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Introduction

@ Recall the definition of a Dirichlet character:
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Introduction

@ Recall the definition of a Dirichlet character:

Definition

A Dirichlet Character y modulo m is a function x : Z — C that is
periodic, completely multiplicative and satisfies the following property: If
gcd(a, m) > 1 then x(a) = 0 and if gcd(a, m) = 1 then x(a) # 0.
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Introduction

@ Recall the definition of a Dirichlet character:

Definition

A Dirichlet Character y modulo m is a function x : Z — C that is
periodic, completely multiplicative and satisfies the following property: If
gcd(a, m) > 1 then x(a) = 0 and if gcd(a, m) = 1 then x(a) # 0.

@ We say that a Dirichlet character is principal if it assumes the value 1
on arguments coprime to the modulus and 0 otherwise.
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Introduction

@ To each Dirichlet character y, we associate an L-series:
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Introduction

@ To each Dirichlet character y, we associate an L-series:
Definition

L(s,x) = X5, X,(,f), where  is a Dirichlet character and s is a complex

variable with real part greater than 1.

Lola Thompson (Dartmouth College) Computing L(1, x) May 25 2009 4/ 36



Introduction

@ To each Dirichlet character y, we associate an L-series:
Definition

L(s,x) = X5, X,Sf), where ¥ is a Dirichlet character and s is a complex

variable with real part greater than 1.

e We can analytically continue L(s, x) to a meromorphic function on
the whole complex plane.
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Introduction

@ To each Dirichlet character y, we associate an L-series:

Definition

L(s,x) = X5, X,Sf), where  is a Dirichlet character and s is a complex

variable with real part greater than 1.

@ We can analytically continue L(s, x) to a meromorphic function on
the whole complex plane.

@ In class, we used the fact that L(1, x) is nonvanishing to prove
Dirichlet's Theorem on Primes in Arithmetic Progressions.
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Introduction

@ When x is a principal Dirichlet character (mod m), we know that
o0

1
LX) = > ~, which diverges.

n=1
(n,m)=1
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Introduction

@ When x is a principal Dirichlet character (mod m), we know that
o0

1
LX) = > ~, which diverges.

n=1
(n,m)=1

@ We are interested in accurately computing L(1, x) for nonprincipal
Dirichlet characters with modulus up to 10.
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Introduction
@ For some moduli, this is simple. For example, consider the Dirichlet

characters (mod 4). There is only one nonprincipal character, defined
as follows:
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Introduction

@ For some moduli, this is simple. For example, consider the Dirichlet
characters (mod 4). There is only one nonprincipal character, defined
as follows:

® x(0) =0,x(1) =1,x(2) = 0,x(3) = -1
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Introduction

@ For some moduli, this is simple. For example, consider the Dirichlet
characters (mod 4). There is only one nonprincipal character, defined
as follows:

® x(0) =0,x(1) =1,x(2) = 0,x(3) = -1

e SoL(1, x) = Z X(n”) = 2(4,7:_ 1~ 4n1+3)

n=1 n=1
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Introduction

@ For some moduli, this is simple. For example, consider the Dirichlet
characters (mod 4). There is only one nonprincipal character, defined
as follows:

® x(0) = 0,x(1) =1,x(2) = 0,x(3) = -1

e SoL(1, x) = Z X(n”) = 2(4,71_’_ 1~ 4n1+3)

n=1 n=1

oo k

. . -1
@ We can re-write the last expression as g 2(k+)1 =arctan 1 = 7.
k=0

Hence, L(1,x) = 7.
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Preliminary Estimates for L(1, x)

e Unfortunately, L(1, x) does not appear to have such a simple
expression when we consider other Dirichlet characters.
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Preliminary Estimates for L(1, x)
e Unfortunately, L(1, x) does not appear to have such a simple
expression when we consider other Dirichlet characters.

o Instead, we will try to estimate L(1, x) by rewriting the infinite series
in terms of a finite sum plus a small error term:

1 m—1 o
L(L,x) = Z(mﬁ(-l—)l +o 4+ %) X nonprincipal.

n<x
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Example: x (mod 3)

For the next few slides, let x be the nonprincipal character (mod 3):

x(n)=<¢1, n=
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A Naive Estimate

