RESEARCH STATEMENT

Sergi Elizalde

My main area of research is combinatorics. | like not only itsbeauty as a subject but also its
wide applicability throughout mathematics and science. | have diverse mathematical interests,
and combinatorics is the bridge that connects them. Even thaigh | have a predilection for enu-
merative questions, | have also worked on algebraic combinarics, computational biology, number
theory, and combinatorial commutative algebra. In general | am interested in the connections
of combinatorics with other "elds such as algebra, biology, @ometry, probability, and computer
science. | have acquired a broad background by working on di®ent problems, and taking courses
in di®erent areas. | enjoy learning new problems and trying tosolve them using combinatorial
techniques.

| "nished my Ph.D. thesis at MIT in June of 2004, under the supervision of Professor Richard
Stanley. After graduating | spent the year 2004-2005 as a posbctoral fellow at MSRI, in Berkeley.
In the fall | took part in the programs on Hyperplane Arrangements and Applicationsin the fall,
and Probability, Algorithms and Statistical Physics in the spring. At the same time | worked
with Professor Bernd Sturmfels on combinatorial problems aising from computational biology.
During the months of May and June of 2005 | did a postdoctoral say at the Institut Mittag-
Le2er in Sweden, as part of the special program on Algebraic Caonbinatorics. As of July of 2005
I am a John Wesley Young Research Instructor at Dartmouth Colege. Here my research has
been on enumerative problems concerning generalized trigiulations and also pattern-avoiding
permutations. | have bene ted from being around Professor P&er Winkler, and | am currently
also working with Professor Rosa Orellana on a problem in algbraic combinatorics.

In the rest of this statement | will describe with more detail my research accomplishments
in di®erent areas, as well as future directions of my researctindicated by a vertical bar in the
margin).

1. Pattern-avoiding permutations

1.1. Results from my Ph.D. thesis. My thesis was on Statistics on pattern avoiding permu-
tations. The subject of pattern avoidance has received a lot of integst in the past two decades,
and it has proved to be useful in a variety of seemingly unrelted problems, from computational
to algebraic contexts. Given two permutations ¥4= %% ¢ ¢¥, 2 S,, and %= %% ¢¢¥#y, 2 Sh,
with m - n, we say that Y4avoids %if there do not exist indicesi; <i» <::: <i y such that
Ya, %, CC¥ IS in the same relative order as¥1%» ¢ ¢3%,. Denote by S, (%) the set of ¥+avoiding
permutations in Sy.

It is a long-studied and very hard problem to determinejS,(34j for given % The rst nontrivial
case is¢wher?/4has length 3. It is known [35] that regardless of the pattern¥2 S3, Sy (%)) = Cp =
ﬁ zn” , the n-th Catalan number. For patterns of length 4 one already nds an unsolved case:
no formula for jS,(1324) is known. Regarding asymptotic enumeration, a recent breathrough
[37] has been the proof of the Stanley-Wilf conjecture, whictgives an exponential upper bound on
the number of permutations avoiding any given pattern.

Another important topic in combinatorics is that of permuta tion statistics. Recall that i is
a xed point of a permutation Yif ¥ = i, and that i is an excedanceof %if % > i. Denote
by fp(¥9 and exc(¥) the number of xed points and the number of excedances o¥arespectively.
An unexpected connection between pattern avoidance and penutation statistics was found by
Robertson, Saracino and Zeilberger [41]. They prove that tk number of 321-avoiding permutations
Y2 Sy, with fp( %) = i equals the number of 132-avoiding permutations/2 S, with fp(¥) = i, for
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any O- i - n. This re nement of the classical result that jS,(321)] = jS,(132)j inspired part of
the work in my thesis. First, because at that time there was nocombinatorial proof of that result,
which would give a good understanding of why the distribution of xed points in S,(321) and
Sn(132) is the same. None of the several known bijections betvem these two sets preserved the
number of xed points. Second, it was natural to ask whether siilar results for other permutation
statistics would hold as well.

In [18] | gave a generalization of this result, proving that it still holds when we x not only the
number of xed points but also the number of excedances.

