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Abstract

We investigate notions of randomnessin the spaceC[2"] of nonempty
closed subsets of {0,1}". A probability measureis given and a version
of the Marti n-Lef test for randomnessis debned. ! 9 random closed sets
exist but there are no random ! ¢ closedsets. It isshown that any random
closed set is perfect, has measure 0, and has box dimension log, ‘3—‘. A
random closed set has no n-c.e. elements. A closed subset of 2 may be
debnedas the set of inbnite paths through a tree and so the problem of
compresshbility of trees is explored. If 7, = T'n {0,1}", then for any
random closedset [T] where T' has no dead ends, K(7,) > n — O(1) but
for any k, K(Th) < 2" %+ O(1), where K (o) isthe prepx-free complexity
of 0 € {0,1}".

1 Introduction

The study of algorithmic randomnesshas beenof great interest in recert years.
The basic problem is to quantify the randomnessof a single real number; here
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we will extend this problem to the randomnessof the set of paths through a
Pnitely-branching tree. Early in the last certury, von Mises[30] suggestedthat
a random real should obey reasonablestatistical tests, suc ashaving a roughly
equal number of zercesand onesof the brst n bits, in the limit. Thus a random
real would be stochastic in modern parlance. If one considersonly computable
tests, then there are countably many and one can construct a real satisfying all
tests.

An early approad to randomnesswasthrough betting. Electiv e betting on
a random sequenceshould not allow oneOsapital to grow unboundedly. The
betting strategies used are constructive martingales, introduced by Ville [29]
and implicit in the work of Levy [21], which represen fair double-or-nothing
gambling.

Martin-L-of [23]obsenedthat stochastic properties could be viewed asspecial
kinds of measurezerosetsand debneda random real asonewhich avoids certain
electiv ely preseried measure0 sets. That is, arealz ! 2V is Martin-L-of random
if fo every elective sequenceS,, So,... of c.e. open setswith u(S,) " 277,
zl S, It iseasyto seethat this is equivalert to the condition that we get
if we replace2—" above with ¢,, for a computable sequencedg;) of rationals such
that IImlqt = 0.

At the sametime Kolmogorov [17] debneda notion of randomnessfor b-
nite strings basedon the concept of incompressibility. The stronger notion of
prebx-free complexity was developed by Levin [20], Gacs [16] and Chaitin [9]
and extended to inPnite words. Schnorr later proved [26] that the notions of
constructive martingale randomness, Martin-L-of randomness, and prepbx-free
randomnessare equivalert.

In this paper we want to consider algorithmic randomnesson the spaceC
of nonempty closedsubsetsP of 2Y. SomedepPnitions are needed. Fix a Pnite
alphabet A = {0,1,...,k# 1} = k; we will make use of the alphabets {0, 1}
and {0,1,2}. For a bnite string ! A™, let o] = n. Let A denote the empty
string, which has length 0. A word (a) of length 1 is may be identiped with
the symbol a. For two strings 0,7, sa that T extends o and write ¢ $ 7
if |o| " |7] and o(i) = 7(3) for i < |o|. Similarly o = x for ! 2N means
that o(i) = z(i) for i < |o|. Let o7 denotethe concatenationof o and 7. Let
X% = (x(0),...,z(n# 1)). Now anonempty closedset P may beidentiped with
atree Tp & A* asfollows. For a bnite string o, let I(o) denote{z! 2¥:0"' z}.
ThenTp = {o: P( I(o) ¥ *}. Note that Tp hasno deadends,that isif o ! Tp
then either c—0! Tp or o™ 1! Tp.

For an arbitrary tree T' & A*, let [T] denotethe set of inPnite paths through
T, that is,

z! [T] +, (-n)z%! T.

It is well-known that P & 2" is a closedset if and only if P = [T] for some
treeT. Pisa" i class,or electiv ely closedset, if P = [T for somecomputable
tree T. Note that if P isa" ] class,then Tp isa ™" 7 set, but not in general
computable. P is saidto bea decidable " 9 classif Tp is computable. P is said to
bea strong" § class, if Tpisa" ) set, or equivalertly if P = [T] for some# § tree;



P is saidto be a strong #9 class if Tp is#9. Thusany " ¢ classis also a strong
# 9 class. Any decidable" ¢ classcontains a computable elemernt (in particular
the leftmost and rightmost paths) and similarly any strong # § classcortains
a#9 elemen. On the other hand, there exist " { classeswith no computable
elemens and strong " § classeswith no # 9 elemens. The complemert of a " ¢
classis sometimescalled a c.e. open set.

There is a natural elective enumeration Py, P;,... of the " 7 classesand
thus an enumeration of the c.e. open sets. Thus we can sa that a sequence
So,S1,... of c.e.opensetsis effective if there is a computable function, f, suc
that S, = 2V# Py for all n. For a detailed developmert of " | classessee([7]
or [8].

For badground and terminology on computable functions and computably
enumerable sets, see[27].