1
e We can easily write L(1, x) = Z @ + O(;)

n<x
since L(1, x) =1 — 1+ S Y

ENE
Ol
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A Naive Estimate

e We can easily write L(1, x) = Z @ + O(%)

n<x

since L(1, x) =1 -1 +1- TR

Bl
o=

@ Using this expression, we could determine L(1, x) to 6 decimal places
by summing to x = 1,000, 000.
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A Better Estimate

1 1
o Instead, let's rewrite L(1, x) = 2(3,7 s 2)
=0

= 1
Z (Bn+ 1) (3n+2 :§(3n+1)(3n+2) + E(x).
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A Better Estimate

o Instead, let's rewrite L(1, x) = Z(
n=0

1 1
3n+1 3n+2

as ;((% )Gnt2) " ;X GrinGn sy T EX)

)

o We will estimate E(x) with the integral [ ° Mﬁ. The integral

1 1
evaluates to 3 log(1 + m)
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A Better Estimate

o Instead, let's rewrite L(1, x) = Z(
n=0

1 1
3n+1 3n+2

as ;((% TG+ " ;X GrinGn sy T EX)

)

o We will estimate E(x) with the integral [ ° MW. The integral

1 1
evaluates to 3 log(1 + 357)-

o The Taylor series for 3 log(1 + 3:7) = (37 — 3(51)° + )
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A Better Estimate

o Instead, let's rewrite L(1, x) = Z(
n=0

1 1
3n+1 3n+2

as ;((% TG+ " ;X GrinGn sy T EX)

)

o We will estimate E(x) with the integral [ ° MW. The integral

1 1
evaluates to 3 log(1 + 357)-

o The Taylor series for 3 log(1 + 3:7) = (37 — 3(51)° + )

1 1 1
° Thus, L(L, X) = 2 GG+ Tox T OGS

n<x
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A Better Estimate

1
o L(1, x)=
%; (3n+1)(3n+2)
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A Better Estimate

1 1 1
° LLX) =2 GGy ax oG

n<x

@ Our new estimate allows us to determine L(1, x) to 6 decimal places
by summing to x = 1000.
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A Better Estimate

1 1 1
° LLX) =2 GGy ax oG

n<x

@ Our new estimate allows us to determine L(1, x) to 6 decimal places
by summing to x = 1000.

@ Q: Can we do better?
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A Better Estimate

1 1 1
L0 =2 GriGEnr2) ox 0GR

n<x

Our new estimate allows us to determine L(1, ) to 6 decimal places
by summing to x = 1000.

Q: Can we do better?

A: Yes, but in order to do so, we will use a more sophisticated
technique called Euler-MacLaurin Summation.
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Euler-MacLaurin Summation

@ In order to obtain a better estimate for L(1, x), we need to be able to

oo
1
more accurately measure the difference between Z
1 “~ (3n+1)(3n+2)
o0
and [, Gt (3t+2)°
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Euler-MacLaurin Summation

@ In order to obtain a better estimate for L(1, x), we need to be able to
1

< (3n+1)(3n+2)

more accurately measure the difference between E

and [ ‘(3t+1)1(3t+2*) :

@ Euler-MacLaurin summation will give us an expression for the
difference between the sum and the integral in terms of higher
derivatives of f(t) = Wl(&ﬂ) at the end points of the interval

[x, 00].
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Euler-MacLaurin Summation

o We will derive the Euler-MacLaurin Summation formula for a function
defined on the interval [1, n]. The same method will work on [x, o] if
we shift the argument of the function by a constant and take the limit
as the right endpoint goes to infinity.
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Euler-MacLaurin Summation

@ We will derive the Euler-MacLaurin Summation formula for a function
defined on the interval [1, n]. The same method will work on [x, oc] if
we shift the argument of the function by a constant and take the limit
as the right endpoint goes to infinity.

@ Assume that f has a continuous derivative on [1, n].

n—1 n
Let d, := f(k) — f(t)dt.
LN
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Euler-MacLaurin Summation

@ We will derive the Euler-MacLaurin Summation formula for a function
defined on the interval [1, n]. The same method will work on [x, oc] if
we shift the argument of the function by a constant and take the limit
as the right endpoint goes to infinity.

