the use of VEGF blocking drugs on tumors (De Mattei
et al. 2016; Mollard et al. 2017; Pinho et al. 2013; Argyri et al. 2016; Poleszczuk
et al. 2015; Lignet et al. 2013). Of these, four use the logistic or Gompertz model
to limit pre-vascular growth, adjusting the limit to account for increasing vasculature
(Mollard et al. 2017; Pinho et al. 2013; Argyri et al. 2016; Poleszczuk et al. 2015).
The remaining two include compartments for hypoxic cells that are known to produce
the VEGF signal, but do not include necrotic cells or the TNF-alpha produced by
these which are the only known mechanisms of pre-vascular growth control, nor do
they include a particular data set (De Mattei et al. 2016; Lignet et al. 2013). Three
of these studies model bevacizumab specifically (Mollard et al. 2017; Argyri et al.
2016; Poleszczuk et al. 2015) but none of these uses the specific two-compartment
pharmacokinetics and pharmacodynamics for this drug as we do here (Lu et al. 2008a,
b; Wu et al. 2012).

In this study, we present a multiscale mathematical model of vascular tumor
growth of neuroblastoma IMR-32 with and without treatment that addresses the issues
described above. The model is complex enough to replicate experimental data on a
range of tumor properties in vivo, including monolayer, spheroid, and xenograft stud-
ies, while restraining the number of parameters in the system of differential equations
to the number of measured quantities. In addition, our model is able to provide quanti-
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tative insight into tumor vasculature. Various treatments regimens of bevacizumab are
implemented to determine its effect on neuroblastoma growth dynamics. Our model
provides a better understanding of neuroblastoma development in vivo as well as
bevacizumab pharmacodynamics. The resulting parameterized model can be used to
facilitate the design of optimal treatment strategies for neuroblastoma patients.

2 Methods

Cancer cell lines that have the capacity to form solid tumors can be cultured, studied,
and experimented upon in threemodalities outside the humanbody: in vitromonolayer,
3-D spheroid cultures, and in vivomousexenograftmodels.Monolayer in vitro cultures
represent unfettered growth of cells in the presence of abundant nutrient, with cell
growth characterized as exponential. Three-dimensional in vitro spheroid cultures
result in a growing ball of cells that develop a tripartite structure with a central necrotic
core, an actively proliferating rim, and an intermediate zone of hypoxic quiescent cells
(Folkman et al. 1966). While spheroids have been shown to be a good representation
of pre-angiogenesis in vivo tumors (Kim 2005; Edmondson et al. 2014), xenograft
experiments in vivo are the most similar to human tumors as they include the growth
of vasculature, are derived from human cancer cell lines, and are grown in mice.

A tumor cell can be grown as a monolayer, 3-D spheroid, or xenograft culture.
Thus, a model for cancer should have the capability of describing growth in all three
scenarios. In this paper, we build such a model for the growth of neuroblastoma IMR-
32 grown as in vitro monolayer, spheroids, and in vivo solid vascularized tumors. The
modelmust include, atminimum, compartments corresponding to rapidly proliferating
cells in various stages of the cell cycle, quiescent and necrotic cells, growing vascu-
lature, and the presence of signaling compounds. Models of treatment would include
pharmacokinetic components specific to the anti-VEGF drug bevacizumab. Further-
more, it should replicate multiple experimental results on three scales. In particular:

1. Preventing the transition from proliferating to quiescent compartments should
result in exponential growth that matches monolayer data. The volume of cells in
this model would grow exponentially.

2. Allowing transitions from proliferating to quiescent compartments but preventing
vascular growth should result in a spheroid that matches qualitative observations
of spheroid growth, in particular, the cessation of tumor growth with the contin-
ued presence of necrotic, quiescent, and actively proliferating cells (Folkman and
Hochberg 1973).

3. The full model with angiogenesis should match xenograft data. The full model
of untreated xenograft would grow linearly after an initial period, as observed for
most tumors (Brú et al. 2003).

2.1 Model Overview

The model we consider tracks ten quantities. Three of these (G1, S, G2) are mea-
sured cell cycle compartments of the population of rapidly proliferating tumor cells
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(P �G1,+S +G2). The sub-model containing only these components grows exponen-
tially and may be fit to monolayer experiments for the cell line, using the methods
described in Wallace et al. (2016).

