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De nitions
- 1 2 n 2 Sn, 2 Sk

contains If there exist 11 < :::< Iy S.t

iq i has type (e, ., < () a< p).

Otherwise, we say that avoids

Example:
24531 contains 132
42351 avoids 132

Sh( ) =f 2S5: avoids g

Basic questions:

What can we say about |Sph( )j? Exact for-
mula? Asymptotic formula?

For which 1 and , do we have |Sp( 1)] =
JSn( 2)17?



Patterns of length 3

By trivial bijections,
JSn(123)) = |Sn(321)]

JISn(132)] = jSn(231)] = |Sn(312)] = |Sn(213)]

Knuth '73.
: . . _ 1 2n
jSn(123)j = jSn(132)j = Cn= T+ 1 n

(Catalan numb er)




Patterns of length 4

W est '90, Stank ova '94, '96.
P atterns 2 Sy fall in three dierent classes:

(@) 1234 |  enumerated by I. Gessel
(b) 1342 ! enumerated by M. Bona
(c) 1324 ! no formula known for jS,(1324)j

Bona '97. Forn 7,

iSn(1342)j < jSn(1234)j < jSn(1324)j

B ona '97.

X | 32
jSn(1342)jz" = ‘ =
n0 1+ 20z 8z2 (1 8z)3°

bijection between indecomp osable 1324-
avoiding permutations and a certain kind of la-
belled trees.



Patterns of arbitra ry length

Gessel '90.
X iSn(123  K)j
ni2 2% = det( lir sj(22)) ris=1 ik 1
n O '
P 22N+ | _
where 1j(22) = n o qin 7y are Bessel functions

of imagina ry argument.

Babson, W est, Back elin, Xin '01. Forall r:t;n,

ISn(123  rarsg arso ar+ )]
= JSn(r 3218141 ar4 ar+ 1))



Asymptotic enumeration

Regev '81.

(k 1) 2n

k2 2k
n_2

JSn(123  K)j

Stanley-Wilf Conjecture  '90.
For every pattern , there exists  s.t.

iSn( )j< "

for all n.

Proved very recently by Ma rcus and T ardos .
ldea of the

Generalize avoidance to 0-1 matrices

For a 0-1 permutation matrix P, let
f(n;P):= max # of 1's inan n n 0-1 matrix
avoiding P

Main result: f(n;P) = O(n) if P permutation
matrix

The theorem follo ws from a result of Klazar



Simultaneous avoidance

Sn( 10050 m) = Sn( i)

Simion, Schmidt '85. Formula for jSp( )j for
every S3. Examples:

iSn(123;132)j= 2" 1

iSn(132;321)) = 2 + 1

1Sn(123;132;213)] = Fh+1 (Fib onacci numb er)

iSn(123:132:231)j = n

West '96. Formulas for jSnh( 1; 2)] where 4 2
S3, 22 S4. Examples:

jSn(123;3241)j= 3 2n 1 Ml 1
jSn(123;3214)) = Fop

Pro of uses generating trees.

Gire '93, Kremer '00, W est '96.
1Sn( 1; 2)]=1rn 1 (large Schreoder numb er)
for several pairs 1; 2 2 Sy



Consecutive  patterns

contains the consecutive pattern if 91 s.t.
i+1 i+ k has type
Example:
13524 contains 231
23541 avoids 231
c ( ):= # occurrences of In
X X zn
P (u;z) := u¢ ()=



E., Noy '00.

a)
=12 (m+ 2)
P (u;z) = , where ! is the solution of
1 (u; 2)
LMD @ o wer MM Dy 1 0y = 0
1@ =1,1'9) = 1,1 ®@©O =0, 2 k m.
b)
=12 (a 1l)aj . J(a+ 1)
I 1#; J
any perm. of fa+ 2;a+ 3;:::;m+ 2gd
P (u;z) = , where Is the solution of
(u; 2)
(a+1) o 0) zm atl 0_ 0
(m a+ 1)
© =1, 909 = 1, WO =0, 2 k a

uses representations of permutations as
Increasing binary trees.