@ Assume that f has a continuous derivative on [1, n].

n—1 n
Let d, := f(k) — f(t)dt.
LN

n—1
o We can re-write dy = > I(k) where I(k) = [} (F(k) — £(t))dt.
k=1
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Euler-MacLaurin Summation

@ We will derive the Euler-MacLaurin Summation formula for a function
defined on the interval [1, n]. The same method will work on [x, oc] if
we shift the argument of the function by a constant and take the limit
as the right endpoint goes to infinity.

@ Assume that f has a continuous derivative on [1, n].

n—1 n
Let d, := f(k) — f(t)dt.
LN

n—1
o We can re-write dy = > I(k) where I(k) = [} (F(k) — £(t))dt.
k=1

@ We can use integration by parts, taking
u=f(k)—f(t),v=1t—(k+1), to re-write
I(k) = [lFH(t = k — 1)F'(t)dt.
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Euler-MacLaurin Summation

e From the previous slide: /(k) =

k+1

L (t—=k=1)f(t)dt
Lola Thompson (Dartmouth College)
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Euler-MacLaurin Summation
e From the previous slide: /(k) = k+1( — k —1)f'(t)dt

@ Since the dummy variable t varies from k to k + 1, we can replace
the quantity k in the integrand with [t], yielding

n—1 k41
b= I(K) Z/ (t— [¢] - DF ()dt
k=1
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Euler-MacLaurin Summation
e From the previous slide: /(k) = kk+1(t — k —1)f'(t)dt

@ Since the dummy variable t varies from k to k + 1, we can replace
the quantity k in the integrand with [t], yielding

n—1 n—1  ji1
dn =S I(k) = Z/ (t— [t] — 1)F ()t
k=1 k=1

e But this is just [,"(t — [t])f'(t)dt — [ f'(t)dt, which is the same as
J{(t = [t])f'(t)dt + f(1) — f(n), by the Fundamental Theorem of
Calculus.
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Euler-MacLaurin Summation
e From the previous slide: /(k) = kk+1(t — k —1)f'(t)dt

@ Since the dummy variable t varies from k to k + 1, we can replace
the quantity k in the integrand with [t], yielding

n—1 n—1  ji1
dn =S I(k) = Z/ (t— [t] — 1)F ()t
k=1 k=1

e But this is just [,"(t — [t])f'(t)dt — [ f'(t)dt, which is the same as
J{(t = [t])f'(t)dt + f(1) — f(n), by the Fundamental Theorem of
Calculus.

@ Rearranging terms and using the definition of d,, we have:

MCE | e+ [ = Leprode+ )
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Euler-MacLaurin Summation

@ The last two terms on the right of
Zf(k) :/ f(t)dt-l—/ (t — [t])F'(t)dt + (1) represent the
pa] 1 1

difference between the sum and the integral.
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Euler-MacLaurin Summation

@ The last two terms on the right of
Z f(k) = / f(t)dt -I-/ (t — | t])f'(t)dt + f(1) represent the
pa] 1 1

difference between the sum and the integral.

@ In order to decrease this difference, we need to multiply f/(t) by a
factor that changes sign so that some cancellation will take place
when we integrate.
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Euler-MacLaurin Summation

@ The last two terms on the right of
> f(k) = / f(t)dt +/ (t — [t])F'(t)dt + f(1) represent the
pa] 1 1

difference between the sum and the integral.

@ In order to decrease this difference, we need to multiply f/(t) by a
factor that changes sign so that some cancellation will take place
when we integrate.

e To introduce sign changes, we translate t — |t] down by % and
consider the new function t — [t] — 3.
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Euler-MacLaurin Summation

@ The last two terms on the right of
> f(k) = / f(t)dt +/ (t — [t])F'(t)dt + f(1) represent the
pa] 1 1

difference between the sum and the integral.

@ In order to decrease this difference, we need to multiply f/(t) by a
factor that changes sign so that some cancellation will take place
when we integrate.

@ To introduce sign changes, we translate t — [t| down by % and
consider the new function t — [t] — 3.