When placed in an in vitro test tube culture, IMR-32 cells form spheroids. These
have an outer shell of proliferating cells (P), an inner shell of quiescent, non-
proliferating cells (Q), and a necrotic core (N) (Sherar et al. 1987; Folkman et al.
1966). Spheroids are known to cease growth at a predictable size while maintaining
a thin shell of proliferating cells (Folkman et al. 1966), and it has been shown that
diffusive limits are inadequate to explain this cessation of growth (Menchón and Con-
dat 2009). However, it is also now known that substances produced by the necrotic
cells, generally called tumor necrosis factors (TNF’s), cause growth to stop (Freyer
1988). One particular factor, called TNF-α, binds to the p-75 receptor of proliferat-
ing cells and causes apoptosis. It has been observed that the signal is produced as
a by-product of necrosis and is responsible for cessation of spheroid growth in the
absence of increasing vasculature (Shweiki et al. 1992; Szlosarek and Balkwill 2003).
In our model, TNF-α is produced by necrotic cells at a rate of cf A(sR +A)−1 and is
assumed to affect the proliferating cells at any stage in the proliferating compartment
via apoptosis. The concentration of TNF-α (A) is tracked in this model. The spheroid
sub-model is similar to the one in Wallace with nutrient availability modeled in the
presence of constant supply rather than in proportion to spheroid surface area (Wallace
et al. 2016). It consists only of a few compartments (G1, S, G2, Q, N , A) and models a
spheroid that ceases growth. The spheroid sub-model reproduces both the qualitative
behavior described in Folkman et al. and the quantitative measurements in Carlsson
et al. (1983). As it is fully described in Wallace et al. (2016), we will only summarize
the main features here.

When hypoxic or in the presence of TNF-α, cells may produce the tumor angio-
genesis factor VEGF to cause vasculature to grow (Jing et al. 2011; Sasi et al. 2012).
Each cell line does this to a different extent, and different types of tumors vascularize
differently. The VEGF signal itself is represented in the model as R. Thus, VEGF,
represented by R, is assumed to be related to cells of all three states of the tumor:
the proliferating compartments (G2 +S+G2), the necrotic compartment (N), and the
hypoxic quiescent compartment (Q). The production rates of VEGF are not well docu-
mented; thus, the spheroid sub-model was tuned to produce the VEGF concentrations
observed in Takagi et al., without altering the parameters already computed for the
spheroid sub-model (Takagi et al. 2007).

Xenograft culture in vivo differs from multicellular spheroid mainly in their ability
to grow vasculature in a process known as angiogenesis. Vasculature (V ) is grown
proportionally to VEGF signaling (R) produced by hypoxic quiescent cells (Q) or
by proliferating cells in response to TNF-alpha. The rate at which P and R control
growth of vasculature is controlled by parameters associated to vascular growth and
its sensitivity to the signal (R), as well as the ability of vasculature to deliver nutrient
to the tumor cells. In addition, few parameters derived for the spheroid are dependent
on external conditions in which the spheroid grows, and these may be different for
xenograft culture. The fully vascularized control (untreated) xenograft model was
tuned to data from several experimental systems by Segerstrom et al. and Ackerman
et al. without altering parameters intrinsic to the spheroid sub-model (Segerström et al.
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Fig. 1 Compartmental model for the full system. Red boxes model monolayer culture. Red and black boxes
model spheroid culture. Solid arrows represent cell transitions. Dashed arrows reflect influence of one
compartment on another. Symbols in green represent treatment response to bevacizumab. Each system can
be reduced to a smaller one by setting one or more parameters or initial conditions equal to zero (Color
figure online)

2006; Ackermann et al. 2011). The control xenograft model exhibits long-term linear
growth.

The full model of the treated tumor includes the drug kinetics of bevacizumab
which can be described by a two-compartment model (E, X) developed by Wu et al.
(2012). Bevacizumab is a VEGF blocker that binds to the VEGF signal (R), thereby
removing some R from the system. Wu et al. also describe a functional form for the
pharmacodynamics they observed, but did not include the VEGF signal (R) explicitly
in their model. We have reworked the pharmacodynamics to reflect this change and
refitted parameters to data fromSegerström et al. (2006). No parameters derived for the
control xenograft model were altered. The treated xenograft model shows continued
linear growth at a reduced rate compared to the control xenograft model, just as the
data does. The compartment model is illustrated in Fig. 1.
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2.2 Model Equations

The full set of differential equations is given by:

G
′
1 � 2c2G2 − c1 (B)G1 − c1 (1 − B)G1 − c f FG1 (1)

=cell division−passage to S −passage to Q −apoptosis due to TNF-α.

Here, B is the percent of cells that are not hypoxic, while (1−B) is the remaining
percent that are hypoxic. Setting B �1 gives monolayer growth patterns.