Theorem 1 ([18]). The number of 321-avoiding permutations/a2 S,, with fp(*3 = i and exc(¥) =
j equals the number of 132-avoiding permutation¥s2 S, with fp(¥3 = i and exc(*3 = j, for any
O- i;5j - n.

The original proof given in [18] is analytical, and it uses a rew technique involving diagonals
of non-rational generating functions. This is the rst instance of an application of diagonals of
non-rational generating functions to solve a combinatorialproblem.

In [26] we nd a combinatorial proof of Theorem 1, by giving a bijection Sy(321) { S 7(132)
that preserves the statistics fp and exc, and also additionbstatistics. We also prove the analogous
result for involutions. Our bijection is a composition of two slightly modi ed known bijections into
Dyck paths (the RSK correspondence is part of one of them), ad the result follows from a new
analysis of these bijections.

The case of permutations simultaneously avoiding any subdeof patterns of length 3 is studied
in [21]. There | give explicit expressions for the generatig functions for these classes of permuta-
tions with respect to xed points and excedances. Some resudtare generalized to the case where
one of the patterns has arbitrary length. | also prove a resui that was conjectured in [41], namely
that the number of 132-avoiding derangements is less than theumber of 123-avoiding ones.

An important ingredient for some of the results in my thesis has been to introduce new kinds of
statistics on Dyck paths, that | call centered tunnelsand right tunnels. Under certain bijections,
some statistics in permutations are mapped to centered andight tunnels in Dyck paths. Enumer-
ation with respect to centered and right tunnels is not easy lecause these statistics are not de ned
locally. However, this problem can be overcome by using thetatistic-preserving bijections that we
introduce in [22]. These bijections have consequences iné¢henumeration of pattern-avoiding per-
mutations with respect to several parameters, like the numier of descents, and provide variations
and generalizations of Theorem 1.

Another class of restricted permutations involving generdized patterns are Motzkin permuta-
tions, which are 132-avoiding permutations¥in which there do not exist indicesa < b such that
Ya < Ya < Y41 . In [24] we give a bijection from this class of permutations b the set of Motzkin
paths, which allows us to enumerate Motzkin permutations wih respect to several statistics, such
as the length of the longest increasing and decreasing suliggences and the number of rises.

It is an intriguing question whether there are non-trivial re sults similar to Theorem 1 involv-
ing other statistics and perhaps longer patterns. Before [4], concepts concerning permutations
regarded as words (such as pattern avoidance) and conceptbadt regard the permutation as a bi-
jection from [n] to itself (such as xed points) had never been studied togetler. In this sense, the
developing topic of statistics on restricted permutationsopens up a good number of enumerative
guestions.

1.2. Consecutive patterns.  An extension of the concept of pattern avoidance was introdaeed
in [3]. A generalized patternallows the requirement that some pairs of letters must be adicent in
an occurrence of the pattern in the permutation. In particular, if we require that all the elements
occur in consecutive positions, we obtain the so-called coesutive patterns. In [25] we considered
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these patterns for the rst time, and we solved the problem of @umerating occurrences of patterns
of several shapes by obtaining the corresponding bivariateexponential generating functions as
solutions of certain linear di®erential equations with polynomial coexcients. We give the generating
function for the increasing consecutive pattern. = 123 ¢ ¢, and also for any pattern of the
form %= 12¢c¢&;(a+ 1), where 1 - a- mj 2 and ¢ is any permutation of the numbers

1.3. Asymptotic enumeration. Motivated by the recent proof of the Stanley-Wilf conjecture, |
studied in [17] the asymptotic behavior of the number of pernutations avoiding some generalized
patterns. | was interested in the behavior of ®,(3) := jSh(33j as n goes to in nity, when %is a
generalized pattern. The special case of classical pattesris settled by the proof of the Stanley-Wilf
conjecture, which states that there is a constant, such that ®,(3) <, ". At the other end of
the spectrum we have consecutive patterns. | determined theasymptotic behavior of the number
of permutations avoiding these patterns, showing that, given a consecutive pattern¥; there exist
constants ¢ and d such that ¢"n! - ®,(3) - d"n!.