@ The integral term in the error can now be written:
[{ (e = [e))f'(t)dt = [[(t — |t] — 3)f'(t)dt + 5 [ f'(t)dt. The last
term of the right-hand side is (f(n) — f(1)).
May 25 2009 15 / 36



Euler-MacLaurin Summation

o The factor x — |x] — 3 has the value —1 when x € Z. We modify
this factor slightly to make it vanish at the integers (this will be
helpful when we use integration by parts later on):

t—m—%, t¢Z

0, teZ

P1(t) =
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Euler-MacLaurin Summation

o The factor x — |x] — 3 has the value —1 when x € Z. We modify
this factor slightly to make it vanish at the integers (this will be
helpful when we use integration by parts later on):

t—m—%, t¢Z

0, teZ

P1(t) =

@ The error integral does not change if we replace t — [t| — % with
P1(t) since the two factors differ only at the integers.
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Euler-MacLaurin Summation

o The factor x — |x] — 3 has the value —1 when x € Z. We modify
this factor slightly to make it vanish at the integers (this will be
helpful when we use integration by parts later on):

t—m—%, t¢Z

0, teZ

Pl(t) =

@ The error integral does not change if we replace t — [t| — % with
P1(t) since the two factors differ only at the integers.

o Putting everything together, we arrive at...
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First Derivative Euler-MacLaurin Summation

Theorem

For any function f with a continuous derivative on the interval [1,n], we

n n 1 n ,
have;f(k):/l f(t)dt—|—§(f(n)+f(1))+/1 Py(t)f'(t)dt.
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Second Derivative Euler-MacLaurin Summation

o We define P,(t) to be a function whose derivative is 2P (t) at all
noninteger values of t, ie. Py(t) = 2[0 Pi(u)du + ¢, where c is a
constant that we will determlne later.
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Second Derivative Euler-MacLaurin Summation

o We define P,(t) to be a function whose derivative is 2P (t) at all
noninteger values of t, ie. Py(t) = 2[0 Pi(u)du + ¢, where c is a
constant that we will determlne later.

@ On the interval [0,1], the graph of Px(t) is a parabolic arc joining the
points (0, c) and (1, ¢).
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Second Derivative Euler-MacLaurin Summation

o We define P,(t) to be a function whose derivative is 2P (t) at all
noninteger values of t, ie. Py(t) = 2[0 Pi(u)du + ¢, where c is a
constant that we will determlne later.

@ On the interval [0,1], the graph of Px(t) is a parabolic arc joining the
points (0, ¢) and (1, c).

@ Since P; has period 1 and fo P1(u)du = 0, then
Pa(t +1) — Pa(t) = 2 [I Py(u)du = 0, i.e. Py has period 1.
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Second Derivative Euler-MacLaurin Summation

o We define P,(t) to be a function whose derivative is 2P (t) at all
noninteger values of t, ie. Py(t) = 2f0 Pi(u)du + ¢, where c is a
constant that we will determlne later.

@ On the interval [0,1], the graph of Px(t) is a parabolic arc joining the
points (0, ¢) and (1, c).

@ Since P; has period 1 and fo P1(u)du = 0, then
Pa(t +1) — Pa(t) = 2 [I Py(u)du = 0, i.e. Py has period 1.

@ Because of periodicity, P> has constant value ¢ = P,(0) at the
integers.
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Second Derivative Euler-MacLaurin Summation

@ The value of c is dictated by the fact that we want to be able to
define a new function P3(t) whose derivative is 3P>(t) that has
period 1.
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Second Derivative Euler-MacLaurin Summation

@ The value of c is dictated by the fact that we want to be able to
define a new function P3(t) whose derivative is 3P>(t) that has
period 1.

e On [0,1], Py(t) = t? — t + c. The integral of P(t) on this interval is

c — £, so we choose ¢ = . Thus, P,(0) = %.
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Second Derivative Euler-MacLaurin Summation

@ The value of c is dictated by the fact that we want to be able to
define a new function P3(t) whose derivative is 3P>(t) that has
period 1.

e On [0,1], Py(t) = t?> — t + c. The integral of Py(t) on this interval is

c — £, so we choose ¢ = . Thus, P,(0) = %.