S′ � c1BG1 − cs S + CQ − c f FS (2)

=passage fromG1 −passage toG2 + return of cells fromQ −apoptosis due to TNF-α

G
′
2 � cs S − c2G2 − daG2 − c f FG2 (3)

=passage from S−cell division and passage toG1 −natural cell apoptosis−apoptosis
due to TNF-α

Q′ � c1 (1 − B)G1 − CQ − eHQ (4)

=passage of hypoxic cells from G1 − return of cells to S −necrotic death of Q

N ′ � eHQ − m (v0 + V ) N (5)

=necrotic death of Q −natural removal of dead matter

A′ � j N − k (v0 + V ) A (6)

=production of TNF-α from necrotic tissue− removal of A

R′ � cR (G2 + S + G1)
A

sR + A
+ cqvQ − qR (v0 + V ) R − Y R (7)

=production of VEGF by proliferating cells in the presence of TNF-α+production of
VEGF by hypoxic cells−natural removal of signal− removal of signal with therapy

V ′ � cv
R (v0 + V )

sv + R + v0 + V
(8)

=growth of vasculature in the presence of VEGF signal R

E ′ � k21X − k10E − k12E (9)

= return of therapy to the primary compartment (blood) from the secondary compart-
ment−first-order removal of drug from system−uptake by secondary compartment
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X ′ � k12E − k21X (10)

=uptake by secondary compartment− return of therapy to the primary compartment

In the spheroid model, the functional response B, which describes the fraction of
cells in G1 entering Q, is given in relation to available nutrient, taken to be a constant,
v0. In the xenograft model, the fraction, B, is determined by availability of nutrient,
(v0 +V ), relative to the volume of cells in G1. This dynamic is modeled with the Hill
function:

B � (vo + V )

s1 + G1 + v0 + V
(11)

Note that the fraction B rises to 1 as the ratio of V to G1 rises.
Similarly, the spheroid model gives functional responseC, the fraction of quiescent

cells that return to proliferating cells in the S phase, in relation to available nutrient,
v0. In the xenograft model, total tumor size is replaced with availability of nutrient to
better represent the process of vascularization. The dynamic is modeled with the Hill
function:

C � cq
v0 + cqsV

sq + P + v0 + cqsV
(12)

where P is the sum of proliferating compartments.
Under conditions of decreased vasculature and hypoxia, quiescent cells become

necrotic (Wallace and Guo 2013). We, thus, introduce the Hill function, H, in the
xenograft model to describe this progression from Q to N in terms of vasculature:

H � 1 − V

sh + fh P + ghQ + V
(13)

As vasculature increases, hypoxia decreases and the rate 1−H drops to zero, stop-
ping necrosis. When vasculature (V ) is zero, the same proportion becomes necrotic as
in the spheroid model. Constants f h and gh were introduced to account for the different
nutrient uptake rates by actively proliferating versus quiescent cells.

It is assumed that the effect of TNF-alpha on the proliferating cells can occur at
any stage in the proliferating compartment via apoptosis. This occurs through the
functional response F at a rate controlled by the transition rate cf . The dynamic is
modeled with the Hill function:

F � A

sn + A
(14)

Finally, the effect of the anti-VEGFdrug, bevacizumab, is representedby the relative
rate Y in our model and is given by the Hill function:

Y � cy (v0 + V ) E

sy + v0 + V
(15)
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2.3 Model Parameterization

Using the methods described by Wallace, the monolayer sub-model equations from
above (Eqs. 1–3) were first tuned to fit neuroblastoma IMR-32 growth as a mono-
layer based on data from Seeger et al. (doubling time�26 h) and Kumar et al. (cell
cycle analysis: g1*�0.6008, s*�0.1845, g2*�0.1925) (Seeger et al. 1977; Kumar
et al. 2014). Cell proportion distribution was maintained but adjusted such that the
sum added to 100%. The death rate was fit to a study by Kumar et al. reporting that
five percent of cells were apoptotic after 2 days (Kumar et al. 2014). The remaining
parameters in the spheroid sub-model were tuned to data from Carlsson et al. (1983).
Initial starting conditions were set by dividing the initial tumor size into the prolifer-
ating compartments according to percentages reported in Kumar et al. The tumor was
assumed to be composed initially of only actively dividing cells, thus initial quantities
of N and Q are set to zero.

Vasculature depends on the VEGF signal R and is assumed to have an upper limit.
It is given by a Hill function with maximum rate cv and half saturation sv. The constant
cv is related to maximum growth rate of endothelial cells. Here, we use a maximal
daily growth rate of ln(2)/1�0.69 as reported by Tan et al. (2004). Recall that when
cv is set to zero, no growth of vasculature occurs, and the model is reduced to that of
an in vitro spheroid model.