This raises the question of what the asymptotic behavior is ér all the remaining generalized
patterns ¥ that is, those in which some but not all the positions are reagired to be adjacent.
Clearly, the asymptotic behavior of ®,(%) has to be somewhere between the two extremal cases
above. | showed in [17] that while some generalized patternsxhibit the same asymptotic behavior
as consecutive patterns, others have the property the numbreof permutations avoiding them grows
strictly faster (asymptotically) than for classical patte rns but more slowly than for consecutive
patterns.

Understanding the asymptotic behavior of the number of pernutations avoiding generalized
patterns is a big open question. Experimental evidence suggpts that there is a wide range of
possible behaviors. One of my goals is to give a complete ckiscation of all generalized patterns
according to the asymptotic behavior of ®,(%) as n goes to irp_nity.

Another related open problem is to nd the value of limpi; ®, (%) for a given classical pattern
¥ It follows from the proof of the Stanley-Wilf conjecture that this limit is a constant that only
depends on the pattern%; but very little else is known. The old conjectured upper bownd of
(ki 1)?, wherek is the size of%; has been recently disproved in [1]. On the other hand, Bfing
gives in [7] the rst known instance of a pattern for which this limit is not an intsger. In the case
of consecutive patterns¥; the analogous problem is to nd the value of limyi; " ®,(3)=n!. This
limit is known to exist for each consecutive pattern%; but its value is unknown for most patterns.

1.4. Dumont permutations. In [5] we enumerate Dumont permutations avoiding certain 4-ktter

patterns. A Dumont permutation of the second kind is one whog xed points and excedences

occur precisely at the odd positions. Using cycle decompdgins, we give a bijection between

3142-avoiding Dumont permutations of the second kind and noaorossing partitions, as well as

bijections between 132-, 231- and 321-avoiding Dumont permuaitions and Dyck paths. We also

show that the number of 2l143¢avoiding Dumont pgrmut@tions ofthe second kind of length 21 is
1 3m and apm+1 = 1 3m+1

anan+1, Where apm, = m+l m 2m+1 m+1

1.5. Generating trees with two labels. Another approach that | have taken to the enumeration
of permutations avoiding generalized patterns consists ofising generating trees (GTs) with two
labels [19]. This approach was inspired by work of Bousquet-lou [6]. GTs are a useful technique
for enumerating classes of pattern-avoiding permutations.In [19] | consider a variation of the usual
description of these trees, which consists of generating thchildren of a permutation by appending
an entry to the right instead of always inserting the largest entry. This variation makes these trees
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well-suited for enumerating permutations avoiding generakzed patterns, since this way we can keep
track of elements occurring in adjacent positions.

For some classes of permutations, a label can be associatemi¢ach node of the tree in such a way
that the labels of the children of a permutation depend only m the label of the parent. From the
succession rule one can derive a functional equation for theorresponding generating function. For
GTs with one label, these equations are well understood andheir solutions are algebraic series.
In other cases, however, one label is not enough to describéd tree in terms of a succession rule.
In [19] | construct GTs with one and two labels for some classe of permutations avoiding general-
ized patterns of length 3 and 4. This gives functional equatdns for the corresponding generating
functions, which | solve in a few cases using some technique$ Bousquet-M&lou, recovering known
enumerative results and nding new ones.

GTs with two or more labels constructed by appending entriesto the right, combined with
the Kernel method for solving the functional equations that they produce, have not been fully
explored. | expect that this technique will lead to new enumeative results for permutations
avoiding generalized patterns.

1.6. Enumeration of the X -class. Permutations can be used to characterize the geometry of
certain con gurations of points in the plane. For example, draw two lines forming an X -shape,
placen points anywhere on these lines, and label them;2;:::; n from top to bottom. Reading the
labels of the points from left to right determines a permutation. The set of permutations obtained
in this way is called the X -class, and it can be shown that they are precisely those perntations
that avoid the patterns 21432413 3142 3412%y. In [27], | enumerate such permutations by giving
a bijection between the X -class and the set of permutationsv/awith the property that for every i
there is at most onej - i with ¥%{j) >i.