The betting approadc to randomnessis formalized as follows:

Definition 1.1 (Ville [29]). (i) A martingale is a function m : k<% .
[0,/ ) such that for all ! k<%,

m(o) = % | m(o™ Q).
=0

i) A martingale m succeedson X ! kN if
(ii) g

lim supd(X%) =/ .

n—oo
That is, the betting strategy results in an unbounded amount of money
made on the k-ary infinite sequence X.

(i) The successet of m is the set S°[m] of all sequences on which m succeeds.

That is, a martingale on 2<“ is the capital function of a fair double-or-
nothing betting strategy. When working on 3<% the strategy is triple-or-nothing.

Definition 1.2. A martingale m is constructive (electiv e, c.e.) if it is lower
semi-computable that is, if there is a computable function @ : k<°"9°0N. Q
such that

(i) for all o andt, @(o,t) " ®(o,t+ 1) < m(o), and
@iy for all o, lim;_ o, @(o,t) = m(o).

In other words, m(w) is approximated from below by rationals uniformly
in w. A sequencein k" is constructive martingale random if no constructive
martingale succeedon it.

Some Bexibility may be gained by also considering nonmonotonic martin-
gales;i.e., martingales which bet on the bits of a sequenceout of order. While
for a monotonic martingale only the amount of the next bet is determined from
the bits seenpreviously, for a nonmonotonic martingale both the amount and



the location of the next bet are determined from the bits seenpreviously (the
next bit may precedethem, follow them, or lie in the middle). Thesemartingales
must obey two rules: the standard fair-betting rule that monotonic martingales
obey, and the rule that they newver bet on the same bit twice. We refer the
readerto Downey and Hirschfeldt [11] for the formal dePnition.

Although a priori allowing nonmonotonic martingales strengthens the no-
tion of randomness,since more strategies must be defeated, in fact in the c.e.
casethey are equivalent. Muchnik, Semen®, and Uspensky [24] (Theorem 8.9)
show that ML-random sequenceslefeat all computable nonmonotonic martin-
gales (in fact they show this with respect to general measures,not just the
coin-toss measure). The proof does not depend on the computability of the
martingale, howewer; the martingale is usedto debnea Martin-L-of test which
may be enumerated equally well alongsidethe enumeration of the martingale.
Therefore, as defeating all c.e. nonmonotonic martingales is clearly su$cient to
be ML-random, the two are equivalert.

Prebx-freerandomnessfor reals is debnedas follows. A Turing machine M
which takesinputs from A*, where A is a Pnite alphabet, is called prebx-free
if it has prebx-freedomain dom(M); that is, if o $ 7 are strings in dom(M),
then o must equal r. For any bnite string 7, the prefiz-free complexity of T with
respect to M is

Ky (r) = min{|o|,/ :M(o)= 7}.

There is a universal prebPx-freefunction U such that, for any prebx-free M,
there is a constart ¢ suc that for all 7

Ky(r)" Ku(r)+ c

We let K(7) = Ky(r) and call it the prefiz-free complezity of 7. Then x is
called prefiz-free random if there is a constart ¢ such that K(«%) 1 n# c for
all n. This meansthat the initial segmeis of = are not compressible.

The equivalence of these three notions of randomness(via tests, betting
or incompressibility) is a result of Schnorr [26] and is a fundamertal result in
the theory of algorithmic randomness. While these depbnitions and results are
usually given for binary strings and sequencesthey carry over to k-ary strings
and sequencesaswell. Seefor example Calude [5, 6]. The following lemma will
be needed.

Lemma 1.3. If P is a" J class of measure O, then P has no random elements.

Proof. Jet T be a computable tree such that P = [T], and for ead n, let
P,= {I(o) :0! T({0,1}3"}. Then {P,},.en iS an elective sequenceof
clopensetswith P =" P, and lim,, u(P,) = p(P) = 0. Furthermore,

w(Pn) = 27T ({0, 1}"]

and is therefore a computable sequence. Thus { P} .en IS a Martin-L-of test,
showing that P has no random elemerts. |

We will want to usethe following result from the literature [30].



Theorem 1.4 (Von-Mises—Church—Wald Computable Selection The-
orem). For any random sequence x and any computable 1-1 function g, the
sequence z(n) = x(g(n)) is random.

2 Martin-Lof Randomness of Closed Sets

In this section, we debPnea measureon the spaceC of nonempty closedsubsets
of 2 and usethis to dePnethe notion of randomnessfor closedsets. We then
obtain seweral properties of random closedsets.

An electiv e one-to-one correspondencebetween the spaceC and the space
3" is debnedas follows. Let a closedset @ be givenand let T = T, be the tree
without deadendssuch that Q = [T].

Debnethe code = = zg ! {0,1,2}" for @ asfollows. Let A = o¢,01,00,. ..
enumerate the elemens of 7" in order, brst by length and then lexicographically.
We now debPnex = xzg = z7 by recursion as follows. For ead n, z(n) = 2 if
o,0and o, 1areboth in T, z(n) = 1if 0,0/ T'and o,,;1! T and z(n) = 0
if 0,;0! T and o, 1Y T. For example,if @ = {0,1}¥, then zg = (2,2,...)
andif @ = {y}, then z¢ = y. Let @), denotethe unique closedset ) such that
rQ = .