To parameterize the production of TNF-α, constants j and k are chosen arbitrarily
since they occur only in this single expression. The units of A are arbitrary; scaling A
by any constant only affects growth through the function F, which can be offset by
scaling sn by the same factor. By choosing j �1 and k � j/vo, the parameterization
problem is reduced to only a choice of sn. This reduction givesA*�N* at equilibrium.
Constants cf and sn determine the rate at which the proliferating cells die via apoptosis
in response to the signal A.

Remaining parameters in the full xenograftmodelwere tuned to data fromxenograft
experiments inAckerman et al. (2011) and Segerstrom et al. (2006).With the exception
of three parameters, v0, cv, and cq, all constants from the spheroid model remained the
same in the xenograft model. The five remaining parameters, cqs, sv, sh, f h, and gh,
were tuned to best fit the total tumor size based on the control (untreated) runs in several
experimental systems by Segerstrom et al. and Ackerman et al. Though Segerstrom
et al. did not specify the number of cells initially inoculated into the mice, Ackerman
described that they started out by inoculating 1.5×107 IMR-32 cells subcutaneously
in the nude mice. Previous research indicates that single neuroblastoma cells have
an average diameter of 11 um, corresponding to 697 um3. Thus, using this average
tumor cell size, the mice in Ackerman’s study were given an initial a tumor volume of
10,455×106 um3.All cellswere assumed to be proliferating initially. The proliferating
compartments were divided according to percentages reported in Kumar. Segerstrom
et al. reported IMR-32 growth data starting with a tumor volume of 0.46 mL, which
thus corresponds to day 20 in our growth model. Ackerman et al. published two sets
of IMR-32 growth data. The first set was reported 3 days after tumor inoculation with
a tumor size of 17.4 mm3, corresponding to day 4 in our model. The second set was
reported after tumors had reached a mean volume of 182 mm3, corresponding to day
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Fig. 2 Growth rate of tumor cells is determined by taking the slope of the linear fit between day 60 and day
80, i.e., the slope of the black dotted segment. The red line indicates predicted tumor volume by our model
(Color figure online)

10 in our model. A summary of the spheroid and xenograft growth data can be found
in Online Resources 1; parameters for the xenograft model can be found in Table 1.

2.4 Treatment Model

The drug kinetics of bevacizumab can be described by a two-compartmentmodel, with
E representing the level of drug in the central compartment, and X representing the
level of drug in the peripheral compartment. Pharmacokinetic parameters were given
by Wu et al. (2012) (k12 (h−1)�0.0314, k21 (h−1)�0.0131, k10 (h−1)�0.0162).

In the experiment conducted by Segerstrom et al., a bevacizumab treatment regi-
men of 5 mg/kg twice weekly intraperitoneally was given starting at a tumor size of
0.39 mL, corresponding to the size of the tumor at day 19 in our model. Upon treat-
ment, tumor growth followed a linear growth pattern with a growth rate of 45,807 um3

×1012 per day. The growth rate was determined by taking the slope of the linear fit
between day 60 and day 80 (shown in black dotted line of Fig. 2). NMRI mice were
xenografted at 6 weeks in the experiment done by Segerstrom et al. (2006). A mice
body weight of 25 g was used in our xenograft model (Taconic Bioscience 2013).
Since, on average, mice have around 58.5 mL of blood per kg of bodyweight, (NC3Rs
2017), a mouse weighing 25 g would therefore have a total blood volume of approx-
imately 58.5 mL/kg×0.025 kg�1.46 mL, giving an initial blood concentration of
85.62 mg/mL corresponding to the experiment in Segerstrom et al.

Drug dosage was incorporated into the model using a step function over a short
interval. Parameters cy and sy were then determined experimentally to fit the linear
regression derived from data.
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Table 1 Model parameters are given for monolayer, spheroid, and vascularized xenograft with and without
treatment