@ Applying integration by parts to the First Derivative Form of the
Euler-MacLaurin Summation Formula, we arrive at...
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Second Derivative Euler-MacLaurin Summation

Theorem

For any function f with a continuous second derivative on the interval

[1, n], we have > f(k) =
k=1

/1" Fe)de+ S 1F(m) + F(L)]+ 5 Pa(O)F () — F1(1)] — %/1 Pa(8)F" (t)dt.

v
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Third Derivative Euler-MacLaurin Summation

@ To improve the error estimate, we integrate Pp(u) from 0 to t and
define P3(t) = 3 [ Pa(u)du.
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Third Derivative Euler-MacLaurin Summation

@ To improve the error estimate, we integrate Pp(u) from 0 to t and
define P3(t) = 3fot Py(u)du.

@ As with the previous case, P3 has period 1 and vanishes at the
integers. Moreover, P3(0) = 0 since P3(t) = t> — 3t + 1t on [0,1].
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Third Derivative Euler-MacLaurin Summation

@ To improve the error estimate, we integrate Pp(u) from 0 to t and
define P3(t) = 3 [ Pa(u)du.

@ As with the previous case, P3 has period 1 and vanishes at the
integers. Moreover, P3(0) = 0 since P3(t) = t> — 3t + 1t on [0,1].

@ Integration by parts over [1, n| gives us
" Py (t)F"(t)dt = —L [ P3(t)f"(t)dt, provided that " is
Ji Pa(t) 3J1 3 P
continuous.
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Third Derivative Euler-MacLaurin Summation

Combining [;" Po(t)f"(t)dt = —1 [ P3(t)f"(t)dt with the
2nd Derivative Form of the Euler-MacLaurin Formula yields:

Theorem

For any function f with a continuous third derivative on the interval [1,n],

n
we have Z f(k) =
k=1

7 sy L L ot — o — & (7 mayem
/1 F(£)dt+ 5 17(m) — F(D] + 5 P2O)F () — (1) —5/1 P(6)F"(t)d.

v
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Example: Determining L(1, x) for x (mod 3)

@ When x is the nonprincipal Dirichlet character (mod 3), we have

1
LX) = gxz_l GrrEnt2) EX)
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Example: Determining L(1, x) for x (mod 3)

@ When x is the nonprincipal Dirichlet character (mod 3), we have

1
LX) = HSZX:_I GrrD@nra T EX)

@ To reduce error, we will assume that x is an integer.
1

Thus, L(1, x) = Zl GG ) T BT DG D)

n<x— n>x
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Example: Determining L(1, x) for x (mod 3)

@ When x is the nonprincipal Dirichlet character (mod 3), we have

1
0= 2 Gni)Gnr2) TEX

n<x—1

@ To reduce error, we will assume that x is an integer.
1

Thus, L(1, x) = Zl (3n+1)(3n 1 2) +Z (3n+1)(3n+2)

n<x— n>x

@ Using the Third Derivative Form of the Euler-MacLaurin Summation
1 m

formula, we can write g = lim (/ f(t)dt +

—00

n>x X

Gn+1)Bn+2) m

S + £+ PO ()~ 00) = 5 [ a0 (e)d),
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Example: Determining L(1, x) for x (mod 3)

o We have already shown that limm_. [, f(t)dt = % log (1+ ﬁ)
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Example: Determining L(1, x) for x (mod 3)

o We have already shown that limp_.o [ f(t)dt = 1 log (1 + 3:57).

e Since P>(0) = £, we have:

%P2(0) limm—oo[f'(m) — £'(x)] = l2((1+3x)(2+3x)2 + (1+3x)2(2+3x))
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Example: Determining L(1, x) for x (mod 3)

o We have already shown that limp_.o [ f(t)dt = 1 log (1 + 3:57).

e Since P>(0) = £, we have:

%P2(0) limm—oo[f'(m) — £'(x)] = l2((1+3x)(2+3x)2 + (1+3x)2(2+3x))

1

@ We can also compute % limpm_.o[f(m) + f(x)] = ST
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Example: Determining L(1, x) for x (mod 3)

@ The only part of the formula that we have left to compute is
limm—oo 37 f1 P3(t)f"(t)d.
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Example: Determining L(1, x) for x (mod 3)

@ The only part of the formula that we have left to compute is
limm—oo 37 f1 P3(t)f"(t)d.

@ We have defined P3(x) Jo P2(t)dt. Thus,
=1

=3
| Ps(t) [< 3| P2(0) [=3-5 =73
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Example: Determining L(1, x) for x (mod 3)

@ The only part of the formula that we have left to compute is
limm—oo 37 f1 P3(t)f"(t)d.