Now debnethe measurep* on C by

(X)) = p({zg Q1 X}).

Informally this meansthat given o ! Ty, there is probability % that both
070! Tg and 0~1! Ty and, for i = 0,1, there is probability 3 that only
074! Tg. In particular, this meansthat @ ( I(c) ¥ * implies that for ¢ = 0,1,
Q ( I(c74) ¥ * with probability 2.

Let us commen briel3y on why someother natural represertations were re-
jected. Supposebrstthat we simply enumerate all stringsin {0, 1}* asog, o1, ...
and then represen 7' by its characteristic function sothat zr(n) = 1 +, o, !
T. Then in generala code xz might not represent a tree. That is, oncewe have
(01) ¥ T we cannot later decidethat (011) ! T. Supposethen that we allow
the empty closedset by using codesx ! {0,1,2,3}* and modify our original
debnition as follows. Let xz(n) = i have the samedebnition as above for ¢ " 2
but let z(n) = 3 mean that neither ;0 nor o1 is in T. Informally, this
would meanthat for i = 0,1, o ! T implies that o~ ! T with probability .
The advantage here is that we can now represen all trees. But this is also a
disadvantage, since for a given closedset P, there are many dilerent trees T'
with P = [T]. The secondproblem with this approach is that we would have
[T] = * with positive probability. We briel3y return to this subject in Section 6.

Now we will say that a closedset @ is (Martin-L-of) random if the code
zq is Martin-L-of random. This debnition clearly relativizes to any oracle in
accordancewith the debnitions of relative randomnessin the Cantor space.
Sincerandom realsexist, it follows that random closedsetsexists. Furthermore,
there are # § random reals, so we have the following.



Theorem 2.1. There exists a random closed set Q such that T is #9. O

Note that if Ty is #9, then Q must cortain # § elemerts (in particular the
leftmost path). Sincethere exist strong " $ classeswith no # 9 elemens, there
are strong " J classes) sud that Ty, is not # 9.

The following lemma will be neededthroughout.

Lemma 2.2. For any Q & 2% which is either closed or open,

p{P:P&QYH" Q).

Proof. Let Pc(Q) denote{ P : P & Q}. We brst prove the result for#nonempty
clopensetsU in placeof @ by the following induction. SupposeU = ¢ I(0),
where S & {0,1}". For n = 1, either u(U) = 1 = p*(Pc(U)) or w(U) = %
and pﬁ(PC(Q)) = % For the induction step, let S; = {o : i"c ! S}, let
U= ,es, 1(0), let u; = p(U;) and let v; = p*(Pc(Uy), for i = 0,1. Then
consideringthe three casesn which S includesboth initial branchesor just one,
we calculate that

W Pe(U) = 2o+ v+ vomn).

Thus by induction we have

HPOU) " S0+ w+ ugu).

Now

2ugug " ug +ul " ug+ u,

and therefore

WP ™ S+t uoun) " g+ wr) = u(U)

I
For a closedset @, let Q = | U,, where U, is clopen and U, ; & U, for all

n. Then P' @ if and only if P & U, for all n. Thus

$
Pc(Q) = Pco(Un),

n

sothat
w(Pe(Q) = Im p(Pe(U,) * m u(U,) = 1(Q)-

Finally, for anopenset(, let @ = U, bethe union of anincreasingsequence
of clopen setsU,,. Then, by compactness,
%

Pc(Q) = Pco(Un),

n

sothat
W (Pe(@) = lim w*(Pe(Un) " im u(Un) = p(Q)-

This completesthe proof of the lemma. |



Next we will considerthe intersection of a random closedset with an interval
1(o) and the disjoint union of random closedsets.
First recall van LambalgenOgheorem.

Theorem 2.3 (van Lambalgen [28]). The following are equivalent.
1. A2 B is n-random.
2. A is n-random and B is n-A-random.
8. B is n-random and A is n-B-random.
4. A is n-B-random and B is n-A-random.

Let us call the coding of a closedset Q by the nodes of its represenativ e
tree with no dead endsthe canonical code of Q. We wish now to introduce a
secondmethod of coding, the ghost code. A ghostcode of ) is an inbnite ternary
string whoseterms correspond to all nodesof 2<% in lexicographical order. The
terms corresponding to the nodesof QOsree (the OcanonicahodesO)xgreewith
the corresponding terms in the canonical code; the remaining OghostnodesO
may hold any values. Ghost codes are non-unique, and every closedset has a
non-random ghost code (if the closedset itself is random take the code with
ghost nodes all equal to zero, say). This method of coding is more convenient
for somepurposes;for example, we will useit to shaw that if Qg, Q) are closed
setsand Q= {0~ z:z! Qo} 3{1x:x! Qi}, Q israndom if and only if the
Q; are random relative to ead other. The utilit y of the ghost codesrests on
the following correspondence.

Theorem 2.4. The canonical code of a closed set Q & 2N is random if and
only if Q has some random ghost code. Furthermore, for any y, the canonical
code r is y-random if and only if Q has a ghost code which is y-random.