Monolayer Spheroid w/VEGF Xenograft Explanation

da 0.2 0.2 0.2 Natural death rate

c1 1.574 1.574 1.574 Transition rate
from G1 to S

cs 4.4919 4.4919 4.4919 Transition rate
from S to G2

c2 3.4629 3.4629 3.4629 Transition rate
from G2 to G1

B 1 Functional
response

Functional
response

Cells entering Q
from G1

v0 n/a 3 25* Nutrient
availability

j n/a 1 1 TNF-a production

k n/a 0.1 0.1 Rate of TNF-a
removal

s1 n/a 0.1 0.1 Describe
functional
response B

sq n/a 150 150 Describe
functional
response C

cv n/a 0 0.69* Growth of
vasculature

e n/a 0.45 0.45 Necrotic death of
Q

m n/a 0.01 0.01 Removal of N

sn n/a 1000 1000 Describe
functional
response F

cq n/a 18 160* Describe
functional
response C

cf n/a 0.05 0.05 Apoptosis in
proliferating
stage due to
TNF-a signal

cR n/a n/a 20 VEGF production
by proliferating
cells

sR n/a n/a 50 TNF-a effect on
VEGF
production

qR n/a n/a 1 Natural removal of
signal due to
vasculature

cqv n/a n/a 6 Production of
VEGF by Q
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Table 1 continued

Monolayer Spheroid w/VEGF Xenograft Explanation

cqs n/a n/a 0.48 Describe
functional
response C

sv n/a n/a 1000 Describe
production of
VEGF

sh n/a n/a 1 Describe
functional
response C

f h n/a n/a 1 Describe
functional
response H

gh n/a n/a 1 Describe
functional
response H

cy n/a n/a 78** Removal of VEGF
due to therapy

sy n/a n/a 78** Removal of VEGF
due to therapy

*Denotes spheroid parameters that had to be changed in the xenograft model
**Denotes parameters describing treatment by VEGF blocker (Y ). Parameters marked n/a are irrelevant to
the model output. Initial conditions are in 106 μm3

2.5 Treatment Experimentation

Bevacizumab is currently approved by the FDA for treatment of metastatic colon can-
cer, certain lung cancers, renal cancers, ovarian cancers, and glioblastoma multiforme
of the brain. In treatment of these cancers, bevacizumab is given 10mg/kg or 15mg/kg
every 2 week or every 3 weeks via IV bolus (Genentech Inc. 2016). These correspond
to 171.23 and 256.85 mg/mL, respectively, in the mice used to build our model (25 g
nude mice with total blood volume of 1.46 mL). To maintain consistency with the
Segerstrom et al. experiment, treatments in our model were initiated at day 19, when
the cell volume was approximately 0.39 mL. This lies within the range of smallest
detectable size of tumor of 0.5–4.2 mL (De Bernardi et al. 1992). In addition, various
combinations of dosage amount and frequency ranging from 5 to 30 mg/kg and twice
a week to once every 3 weeks were given in our model mice for 10.5 weeks, which
corresponded to the length of treatment conducted by Segerstrom et al. Goodness of
fits in all curves were determined by R2 values.

2.6 Computational Calculations

All calculations were executed usingMATLAB (TheMathworks Inc. 2016). The code
is available from the first author.
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2.7 Analysis of Equilibrium of System

Theorem Assuming that all parameters are nonnegative and that the parameters {cv,
v0, cR, cqv, j, k, e, m, c1,} are strictly positive, the system given by Eqs. 1–10 has no
equilibria with tumor cells present, i.e., with G1, S, G2, Q, or N greater than 0.

Taking Eq. (8) at equilibrium we have:

cv
R (v0 + V )

sv + R + v0 + V
� 0

Under the assumptions above it follows that R*�0.
Taking Eq. (7) at equilibrium gives:

0 � R
′ � cR (G2 + S + G1)

A

sR + A
+ cqvQ.

since both terms in the expression have nonnegative values, both terms must be zero,
giving

Q∗ � 0 and

either (G2 + S + G1) � 0 or A � 0

Thus, two possibilities are considered: (1) in which Q∗ � 0 and A∗ � 0, and (2)
in which Q∗ � 0 and (G2 + S + G1)

∗ � 0.

Case I: Q∗ � 0 and A∗ � 0.
Taking Eq. (6) at equilibrium gives:

A′ � j N − k (v0 + V ) A � 0

From which it follows that N*�0.
Taking Eq. (5) at equilibrium gives:

N ′ � eHQ − m (v0 + V ) N � 0

From which it follows that Q*�0.
Proceeding in a similar fashion, taking Eq. (4) at equilibrium gives G1*�0.
Summing Eqs. (1–3) at equilibrium gives (G1 + S + G2)

′ � 0, or

c2G2 − c1 (1 − B)G1 − c f
A

sn + A
(G2 + S + G1) + CQ − daG2 � 0.

Using that G1*, A*, and Q* are all 0 gives

c2G2 − daG2 � 0

and therefore
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G∗
2 � 0.