Generalized patterns
(Babson, Steingr msson '00)

Dashes between some letters of
If no dash, elements have to be adjacent In

Example:
3542716 contains 12-4-3, but it avoids 12-43 .

They generalize both classical patterns and con-
secutive patterns.

Claesson '01.

1Sn(1-23)) = jSn(1-32)j = Bn (Bell numb er)
ISn(2-13)) = Cn

JISn(1-23;12-3)j = Bj (Bessel numb er)
1Sn(1-23;1-32)j = In (involutions in Sp)

1Sn(1-23;13-2)] = Mnp (Motzkin  numb er)



P ermutation statistics

i Isa xed point of If ;=1
fp( ) := numb er of xed points of

. IS an excedance of if ;> |
exc( ) := numb er of excedances of

i Is a descent of If ;> ;4

(otw. jIs arise)
des( ) := numb er of descents of
lis( ) := length of longest increasing subseq. of
lds( ) := length of longest decreasing subseq. of

Ex: if = 4217536, then
fp( ) = 2, exc( )= 2, des( ) = 4,
||S( ): 3, |dS( ): 3



Rob ertson, Saracino, Zeilb erger '02.
For any k;n,

if  2Sn(321): fp( ) = kgj
=)t 25n(132) 1 ip( ) = kg

Their proof is not bijective.

Is there a simple bijective proof?

Can this theorem be generalized, considering
other statistics in permutations?

We will see a :
ldea: bijections between restricted permutations
and Dyck paths.



Dyck paths and Motzkin  paths
Start and end at the x-axis; never go below it.

Dyck path : steps u= (1;1) and d= (1; 1).

/

Dn := set of Dyck paths of length 2n
JDnj = Cn

Motzkin path : steps u= (1;1), d= (1; 1) and
h= (1;0).

M n = set of Motzkin paths of length n
JM nj = Mn



For a Dyck path D, dene:

peak : ud (up-step follo wed by down-step)

hill : peak at height 1

tunnel : horizontal segment between two lattice
points of D that stays always below D
(D has n tunnels, one for each step u)

centered tunnel : x-coordinate of midp oint is at
the middle of D

right tunnel : x-coordinate of midp oint is in the
right half of D




A simple Dbijective
if 2 5Sn(321) : fp( ) = kgj

= jf 2 Sn(132) : fp( ) = kgj

Comp osition of bijections:

Sn(132) 1 Dp ! Dn

xed centered

. hill
points tunnels $ >

Sn(321)

xed
points



" - Sn(132) ! Dp o (Krattenthaler  '01)

Example: = 67435281 2 Sg(132)

Fixed points <--> centered tunnels




- Sn(321) ! Dn

Example: = 23147586 2 Sg(321)

Fixed points <-->

hills (= peaks of height 1)




:Dn ! Dn (Deutsch, E. '03)

1. Each uin D has a matching d (together they
determine a tunnel).

2. Read the steps of D in zigzag:
1;2n;2;2n 1;:::

3. For each step, if its corresp onding matching
step has not yet been read, draw an up-step
In (D). Otherwise, draw a down-step.

maps centered tunnels to hills.



Mo re generally:

Deutsch, E. '03. Let
()= gft: =1+ rgj

()= Jfici>r; =g
Then, for any k;r;n,

Jfo235n(132): ()= kg
= Jf 25n(321): ()= kg

uses a generalization of



Another application of the bijection

Deutsch, E. '03.