Proof. (+ ) Supposethe canonical code of Q is nonrandom. Then thereis ac.e.
martingale m that succeedson it. From any initial segmemn o of a ghost code
g for Q, the subsequence of exactly the canonical nodes of o is computable.
Therefore it is computable whether the bit of ¢ after o is canonical or ghost.
From m, debnethe martingale m’ which bets as follows:

m(67¢) next bit is a canonical node
m/(o) next bit is a ghost node.

m'(c71) =

That is, m’ holds its money on ghost nodesand bets identically to m on canon-
ical nodes. It is clear that m’ succeedson the ghost code g and thus g is
nonrandom.

(, ) Now supposethe canonical code r for @) is random, and let ¢ be an inPnite
ternary string that is random relative to » (and so by Theorem 2.3 r 2 q is
random). We claim the ghost code g obtained by using the bits of r as the
canonical nodes and the bits of ¢ in their original order as the ghost nodesis
random. It is clear that g is a ghost code for Q.



Supposem is a c.e. martingale that betson g. From m it is straightforward
to dePnea nonmonotonic martingale m’ which mimics mOsbets exactly but
performs them on r 2 ¢, succeedingwhenewer m succeeds. As r and ¢ were
chosento be relatively random, this will show ¢ is random.

As discussedpreviously, from ¢% it is computable whether g(n) will be a
ghost node or a canonical node, and which position in g or r it occupiesin
either case. Therefore, assumingthe bits seenso far may be assenbled into
an initial segmen o of g, m' takesthe values m(c i), ¢ < 3, asits bets on
the corresponding bit of » or g, whichewer is appropriate. Having seenthat
bit, then, it can assenble a (|o| + 1)-length initial segmen of g and repeat the
process. As m’ makesidentical betsto m and hasidentical outcomes,since it
cannot succeedon r 2 g, m cannot succeedon g and g is random.

To relativize (, ), supposethat r is y-random, sothat » 2 y is random by
Van LambalgenO%heorem 2.3. Then in the proof simply chooseq to be random
relativeto r 2 y, and then ¢ will be random relative to y. The other direction
relativizes in a straightforward way. O

The primary purpose of the ghost codes is to remove the dependenceon
the particular closedset under discussionwhen interpreting bits of the code as
nodesof the tree. This is especially useful when subdividing the tree, asin the
following dePnition.

Definition 2.5. The tree join of closed sets Py and Py is the closed set
Q={0z:2! P}3{1 z:a! P}.

Given ghost codes ro,r1 for the P;, their tree join ro Bry is the code for Q with
the corresponding ghost node values.

The standard recursion-theoretic join is dePnedby

ro 2 1= (r0(0),71(0),70(2),71(2),...).
We wish to relate the recursion-theoretic join and the tree join.

Lemma 2.6. Given two ghost codes ro,r1, the tree join ro B ry is random if
and only if the recursion theoretic join ro 2 r1 is random.

Proof. 1t is clear that there is a computable permutation = which uniformly
maps any tree join ro B r; to the recursion-theoretic join r9 2 ry. That is, in
ro2 71, the entries of ry and r; alternate, whereasryMHr; starts with a 2, followed
by blocks from rq and rq, asfollows. First r4(0), r1(0), then r¢(1), r0(2), r1(1),
r1(2), and continuing with pairs of blocks of size 4, 8 and so on. The result
now follows from the Von-MisesBChrchbWald Computable Selection Theorem
1.4. |

We now obtain the following corollary of Theorems2.3 and 2.4 and Lemma
2.6.



Corollary 2.7. Suppose P;, i = 0,1, are closed sets with canonical codes r;
and let P be the tree join of Py, P1. Then P is random if and only if ro 2 11 is
random.

Proof. (+) Supposethat rq 2 r, is random. Then by Theorem 2.3, ry and r,
are mutually relatively random. By Theorem 2.4, P, hasa ghost code gg which
is random relative to r;, and so also vice-versa, and then P, has a ghost code
g1 which is random relative to go. Again by 2.3, the recursion-theoretic join
go 2 ¢1 is random, so by Theorem 2.6 the tree join go H g, is alsorandom, and
hence P possessea random ghost code and is random.

(, ) Supposenow that P israndom, and therefore possessearandom ghostcode
g. The code g may bethought of asatree join goHg1, which is thereforerandom,
and soby Theorem 2.6, go 2 g1 israndom. By Theorem 2.3, the individual codes
go, g1 are therefore mutually relatively random. Now by the relatived version
of Theorem 2.4, ry is random relative to g;. But r; is computable from ¢; and
hencery is random relative to r; aswell. Similarly, r, is ro-random and thus,
againby 2.3, rg 2 r; is random. O

3 Members of Random Closed Sets

For any Pnite string o of length n, the probability that a closedset Q meets
(o) is (%)”. For a computable real y, the sqeuence{@ : Q ( I(y%) ¥ *}
thus forms a Martin-L-of test in the spaceC of closed sets, which shows that
y does not belong to any Martin-L-of random closedset. That is, for eat n,
{z : Q. ( I(y%) ¥ *} is a c.e. open set and has measure(2)™ in {0,1,2}",
where @), is the closedset with code z. We omit the details, sincewe will now
prove a stronger resullt.
For any computable, non-decreasingfunction f, we say that a real § !