Equation (2) then implies that S*�0 at equilibrium:
Thus, at equilibrium, G1*�0, S*�0, G2*�0, Q*�0, and N*�0.

Case II:Q∗ � 0 and (G2 + S + G1)
∗ � 0:

As all quantities are nonnegative it suffices to show that N*�0.
Taking Eq. (5) at equilibrium:

N ′ � eHQ − m (v0 + V ) N � 0

from which we conclude that N*�0.q.e.d.

Corollary Under the same assumptions as the theorem and assuming {j, k, cv} are
positive, R*�0 and A*�0.

The proof follows easily from Eqs. (6) and (8).
Thus, many equilibria exist depending on the level of vasculature. That is, V* may

be anything at equilibrium. In each equilibrium, however, tumor cell populations are
zero.

2.8 Analysis of Stability at the Equilibrium P �Q �N �R �A �V �0

Note that in Eqs. (1)–(10) the variable quantity V always occurs as part of the expres-
sion (v0+V ). Thus, whatever V* may be can be included as part of the existing
pre-angiogenic vasculature v0. So, without loss of generality, we can take V �0.
The Jacobian matrix of the model at this equilibrium is given by:

J �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−c1
c1v0
s1+v0

0 c1 − c1v0
s1+v0

0 0 0 0
0 −cs cs 0 0 0 0 0
2c2 0 −c2 − da 0 0 0 0 0
0 cqv0

sq+v0
0 −cqv0

sq+v0
− e e 0 cqv 0

0 0 0 0 −mv0 j 0 0
0 0 0 0 0 −kv0 0 0
0 0 0 0 0 0 −pRv0

cvv0
cv+v0

0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

As the Jacobian is block diagonal, its roots are given by the roots of a quartic deter-
mined by the 4 by 4 upper left block, and the easily identified roots of the lower right
block. However, the roots of the quartic are not easily determined in general, so for this
case, the eigenvalueswere determined using the softwareR3.3.1 (RDevelopmentCore
Team 2011). The sign of the real part of at least one eigenvalue was positive, indicating
an unstable equilibrium (eigenvalues:−25.00,−23.32,−5.18+3.01i,−5.18−3.01i,
−2.50, 0.64, −0.25, and 0.00).
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Fig. 3 Verification of model. a Our model reproduced a known spheroid tumor growth dynamic: regardless
of initial conditions of the spheroid tumor, it eventually reach equilibrium with three layers of proliferating,
quiescent, and necrotic cells. b The spheroid model matched experimental spheroid growth data. The
spheroid system was reproduced by setting v0 to zero. c The full xenograft model fits experimental data
with and without bevacizumab treatment. Treatment regimen was 5 mg/kg twice a week. Tumor volume
after treatment was fit with linear regression line (green). Control 1 and control 2 growth data were both
extracted from Ackerman et al. Control 3 growth data and treatment growth data were extracted from
Segerstrom et al (Color figure online)

3 Results

3.1 Our Model can Accurately and Precisely Predict Tumor Growth In Vitro
and In Vivo with and Without Treatment

Our model is able to accurately replicate several sets of experimental growth data
of IMR-32 as a monolayer, spheroid, and xenograft with and without bevacizumab
treatment. The nested structure of the model allows it to address three very different
types of experimental data, with parameters tuned specifically to each experiment.

The monolayer model was able to produce a tumor cell that, after 2 days, had a
cell cycle distribution of G1, S, and G2 and percent death similar to those reported by
Kumar et al. (2014). When extended to include quiescent and necrotic cells and TNF-
alpha, the spheroid model could match spheroid growth data (Fig. 3b) (Carlsson et al.
1983) and final size of the necrotic core. It was also able to replicate a key phenomenon
observed in spheroid growth: no matter what the initial conditions, eventually reach
equilibrium with three layers of proliferating, quiescent, and necrotic cells (Sherar
et al. 1987; Folkman et al. 1966) (Fig. 3a). In addition, Folkman noted that tumors
could not grow beyond a diameter of three to four millimeters (volume of 1.4×1010

um3), regardless of how often new medium is provided or how much space is made
available (Folkman1974; Folkman et al. 1966).Our spheroidmodel replicates a similar
growth phenomenon, with total tumor size reaching an equilibrium of approximately
1.4×109 um3 (Fig. 3a).
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The xenograft model was able to replicate Ackerman et al. and Segerstrom et al.
experimental data with and without bevacizumab treatment (Fig. 3c) (Ackermann
et al. 2011; Segerström et al. 2006). Furthermore, regardless of whether treatment
was given in the xenograft model, the tumor eventually reached a linear growth rate,
consistent with previous results on the universal dynamics of tumor grow (Brú et al.
2003) (Fig. 3c).