2. Other work in enumerative combinatorics

2.1. Plane trees. Many enumerative results about plane trees appear throughot the literature.
For example, a well-known interpretation of the Narayana nunbers is that they count the number
of plane trees with a xed number of leaves. We can distinguishbetween two kinds of leaves. A
leaf of a plane tree is called an old leaf if it is the leftmost hild of its parent, and it is called a
young leaf otherwise. In [11] we enumerate plane trees with given number of old leaves and young
leaves. The formula is obtained combinatorially by presening two bijections between plane trees
and 2-Motzkin paths with convenient properties. We derive sane implications to the enumeration
of restricted permutations with respect to double descents pairs of consecutive de ciencies, and
ascending runs. Another application of our bijection appeas in [12], where Chen, Yan and Yang
use it to give combinatorial interpretations of two identit ies involving the Narayana numbers and
Catalan numbers, solving two open problems left in [13].

2.2. Generalized triangulations. During the past year | have worked on the open problem of
“nding a bijection between two sets of objects that surprisingly are counted by the same numbers.
This is one of the problems | have enjoyed the most in my reseah career [16].

A triangulation of a convex n-gon can be de ned as a maximal set of diagonals so that no
two of them intersect in their interiors. It is well known tha t the number of triangulations of a
convex n-gon is the Catalan number Cy; 2 = Tlllz(n”iizz) , and that all such triangulations have
nj 3 diagonals. We say that two diagonalscross if they intersect in their interiors. De ne an
m-crossing to be a set ofm diagonals where any two of them mutually cross. A natural way
to generalize a triangulation is to allow diagonals to cross but to forbid m-crossings for some
‘xed m. For any positive integer k, de ne a k-triangulation to be a maximal set of diagonals

not containing any (k + 1)-crossing. For example, a 1-triangulation is just a triangulation in the
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standard sense. Generalized triangulations appear in [8,5] 33, 38]. It was shown in [15, 38] that
all k-triangulations of a convex n-gon have the same number of diagonals. Including the sides of
the polygon, the total number of diagonals and sides in &-triangulation is always k(2nj 2k 1).
It was recently proved by Jonsson [33] that, remarkably, thenumber of k-triangulations of an
n-gon is given by thek £ k determinant of Catalan numbers det(Cy; i; j)ﬁj -1 - Using the LindstrAm-

of Dyck paths from (0;0) to (nj 2k;nj 2k) such that each P; never goes belowPj:;. In the

casek = 1, this determinant is just Cy; 2, which counts Dyck paths of semilengthn | 2. There

are several simple bijections between triangulations of aanvex n-gon and such paths. However,
for k , 2, the problem becomes much more complicated. One of the maiapen questions left in
[33], stated also in [36, Problem 1], is to nd a bijection betweenk-triangulations and k-tuples of
non-crossing Dyck paths, fork , 2. In [16] | solve this problem fork = 2, that is, | present a

bijection between 2-triangulations of a convexn-gon and pairs P; Q) of Dyck paths from (0;0) to

(nj 4;nj 4) sothat P never goes belowQ. The bijection is obtained by constructing isomorphic

generating trees for the sets of 2-triangulations and pairs bnon-crossing Dyck paths. It is also
described in an explicit, non-recursive way.

It is natural to ask whether this result can be generalized tothe casek , 3 to produce a bijection
from k-triangulations to k-tuples of non-crossing Dyck paths. This is one of the problemd$ am
currently working on and plan to continue pursuing next year. So far | have been able to construct
a generating tree fork-triangulations analogous to the one used forkk = 2. However, | have not
succeeded yet in describing an isomorphic generating tre@if k-tuples of non-crossing Dyck paths.

Closely connected to this result there is a large number rece# papers and open questions.
Generalized triangulations are connected to Ilings of Ferers shapes with zeroes and ones, qr
with any nonnegative numbers [36], and more generally, to lings of stack [33, 34] and moon [42]
polyominoes avoiding certain con gurations. Some of these Tings can also be interpreted as
multigraphs [14], perfect matchings and set partitions [1(Q, and in these settings the avoided
con gurations correspond to crossings and nestings. Many ieresting symmetry and invariance
properties have been proved, using di®erent bijective and nobijective techniques (some of them
in connection to the properties of the RSK correspondence).And even though the proofs of all
these facts are very di®erent, all the results are closely raled and they seem to be part of a big
picture (see [36]) that is yet to be discovered. This would bea general theory of which all these
theorems are particular cases. | am very excited to work in ureiling this big picture.