{0,1}N is f-c.e. if there exists a computable approximating function ¢ suc
that, forall ! N,

(i) #(i,0) = 0;
(ii) lim, (i, s) = B(3);
(iii) {s: o(,s+ 1) F ¢(i, s)} hascardinality " f(4).

The reals which are f-c.e.for somecomputable function f are part of the well-
known Ershov hierarchy [14, 27].

Theorem 3.1. Suppose that f is computable and bounded by a polynomial.
Then no random closed set has any f-c.e. paths.

Proof. Let f be asabove, g an f-c.e.real and P a closedset cortaining 3. Let
¢ be the f-approximating function for 3. Also let M, & {0,1}"™ be the set of
dilerent ¢-approximations to % during the stages.



A priori, |M,]| is exponertial. However, for a bxed n, % can change at

most ,_, f(i) times, so |M,| is also bounded by a polynomial, i.e. there is
k! N sud that for almost all n, |M,,| < n*. Now let
%
Sp = {P| P! C& P( I(o) ¥ *}. Q)
oeM,

Then (S,,) is a uniformly c.e.sequenceof open setsin the spaceC of closedsets
of 2V and for all n, P! S,,. Also for almost all n,
" ( 2) n ( ) n
©(Sn) " pAP P C&P(I(0)F )= IMda 5 " n* & 3
oceM,

Sincelim ,[n* é(%)"] = 0 there is a computable subsequencef (S,,) which is a
Martin-L-of test and so P is not random. O

For any K-trivial real A and any unboundednondecreasingcomputable function
h, A is h-c.e. (Nies [25]). Thus it follows from Theorem 3.1 that a random
closedset can have no K-trivial paths. We obsene that Theorem 3.1 cannot
be extendedto w-c.e.in general, becausethere are left-c.e. (and hencew-c.e.)
random reals, and by Theorem 3.9 eac of thesebelongsto a random closedset.

Theorem 3.2. If @ is a random closed set, then @ has no isolated elements.

Proof. Let Q = [T] and suppose by way of cortradiction that @ contains an
isolated path x. Then there is somenode o ! T such that Q ( I(o) = {x}. For
ead n, let

S,={P! C:[{r! {O,3":P( I(c"7) ¥ *} = 1}.

That is, P! S, if and only if the tree T has exactly one extension of o of
length n + |o|. It follows that

|P( I(o)|=1+, (-n)P! S,

Now for each n, S,, is a clopen setin Cand again by induction, S,, has measure
(%)”. Thusthe sequenceSy, 1, . .. is a Martin-L-of test. It follows that for some
n, QY S,. Thusthere are at least two extensionsin T of o of length n + |o],
contradicting the assumptionthat 2 wasthe unique elemen of Q ( I(o). |

Corollary 3.3. If Q is a random closed set, then Q is perfect and hence has
continuum many elements. ]

Theorem 3.4. Every random closed set contains a random element.

Proof. Supposethat a closedset @ has no random elemernt and consider the
following Martin-L-of test on the spaceC.

U={P|P! Cand P&V}

where (V;) is a universal Martin-L-of test on the Cantor space. By Lemma 2.2,
w(U) " w(V;)" 27% sothat (U;) is a Martin-L-of test on C. But Q! ( ;U;, so
Q@ is not random. O

10



The previousresults might suggestthat every elemen of a random closedset
is a random real. However, it turns out that every random closedset contains
a non-random real.

We needthe following classicresult of Cherno! [10] (a version of BernoulliOs
Weak Law of Large Numbers) here and also for another theorem to follow. See
[22] for an exposition.

Lemma 3.5 (Chernoff). Let E be an event which we will refer to as ‘success’.
If E occurs with probability p, then for any natural numbers n and any € with
0" " 1, the probability that out of n mutuallg independent trials, the number
of successesdliffers from pn by > epn is " 27 P/3,

Theorem 3.6. Not every element of a random closed set is random; in partic-
ular, the leftmost and rightmost paths in a random closed set are not random
reals.

Proof. We will show that, for a random closedset @, the leftmost path is not
stochastically random, that is, the asymptotic frequency of 00ss % Since an
electiv ely random real in 2V must have asymptotic frequenceof % for 00sand
10sthis will su$ce to prove that the leftmost path is not random. We debnea
Martin-L-of test asfollows. Fix arational ¢ suc that 0 < ¢ < 1. For eadh n, let
Sy, bethe family of closedsets(that is, codesfor closedsets) sud that the brst
n bits of the leftmost path have either < %(1# €)n, or > %(1 + &)n occurrences
of 0. By the debpnition of our probability measure,we have

" ( TL) ( 2) m( 1) n—m
m 3 3 '

|m—2n|>2en

p*(Sn) =

It now follows from Cherno! ©4 emma 3.5 that
/J/*(Sn) n 26—522n/9.

Thus the measuresof the test sets.S,, have electiv e limit zero. It is easyto see
that the sequenceg{S,,} is computably enumerable. For eat n, S,, is a clopen
set and in fact the union of the Pnite family of intervals I(¢) in Csuch that o
codesa tree up to level n in which the leftmost path has either < %(1# g)n, or
> 2(1+ ¢)n occurrencgsof 0.