Many experiments have reported decreased plasma VEGF level and tumor growth
upon cells receiving various anti-VEGF treatments, including the drug of interest,
bevacizumab (Segerström et al. 2006; Bäckman and Christofferson 2005; Keating
2014; Hurwitz et al. 2005). In our model, when bevacizumab treatment is imple-
mented in the xenograft model, VEGF levels, vasculature levels, and total tumor size
are diminished, thus further confirming the validity of our model. More specifically,
though Segerstrom et al. do not report the results of plasma VEGF levels after treat-
ment, our model indicates a 67% drop in VEGF levels after 10.5 weeks of treatment
(Fig. 4a).

3.2 VEGF Levels Demonstrates a Linear Relationship with Vasculature Levels
and Total Tumor Size

One key characteristic of our model is its ability to quantify vascularization of the
tumor. While the units of vasculature in our model are arbitrary, the values prove to be
useful in comparisons and correlational studies. It is well established that VEGF pro-
motes tumor angiogenesis; Hicklin and Lee et al. both concluded that VEGF promotes
tumor angiogenesis and that anti-VEGF receptors suppress tumor growth (Hicklin and
Ellis 2005; Lee et al. 2015). However, no clear relationship between the two has been
established in the past. By comparing the VEGF levels to vasculature and total tumor
size at after 10.5 weeks of growth with and without treatment, we can conclude that
there is a direct proportional relationship betweenVEGF and vascularization (Fig. 4b).

3.3 Total Administered Bevacizumab Concentration, as Opposed to Dosage
Regimen, is the Major Determining Factor in Tumor Suppression Ability of
Drug

Bevacizumab is the first angiogenesis inhibitor proven to be effective in delaying
tumor progression in patients with various cancers (Keating 2014). Backman et al.
showed that bevacizumab significantly inhibits VEGF production in neuroblastoma
growth, and the results from Segerstrom et al. indicate that a treatment regimen of
5 mg/kg bevacizumab twice a week is sufficient to significantly decrease neuroblas-
toma growth in mice (Segerström et al. 2006; Bäckman and Christofferson 2005).
The dose of bevacizumab given in Segerstrom’s study was identical to those given
in patients in Hurwitz’s study (Hurwitz et al. 2005) but with a shorter interval, twice
weekly compared to every second week. Though it is logical to assume that higher
dosage and increased frequency of bevacizumab treatment lead to greater tumor growth
suppression, the relationship has not been clearly established in the literature. Our
results indicate that there is no significant difference in growth rate inhibition between

123



Predictive Modeling of Neuroblastoma Growth Dynamics in…

Fig. 4 Our model was able to predict VEGF and vasculature of the xenograft tumor. a VEGF levels were
plotted against the tumor size after 10.5 weeks with and without treatment. The red dot data point represents
data fromSegerstrom et al. without treatment after 10.5weeks. The green dashed line represents the reported
data from Segerstrom et al. after 5 mg/kg bevacizumab was given twice a week for 10.5 weeks. The blue
star is the predicted tumor size and VEGF levels after 5 mg/kg bevacizumab twice a week for 10.5 weeks
in the model mice. b VEGF levels were plotted against vasculature after 10.5 weeks. The red data point
represents data from Segerstrom et al. without treatment after 10.5 weeks (Color figure online)

model mice given an entire dose at once compared to mice given the same amount of
drug but divided up over several days. For example, implementing 10 mg/kg once a
week inhibited IMR-32 tumor growth rate in the model mice to the same extent as a
treatment consisting of 5 mg/kg twice a week and 20 mg/kg once every other week
(Fig. 5a).

3.4 There is an Exponentially Decreasing Relationship Between the
Bevacizumab Levels In Vivo and the Growth Rate of IMR-32

While Segerstrom et al. suggested in their discussion that increasing the dose will
not affect the anti-tumor activity due to the long half-life of drug, our results indicate
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Fig. 5 Various bevacizumab treatment regimenswere tests on themodel, and the growth ratewas determined
for each trial. The x axis represents total amount of bevacizumab given per week. There is an exponentially
decreasing relationship between the bevacizumab levels and the growth rate (a) and VEGF production (b).
Treatments with the same total amount per week but different regimens show roughly the same inhibition
of growth rate (a) and VEGF production (b)

otherwise. Our results predict an exponentially decreasing relationship between the
total drug amount in the body and the growth rate (Fig. 5a).