14 7 X 2P () gexe( ) pdes( )+ g

n 1 2Sp(132)
21 + xz(p 1))

— N
4

1+ 1+q 2x)z qz2(p )2+ "«

where
e =1 201+ qz+[1 o2 2q(p 1)(p+ 3)]z?
20 + g(p D223+ g*(p 1)%z*

Pro of:
' Krat ED
Sn(132) | Dn | Dn
xed centered .
points $ tunnels $ hills
excedances $ right cren
tunnels up-steps
\certain
descents+1 $ peaks $ statistic"
I {z }
easier to

enumerate



Generalization to excedances

E. '02.
For any k;l;n,

if 2Sn(321): fp( )= k: exc( ) = Igj
= jf 2 Sn(132): fp( ) = k; exc( ) = Igj

X X
x P ( )leC( )ZN = x P ( )leC( ) zN

n 1 25,(321) n 1 25,(132)
1+ (1+q 2x)z+ 1 21+ qz+ (I 222

Original proof is analytical and uses nonstanda rd tech-
niques in generating functions.

We will see a



if 2 B,0uecyvefp Oy £ K Bxc P gk="Ggj) of
= jf 2 Sn(132):fp( ) = k;exc( ) = Igj

Comp osition of bijections:

Krat RSK

Sn(132) ! Dn Sn(321)
xed $ centered $ xed
points tunnels points

right

$ excedances
tunnels

excedances $



RSK : Sn(321) ' Dn
RSK corresp ondence
7t (P;Q)
Example: = 23514687
[2]3] 12]3]5] 1[3]5] 1/3]4] 1/3]4]6] 1|3[4]6]8] 3[4[6]7]
2] 2[5 2[5 2[5 5
_ 111346 _ 11123 7
P = 27578 Q=573




(PQ) 7t ()

=
N
w
()]
~




maps xed points to centered tunnels :

RSK

321 -avoiding _ :
= N

Then, both P and Q have shape

< M > < >

and | produces a centered tunnel .

It can also be check ed that
tunnels .

maps excedances to right

RSK



Statistics arsg simﬂltaneous avoidance

F O = Xfp( )leC( )Zn
n O an( 11 2)
(dene F . ... similarly)
E. '03. Explicit expressions for F ., and F . ,. ., for any
1, 2, 32 S3.
Examples:
- 1 z qgz?+ xqz3
1ozl 1 xz)A z 2qgz?)
F132;213=

1 @A+ gz 20z°+ 491 + 9)z® (xg%+ xg+ 50%)z*+ 2xg°z°

1 2@ xz2)A@ qgz)(1 4q9z?)

— 1+ xz+( x2 g)z?+( xq+ ¢’+ q)z® x2qz*
F123;132;213 = 1+ a2)1 3q22+ ¢z

Idea of the . bijections between pattern-avoiding per-
mutations and Dyck paths with certain restrictions, so that
fp and exc correspond to statistics that are easier to enu-
merate.



Statistics and generalized patterns

E., Mansour 'O3.
Bijection between Sp(1-3-2;1-23) and M .

B, := fD 2 D, with no uuu (3 consec. up-steps) g

Krat EM

Sn(1-3-2:1-23) 1 Bp M n
steps u

Ids $ and h

lis $ height+1

rises $ steps u

N N
N\ /Té\/\ AN N\ _/N\N/\
AN L1 | N /N1 T 11T 1T IN
uud | u
ud | h



From the bijection,

E., Mansour 'O3.

X X Id # fri f
Vv s( )y rises of g_n
n 0 2S,(132;1-23;
12 (k+1) )
1,vz
Y PG
Zp vv U 1l vz
YUYk 2P%

where Um(cos t) = 2Dt

(Cheb yshev polynomials of the second kind).



Are there other statistics in restricted permutations
having the same distribution for dierent patterns?

Find distribution of statistics in permutations avoiding
longer patterns (e.g., of length 4).

Find jSnp( )j for other patterns (e.g. = 1324).

How nice is jSn( )j?

Conj. (No onan, Zeilb erger '96): For all , jSnp( )jis a
P -recursive function of n.



In the proof of the Stanley-Wilf conjecture (jSn( )] <
"), the constant is very big.

Conj. (Arratia): If 2 Sy, jSn( )j< (k 1)2".

Find L( )= limas " Sn( ]

Kno wn:
L( )=4if 2 S3
L(12 k) = (k 1)2
L(1342) = 8 D

Bona: L(12453)= (1 + 8)2