Furthermore, S;, = =, S, is alsoa Martin-L-of test. It follows that for any
random closedset @), and any ¢ > 0, there is an n such that for all m 1 n, the
frequency of 00$n the Prst m bits of the leftmost path is always within ¢ of %
Thus the leftmost path is not electiv ely random. O

Recall that the leftmost and rightmost elements of any strong # 9 closedset
are #9. Given Theorems 3.4 and 3.6, we ask: Doesa # 9 random closed set
cortain a # 9 random path?

Theorem 3.7. Every random strong #9 closed set contains a random #9 real.
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Proof. Let Q be a random strong # 9 class. By Theorem 3.4, Q contains a
random real z. Let P bea" ] classin the Cantor spacewhich contains only
randomsand cortains x (this exists sincethe classof random realsis an electiv e
union of " Y classes). Note that P ( Q is a non-empty strong # 9 classand it
follows that the leftmost path of P( Q is a# { real which must be random since
it belongsto P. O

Note that the above theorem does not combine with the low basistheorem to
establish the existenceof a low random real in any random strong # 9 class.
Thus we posethe question of whether for any random closedset Q, if T, is low,
then @ hasa low random elemen.

Next we want to Pnd a random closedset which doesnot contain a # 9 path.
Now it is easy[7, 8] to construct a strong " 5 class P of positive measurewhich
cortains no # 9 elemerts; of course P must contain a random real sinceit has
measurel. The di$cult problem is to construct a random strong " 3 classwith
no # 9 elemers. We have the following result in this direction, which yields a
random strong # $ closedset with no # 9 elemerts.

Theorem 3.8. For any set A there is an A-random closed set QQ such that
To " v A” but Q has no elements " 7 A'.

Proof. 1t is enough if we prove the claim for A = * becausethe argumert
relativises to any oracle A in a straightforward way. For A = * we usea Pnite
injury construction over *’ to construct @ with the above properties. In the
construction we will *’-approximate the canonical code of a tree T which has
no #9 paths. To make sure that the tree T is random we Px a " ! class P of
positive measurein the space3" (where the code for T lies) which cortains only
randoms, and we make sure that at every stage our approximation (as a Pnite
ternary string) to TOsanonical code can be extendedto a path in P. Then by
compactnessthe canonical code of our tree will bein P and sothe tree will be
random. The changesin the approximations are motivated by the requiremerts:

R. :if % is total then the real it debnesis not in [77.

Let a, be a Pnite string approximation of the canonical code o we are building.
We will have |ags| = s. Strategy R. will comeinto power after stagee and will
restrain o up to somer, 1 e (the default value is r.[0] = ¢€). Also it might
requestsomechangesin « after the e-th bit. We start with o = * and at stage
s+ 1, assuminginductiv ely that g 4 and [as]( P ¥ * we askfor the leasti < s
such that R; requires attention. This happensif

(i) The longestdebnedinitial segmen 7 of fJ/q?:SJrl is larger than ever before;

(ii) there exists o ! {0,1,2}* such that a;%max;<;r;[s]) $ o, I(o) ( P ¥ *,
o] = s+ 1, and 7 is not consistent with the Pnite tree with code o.

If there is no sud i then we extend a; by onebit sud that [as11] ( P ¥ *.
Otherwise we let o511 = o and r;[s+ 1] = s+ 1. The construction proceedsin a
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straightforward way and we can proveinductiv ely that for every e, R, is satisbed,
stops requiring attention and r. reachesa limit. Then the limit « = lim, a,
exists and we also have that « is random by compactness. The satisfaction
of the requiremerts comesfrom a measure-theoreticfact. Consider R, and
inductively assumethat after stage s, no R; with i < e requires attention.
Then r = max;<. r; will remain constart. Since P cortains only randoms and
[a%nax;<. ] ( P ¥ *,
([e%] ( P) >0

and on the other hand, if 5= 9% we have seenthat
w{v |~ 3V and~ is the canonical code of a tree which has 3 asa path} = 0.

This meansthat if at stage s. the requiremert R, is not yet satisbed,it will
receive attention at a later stage and get satisbedpermanertly. |

As a cornverseto Theorem 3.4 we have the following.

Theorem 3.9. For any random r | 2V, there exists a random closed set con-
taining r as a path.

The proof of this theorem was originally given by Joe Miller and Antonio
Montalb@an and has beensubsequetly improved thanks to the anonymous ref-
eree.

Proof. Let r be arandom real and let z be the canonical code of an r-random
closedset. We alter x to the code z’ of a closedset guaranteed to contain r but
changedasllittle as possibleto achieve that.

To determine z'(n), assumexz’% has been debned. If z(n) = 2 or z(n)
correspondsto anode not alongr, setz’(n) = x(n). If z(n) ! {0, 1} corresponds
to r(k), setz'(n) = r(k).

The closed set debPnedby 2z’ will clearly contain . For a contradiction,
assumez’ is nonrandom and let m’ be a c.e. martingale that succeednit. We
build a nonmonotonic martingale m to bet on 2 r. On bits of 2, m will be a
triple-or-nothing martingale; on r, it will be double-or-nothing.