4 Discussion

We have shown a simple but complete compartmental model that describes xenograft
in vivo growth of IMR-32 neuroblastoma with and without anticancer drug beva-
cizumab treatment. The model is built upon a previously published spheroid model
but now takes into consideration angiogenesis, which gives tumors the distinct abil-
ity to grow and metastasize by providing vascularization. More specifically, vascular
endothelial growth factor (VEGF), a highly expressed tumor angiogenesis factor that
promotes vascularization in tumors, is incorporated into the model via functions that
relate to cells of all three states of the tumor: the proliferating compartments (G2
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+S +G2), the necrotic compartment (N), and the hypoxic quiescent compartment
(Q). Despite these complex processes, the model consisted of approximately as many
parameters as there are measured quantities, making it an attractive and accessible
tool to further understand tumor growth dynamics.

Our model was parameterized using the results of several published experiments
with and without treatment. It was able to not only match all sets of xenograft total
tumor size data, but also predict monolayer cell cycle dynamics and spheroid growth
data accurately by turning off vasculature (spheroid model) or also turning off G1
to Q transition (monolayer model). In addition, it replicates a key observation of the
dynamics of spheroid tumor growth: the sphere will eventually reach an equilibrium
total tumor size with three stable layers of proliferating, quiescent, and necrotic cells
(Sherar et al. 1987; Folkman et al. 1966). Furthermore, regardless of control or drug
treatments, the tumor eventually reach a linear growth rate, consistent with previous
observations on the universal dynamics of vascularized tumor grow (Brú et al. 2003).

Few methods of quantifying vasculature experimentally exist. One such procedure
requires knowledge of many parameters, many of which can be difficult to obtain
experimentally (Wassberg et al. 1999). Our model is able to easily and quickly quan-
tify vascularization of the tumor. Although the units of vasculature in our model are
arbitrary, the values prove to be useful in comparisons and correlational studies. The
capacity of our model to quantify VEGF production gave us key insights into tumor
growth dynamics. Most notably, there is a direct proportional relationship between
VEGF and vascularization as well as between VEGF and total tumor size (Fig. 4).

Bevacizumab is first angiogenesis inhibitor proven to be effective in delaying tumor
progression in patients with various cancer and is now commonly used for treatment of
various cancers (Keating 2014). Backman et al. showed that bevacizumab significantly
inhibits VEGF production in neuroblastoma growth, and the results from Segerstrom
et al. indicate that a treatment regimen of 5 mg/kg bevacizumab twice a week is
sufficient to significantly decrease neuroblastoma growth in mice. Though Segerstrom
do not report the results of plasma VEGF levels after treatment, our model indicates
a 67% drop in VEGF levels after 10.5 weeks of treatment (Fig. 5). These results are
supported by other studies that have shown a decreased plasma VEGF level after
anti-VEGF drug treatment (Bäckman and Christofferson 2005).

Furthermore, our results indicate that the total amount of drug is more important in
determining the ability of the drug to inhibit growth rate, rather than treatment regimen.
This suggests that, if only tumor growth suppression ability is considered, there is no
advantage to administering the drug in smaller and more frequent doses rather than
one large dose. Of course, in a clinical setting, other factors, such as potential side
effects of the drug, must be considered in determining treatment regimens.

Our model established a decreasing exponential relationship between the amount
of bevacizumab administered to the model mice and the neuroblastoma growth rate.
This provides a valuable insight into the effect of bevacizumab on neuroblastoma: It
suggests a limited range inwhich increasing the drug levelwill continue to significantly
reduce the neuroblastoma growth rate.

While bevacizumab was effective in slowing down the growth rate of neuroblas-
toma, it failed to kill off the tumor. Previous research indicates that there are synergistic
effects when a VEGF inhibitor drug and a cytotoxic drug are combined in treatment
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(Lv et al. 2013; Sweeney et al. 2003; Gerber and Ferrara 2005). Further testing is
needed with our model to determine the optimal multidrug combination treatment for
neuroblastoma. Our model is versatile enough to add additional compartments for
cytotoxic drugs.

In conclusion, we have presented a simple compartmental mathematical model that
is able to fit both qualitative and quantitative observations of xenograft growth in vivo
with and without treatment. The model provides direct quantitative insight into VEGF
and vasculature levels of the tumor at all stage of developments. We conclude that
bevacizumab dosage has a negative exponential relationship with both the growth
rate and VEGF levels. Furthermore, our results suggest no significant difference in
tumor growth suppression ability between a single large bevacizumab dose compared
to separating treatment into more frequent doses of smaller concentration.
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