@ We have defined P3(x)

=3 [;* Po(t)dt. Thus,
| P3(t) [<3 ] P20) [=3- %z

1
2°

o But this implies that | [>° P3(t)f"(t)dt |[< & [ f"(t)dt =
limm oo 3(m) = 3£"(x) = 0= 3£"(x).
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Example: Determining L(1, x) for x (mod 3)

@ The only part of the formula that we have left to compute is
limm—oo 37 f1 P3(t)f"(t)d.

@ We have defined P3(x)

=3 [;* Po(t)dt. Thus,
| P3(t) [<3 ] P20) [=3- %z

1
2°

o But this implies that | [>° P3(t)f"(t)dt |[< & [ f"(t)dt =
im0 3£7(m) = 37(x) = 0= 3£"(x).

@ Thus, our error term will have the same order as f".
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Example: Determining L(1, x) for x (mod 3)

" _ 18 18
o Now, f (X1)8_ BT 1189x3+ 162:2160x18 | BLAT1623+117:2136x+4 T

81x4+135x34+81x2421x+2 "
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Example: Determining L(1, x) for x (mod 3)

" _ 18 18
o Now, f (Xl)s_ BT T 1807+ 162:x2160x18 | BL*T162:3+117:2136x14 T~

81x4+135x34+81x2421x+2 "

o So E(x) = O(%).
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Example: Determining L(1, x) for x (mod 3)

" _ 18 18
o Now, f (Xl)s_ BT T 1807+ 162:x2160x18 | BL*T162:3+117:2136x14 T~

81x4+135x34+81x2421x+2 "
o So E(x) = O(%).

@ The explicit constant for O is %8, since

ECO 1= 4 [ PO (0)de 1< $(355) = %)
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Nonprincipal x (mod 3)

Putting together the results from the previous two slides, we have shown:

L(L, X) = Tncx1(zarr — 3a52) T 3 log(1 + 327)

+ieoreaa T4 ((1+3x)%2+3x)2 + (1+3x)%(2+3x)) +0(1/x%)
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Extension to Other Nonprincipal Characters

@ We can use the same process to estimate other nonprincipal
characters with modulus < 10.
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Extension to Other Nonprincipal Characters

@ We can use the same process to estimate other nonprincipal
characters with modulus < 10.

@ For each nonprincipal Dirichlet character x (mod m), let

f(n) = At + gz T F mﬁ:;i)_l)-
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Primitive Characters

Let x be a character (mod m).
Let xo be the principal character (mod km).
Then xxo is a character (mod km).

A character X’ is primitive (mod km) if it cannot be represented as xxo,
where x, xo satisfy the conditions above.
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Primitive Characters

@ What is the relationship between L(1, x) and L(1, xxo0)?
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Primitive Characters

@ What is the relationship between L(1, x) and L(1, xxo0)?

o Lw v = [T -2 - [T - X2

ptm P
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Primitive Characters

@ What is the relationship between L(1, x) and L(1, xxo0)?

o Lt = [T~ 22 - [T - X2y

ptm P

o L(1, xxo0) = JJ(1 - xx0(p) - =JJa-==

P p ptkm
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Primitive Characters

@ What is the relationship between L(1, x) and L(1, xxo0)?

o Lt = [T~ 22 - [T - X2y

ptm P

o L(1, xxo0) = JJ(1 - xx0(p) - =JJa-==

P p ptkm

o So ity = TJ(1- X(P))

(1,xx0)
plk P

ptm
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Primitive Characters

@ What is the relationship between L(1, x) and L(1, xxo0)?

o Lt = [T~ 22 - [T - X2y

ptm P

o L(1, xxo0) = JJ(1 - xx0(p) - =JJa-==

P p ptkm

o So ity = TJ(1- M)—1.