3. Computational biology

During my year in Berkeley | became interested in the applicéions of combinatorics to com-
putational biology. Bernd Sturmfels and Lior Pachter posedto me the problem of nding a good
bound for the number of inference functions of a graphical mdel. Graphical models (or Bayesian
networks) are statistical models used to infer information about the genetic code and to com-
pare the genomes of di®erent species, and in probabilistic pppaches to machine learning, pattern
recognition, and arti cial intelligence. Given a particular observation, a natural problem is to
determine what is the most likely hidden data (which is called the explanation). These models
rely on parameters that are the probabilities relating the hidden and observed data. Any xed
values of the parameters determine a way to assign an explatian to each possible observation.
This gives us a map, called arinference function, from observations to explanations. An example
of an inference function is the popular \Did you mean' feature from google, which could be im-
plemented as a hidden Markov model. Some examples in computanal biology are gene- nding
functions, which are used to identify gene structures in DNA sequencesand sequence alignment
models.



For an arbitrary graphical model, the number of possible map from observed sequences to
explanations is, at rst glance, doubly exponential in the size of the model. In [40] it was shown
that the number of inference functions scales at most exponially in the complexity of the
model. My contribution has been to show that, in fact, the number of inference functions grows
polynomially.

Theorem 2 (The Few Inference Functions Theorem[20]). Consider a graphical modelG with d
parameters, whered is xed, and let E be the number of edges db. Then the number of inference
functions of the model is at mostO(E 9(di 1)),

Di®erent inference functions represent di®erent criteria talecide what is the most likely expla-
nation for each observation. A bound on the number of inferege functions is important because it
indicates how badly a model may respond to changes in the paraeter values (which are generally
known with very little certainty and only guessed at). Also, this polynomial growth rate makes
it feasible, at least in principle, to pre-compute all the inference functions of a given graphical
model ahead of time, which would yield an excient way to provide an explanation for each given
observation.

In [28] we generalize Theorem 2 to directed graphical modelsaand we show that the the bound
is sharp, up to a constant factor, by constructing a family of HMMs whose number of inference
functions asymptotically matches the bound.

Another related problem that | am working on with Fumei Lam co ncerns sequence alignment.
An alignment of two DNA sequences describes the evolution obne into the other via a series
of mutations, insertions and deletions. A simple model to masure how likely each particular
alignment is consists of two parameters® and that denote mismatch and insertion penalties.
Di®erent choices of the parameters yield di®erent optimal ajinments. For any pair of sequences,
the (®; ) plane is decomposed into convex polyhedral optimality regns according to the optimal
alignments they give. Bounds on the maximum number of optimdity regions are important because
they determine the running time of the algorithms used to de@mpose the parameter space induced
by two sequences. It was shown in [31] that the number of suchegions isO(n%=%), where n is the
length of the sequences. The best known lower bound (for nitealphabets, such af A,C,G,Tqg) is
-( n¥™2). It is an open problem to determine whether there exist two bnary sequences for which
the plane is divided in up to £( n%=3) regions. In [23] we conjecture that no such sequences exist
More precisely, our project is to prove that for any nite alph abet, O(n'™2) is also an upper bound
on the number of regions.

4. Algebraic combinatorics

4.1. Representation theory of the symmetric group. Working on a conjecture of Stan-
ley [43], while at MIT, | was able to show that the leading coezxcients of the polynomial functions
expressing the normalized characters 08,, A%(k; 1"i K), in terms of the lengths of the sides of the
rectangles that form the shape¥iare nonnegative (see [43] for details).