First note that from initial segmens of x and » we may reconstruct an initial
segmen of 2/ computably, and we always know from an initial segmen of z’
whether the next bit is alongr or not, and which bit of » it is. We will construct
m sothat after every stage of betting (which will be one bet by m’ and one or
two bets by m), the value of m is equal to the value of m’. At every stageit
will be clear we have revealed enough bits of = and r to reconstruct z’ to the
neededlength.

Supposeinductiv ely m and m’ hold equal capital after the stageof betting on
the last node of o  2’. If the bit 2/(n) following o is not on r, m betsidentically
to m/; i.e., m(z(n) = i) = m/(c74) for i < 3. In that casex(n) = z'(n) soour
inductiv e hypothesis holds. If x/(n) is on r, set m(x(n) = 2) = m/(¢—2) and
for i = 0,1, setm(z(n) = i) = 1[m'(¢70) + m/(c"1)]. If 2/(n) = 2, then the
capital for both m and m’ is m/(c72), so the inductive hypothesis holds and
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we proceedto the next stage. Otherwise m bets on r(k) for the appropriate
k, setting m(r(k) = i) = m/(c"4) for i = 0,1. On r(k), the sum of mOs
capital on ead of the two outcomesmust averageto the previous capital; asthe
previous capital was %[m’(a’\O) + m’(01)] this clearly holds. By construction
r(k) = 2'(n) = 4, soboth m and m’ now have capital m’(c"4) and the inductive
hypothesisholds. As m/ is c.e., m will also be.

As the valuesof m’ along z’ are a subsequencef the valuesof m alongz 2 r,
if m’ succeedsso doesm, contradicting our assumptionon z 2 r. Therefore x’
is the code of a random closedset cortaining the given random path 7. O

4 Measure and Dimension

Theorem 4.1. If Q is a random closed set, then u(Q) = 0.

Proof. We will shaw that in the spaceC of closedsets, the p*-probability that
a closedset P has Lebesguemeasure0, is 1. This is proved by showing that for
eadh m, p(P) 1 2= with p*-probability 0. For ead m, let

Sp={P:u(P)1 27™}.

We claim that for eadh m, ©*(S,,) = 0. The proof is by induction on m.

For m = 0, we have (P) 1 1if and only if P = 2V, which is if and only if
xp = (2,2,...), sothat S, is a singleton and thus has measure0.

Now assumeby induction that S,, hasmeasure0. Then the probability that
a closedset P = [T'] has measurel 2~™~! can be calculated in two parts.

(i) If T doesnot branch at the brst level, say T, = {(0)} without loss of
generality. Now consider the closedset P, = {y : 0~y ! P}. Then u(P) 1
2-m=1if and only if u(Py) 1 2=™, which has probability 0 by induction, sowe
can discourt this case.

(i) If T doesbranch at the brst level, let P, = {y : i~y ! P} fori= 0,1.
Then u(P) = $(u(Po) + p(P1)), sothat p(P) 1 2=~ implies that at leastone
of u(P;) 1 2=™~ 1. (Note that the reverseimplication is not always true.) Let
p= p*(Sm+1). The obsenations above imply that

Pt AR @E D)= 2k
and therefore p = 0.
To seethat a random closed set ) must have measure 0, bx m and let
S = S,,. Then S is the intersection of an electiv e sequenceof clopen sets 1/,
wherefor P = [T7],
PV Ve +, w(Te)1 277

Sincethesesetsare uniformly clopen, the sequencen, = p*(V,) is computable.
Sincelim, m, = O, it follows that this is a Martin-L-of test and therefore no
random set Q belongsto ;Ve. Then in general, no random set can have
measurel 2-™ for any m. |
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Recall that a " 7 class P is decidableif Tp is decidable. It follows that a
nonempty decidable” 7 classmust contain a computable elemert (for example,
the leftmost path). No computable real can be random and it follows that no
decidable" ? classcan be random. We will extend this to arbitrary " 9 classes
in Corollary 4.3 below.

Theorem 4.2. Let Q be a " class with measure 0. Then no subset of Q is
random.

Proof. Let|T" be a computable tree (possibly with dead ends) and let @ = [T].
Then Q= ", U,, whereU, = [T}]. Sinceu(Q) = 0, it follows from Lemma 2.2
that lim,, u*(Pc(U,)) = 0. But Po(U,,) is acomputable sequencef clopen sets
in Cand u*(Pc(Uy)) is a computable sequenceof rationals with limit 0. Thus
Pc(U,) is a Martin-L-of test, so that for any random closedset, there exists n
such that P Y/ Po(U,) and hence P is not a subsetof U,,. O

Since any random class has measure 0, we have the following immediate
corollary.

Corollary 4.3. No" 7 class can be random. O

Surprisingly, we can compute the (Kolmogorov) box dimension of a random
closedset, and in fact it turns out that all random closedsets have the same
dimension. The intuition for this comesfrom the following lemma. For any
function F' mapping the spaceC of closedsetsinto 5, the expected value of F
on Cis the integral F(P) with respect to the probability measurep*.