(LXXO)
plk P

ptm

@ Since this product is finite, we can easily estimate L(1, xxo) if we
have an estimate for L(1, x).
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Example

@ Let x be the nonprincipal character (mod 3). Let xo be the principal
character (mod 6).
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Example

@ Let x be the nonprincipal character (mod 3). Let xo be the principal
character (mod 6).

e Then L(1, xxo) = % =3L(1, x).
2
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L(1, x) Estimates when x = 1000
Let x be primitive, non-principal (mod m).
We have the following estimates for L(1, x) when m < 10:

m L(1, x) at x = 1000 Accuracy (decimals)
3 0.6045997880780727 15x
4 0.78539816339744831377 16*
5 | 0.8645663859100509 + 0.2040731061181289i > 13
5 0.43040893296667226 19
7 | 0.8040221564886499 +- 0.39852537762221485i > 13
7 | 0.5377473513795157 4+ 0.1052975355414652/ > 13
7 1.187410411723726 16x
8 1.110720734539515 > 13
8 0.6232252713538019 > 16
9 1.1360538075944662 + 0.413442376401646/ > 13
9 | 0.5894898173762613 + 0.17309778850634772/ > 13

*Computed by comparing with the Class Number Formula.
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L(1, x) Estimates when x = 1000

@ You may have noticed that the numbers on the previous slide are
neither “too large” nor “too close to zero.”
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L(1, x) Estimates when x = 1000

@ You may have noticed that the numbers on the previous slide are
neither “too large” nor “too close to zero.”

@ This is due to the fact that |[L(1, x) | can be bounded from above and
below:
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L(1, x) Estimates when x = 1000

@ You may have noticed that the numbers on the previous slide are
neither “too large” nor “too close to zero.”

@ This is due to the fact that |[L(1, x) | can be bounded from above and
below:

Theorem (Granville, Soundararajan)

For any primitive Dirichlet character x (mod q), if x is cube-free then
IL(1,x) 1< {35 + o(1)}og g.
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L(1, x) Estimates when x = 1000

@ You may have noticed that the numbers on the previous slide are
neither “too large” nor “too close to zero.”

@ This is due to the fact that |[L(1, x) | can be bounded from above and
below:

Theorem (Granville, Soundararajan)

For any primitive Dirichlet character x (mod q), if x is cube-free then
IL(1,x) 1< {35 + o(1)}og g.

Theorem (Siegel)
Ve > 0, there exists a constant C. > 0 such that |L(1,x) |> C.q™¢. }
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More Precision?

@ As we saw in the previous slides, we can use the Third Derivative
Euler Summation formula to find estimates that are accurate to at
least 13 decimal places if x = 1000.
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More Precision?

@ As we saw in the previous slides, we can use the Third Derivative
Euler Summation formula to find estimates that are accurate to at
least 13 decimal places if x = 1000.

@ One natural question is to ask whether there is a general Euler
Summation formula that would enable us to find an estimate that is
accurate to any number of decimal places.

Lola Thompson (Dartmouth College) Computing L(1, x) May 25 2009 34/ 36



The Good News

@ The good news is that there is a general Euler-MacLaurin Summation
formula:
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The Good News

@ The good news is that there is a general Euler-MacLaurin Summation
formula:

Theorem

For any function f with a continuous (21 + 1)** derivative on the interval
m

[1,n], we have Y " f(k) = /m f(t)dt + %[f(m) — f(x)] +
k=x 2

rzg PQ,(O)[’r (2r=1) (1) — f(2r1)(x)]+ﬁ/xm Pori1(t)FPHD (1) dt
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The Good News

@ The good news is that there is a general Euler-MacLaurin Summation
formula:

Theorem

For any function f with a continuous (21 + 1)** derivative on the interval

[1, n], we have Z f(k) = /m f(t)dt + %[f(m) —f(x)] +
k=x 2

0 " m
r (2r-1) _ f(2r-1) (21+41)

v

@ This formula is expressed in terms of odd derivatives since
P2r+1(0) =0 when 2r+1 > 3.
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The Bad News

The amount of time that it takes to compute L(1, ) increases each time

we compute the next higher order derivative at x = 1000.

For example, if we use the (2/ + 1)t Euler-MacLaurin Summation for
nonprincipal x (mod 3) with / =1,--- 10:

Order | Time (in seconds)
3 0.02512
5 0.142578
7 0.71495
9 1.73616
11 3.81776
13 8.48304
15 17.5361
17 43.6196
19 80.9763
21 154.386

As you can see, there is a tradeoff between accuracy and efficiency!
Lola Thompson (Dartmouth College) Computing L(1, x)
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