4.2. Kroneker products of Schur functions. An ongoing project with Rosa Orellana consists
of studying expansions of Kroneker products of Schur functins in terms of Hall-Littlewood poly-
nomials. By representation theoretic arguments, the coezoénts of these expansions are known
to be polynomials with non-negative integer coexcients. We ae trying to give a combinatorial
interpretation of these coexcients in some cases, and also phcit expressions for the polynomials.
So far we have conjectured formulas for the case of productsf dwo Shur functions of the form
S(nj k:1¥)- The formulas are surprisingly simple and beautiful, and weare trying to understand the
underlying explanation for this.



5. Other areas of research

5.1. Number theory. | have recently written a paper in number theory, coauthored with Kevin
Woods [29]. A classic result is that, if a point in Z? is chosen \at random," the probability that
the point is visible from the origingthat is, not hidden by an other point in Z?) is 1=3(2), where
3(a) is the Riemann zeta function ilzl it 2, Nymann generalized this result to higher dimensions
[39]: if a point in Z% is chosen at random, then the probability that the point is visible from the
origin is 1=3(d).

In a lattice theoretic context, a point s is visible from the origin if and only if fsg is a Z-basis

we say that S is primitive if S is a Z-basis for the lattice spark(S)\ Z9, or equivalently, if S can
be completed to aZ-basis of all ofZ9. In [29] we prove that if m points in Z9 are chosen uniformly
and independently at random from a large box, then as the sizeof the box goes to in nity, the
probability that the points form a primitive set approaches 1=3(d)3(dj 1)¢¢¥dj m +1)).

5.2. Combinatorial commutative algebra. While in Berkeley | worked on the following con-
jecture of Neil White [45] from 1980. Suppose thatM is a matroid onf 1;2;:::;ngof rank d. Then
the basis monomial ring of M is the sné)algebra of the polynomial ringC[x1;X2;:::;Xn] which is
generated by the squarefree monomials ;,5 Xi, whereB runs over all bases oM . We introduce a
new unknownyg for each basisB, and we consider the polynomial ringSy = Cl[yg : B basis ofM ]
in these unknowns. There is a canonicalC-algebra homomorphism fromSy, onto the basis mono-
mial ring of M. Let Iy be the kernel of that homomorphism. White's conjecture staes that for
any matroid M, the toric ideal I is generated by quadrics.

Herzog and Hibi [32] generalized the conjecture to discretpolymatroids, and showed that it is
equivalent to White's conjecture. In [44], Sturmfels showel that for varieties of Veronese type the
toric ideal has a quadratic GrAbner basis. Recently, Blasik [4] proved that the conjecture holds
for graphical matroids.

Jointly with Giulio Caviglia and Luis Garcia-Puente, | showed that the conjecture is also true
for lattice-path polymatroids, which are those obtained as transversals of sets of the fornf a;; a; +
La+2;:::;hg,withl=a; - a-¢¢¢-acandb - b -¢CC¢ - b = n, where each element
j 2f1,2;:::;ng can appear at mosts; times. They include uniform matroids and a subclass
of transversal matroids . Later on, Anna de Mier and Omer Gin#inez generalized our ideas to
multipath matroids. We are currently working on a paper containing all these results [9].

The next step would be to extend this result to all transversd matroids. Also, we wonder if Iy
has a quadratic GrAbner basis for the cases where it is knowo be generated by quadrics.

5.3. Deterministic and random dynamics. Recently | have been working on a surprising
application of permutation patterns to dynamical systems, jointly with J.M. Amig® and M. Kennel.

It can be shown that the orbits of one-dimensional dynamical gstems always have forbidden
patterns. The set of forbidden patterns of such a system hashe property that for each %in the
set, all the permutations whose inverse containg/  as a consecutive pattern are also in the set.
On the other hand, random time series may exhibit false forbilden patterns, which can be shown to
have a di®erent structure from those of deterministic systers. As a consequence, they proliferate
at di®erent rates with the pattern length. By studying the growth rates of true and false forbidden
patterns we can create tests to distinguish random from psedo-random dynamics [2].

This is a summary of my past and current work as well as of someuture projects. | am looking
forward to using an academic position to keep working on themand to collaborate with faculty
on other problems. | am very open minded when it comes to learing di®erent topics to work on,
and | enjoy nding applications of combinatorics to other areas.
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