Lemma 4.4. In the space C of closed sets, the expected cardinality of {o !
{0, 1} : Q( I(0) F *} is exactly (%)” for every n, where Q is chosen uniformly
at random according to p*.

Proof. Let S, = {o! {0,1}":Q( I(o) ¥ *}, for a randomly chosen@ from C.

The proof is by induction on n. For n = 1, we have two cases.With proba-
bilit y % card(S;) = 1 and with probability %, card(S;) = 2. Thusthe expected
value is exactly %. For n + 1, there are again two cases. With probability %
card(S1) = 1, sothat the expected card(S,,+1) equalsthe expected card(sS,,),
which is (3)™ by induction. With probability %, card(S;) = 2, in which case
the expected card(S,,+1) is twice the expected card(S,), that is, 2(3)". Thus
we have the expected value

( )n ( )n ( )n+l
4 R |
é + a2§ - — .

card(Sy41) = 3

wInN
Wl

O

The box dimension of a closedset in the Cantor space,if it exists, is given by
the following limit:

dimp F(Q) = lim log,(card(7g ( {0, 1}n)).

n— o0 n

15



(See[1] for this formulation of the box dimensionin {0,1}Y.) Now by Lemma
4.4, the expected value of card(Tp ( {0,1}™) for a random closedset () is (%)’”,
which suggeststhat the box dimension of @) should be log, %.

Lemma 4.5. Let Q be a random closed set. Then for any € > 0, there exists a
m ! N such that, for alln > m, (%)"(1# e)” < card(To( {0,1}") < (%)"(1+ e)™.

Proof. For eat n, let ¢,(Q), or just ¢,, denotecard(Zg ( {0,1}™). We will use
three applications of Cherno! Od emma 3.5. First we show that there exists m
sud that for all n > m, cg, 1 n. Sincethe tree Ty ( {0, 1} =5"~! hasat least 6n
nodes, it follows from Cherno! Od.emmathat the number of branching nodesis
lessthan n with probability " 2-"/6. Thus ¢, < n with probability < 2-"/6,
Then the probability that ¢g, < n for any n 1 m is lessthan

S 2,71/6 _ 27m/6 .

o 1# 2-1/6
This providesa computable sequenceof clopen setswith measureshoundedby a
computable sequencewith limit zeroand hencea Martin-L-of test. It followsthat
for any random closedset @, there exists mg suc that cg, 1 n for all n 1 my.
Now for n > my, there are at least 6n? nodesin T ( {0, 1} S*27~1# {0, 1} <6~
so that again by Cherno! OsLemma, the probability that < n? of these are
branching nodesis " 2-7°/6. It follows as above that there exists m; > 3
sud that ¢z, 1 n? for all n 1 m;. Now supposethat m 1 12m; and that

12n" m < 12(n+ 1) < 16n. Then n 1 mq, sothat

cm 1 c12n 1 n? > (m/16)%

Again by Cherno! Od.emma, the probability that the number of branching

nodes from Ty, ( {0,1}" dilers from ¢, by > %c;%cn is < 2-Ve/9. But

_1
this is exactly the probability that c,1 dilers from 3¢, by > fc,*c,. For

+ 1
12 - —an
n > my, we know that ¢, 1 ¢ °, sothat "¢, 1 {z andc,* % and hence

27Ven/9m 2=n/144 Thusthe probability p, that ¢, dilers from 4c, by more
than - is < 2="/144 Then the probability that for any n 1 my, ¢, dilers

N
from ¢, by more than %cn is bounded by
00 _ oo 27H/144 _ 2—m/144
Pn 1# 2—-144°

This again provides a Martin-L-of test which shows that for any random closed
set (), there exists mo sothat for n > mso,

O L0
7 3 1#6= o et g 14 6= o

Now given ¢, choosem 1 my sothat (1+ ﬁﬁ <l+cecandl#e< (1# ﬁ)?
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Then for any k,
4 4 1
Cm(é)zk(l# e)k < C7n(§)2k(1# 6?)2]6 < Cm+2k
4 1 4.,
< C7n(_)2k(1 + 6:)2k < C’m(_)Qk(l + E)k'
3 m 3
Now let k be large enoughso that
m+k n " 4 m m-+k
(1# 5) Cm (é) (1 + 5) .
Then the desiredinequality
4 4
(3)"A# " <en < (3)"(A+ )™

will hold for evenn 1 m + 2k. For odd n, this inequality will hold by the
inequality (7) above. |

Theorem 4.6. For any random closed set @), the box dimension of @ is l0g, %.

Proof. Givene > 0, let m be given by Lemma 4.5. Then for n > m, we have
nlog, g + nlog,(1# €) " logy(card(Ty ( {0,1}™) " nlog, g + nlogy(1+ ¢),

so that
log,(card(7q ( {0,1}") .,

n

log, g + log(1# ) " log, g + logy(1 + ¢),

log, (card(ToN{0,1}™)) —

and therefore dimz(Q) = lim,, log, 4. O

5 Prefix-Free Complexity of Closed Sets

In this section, we consider randomnessfor closed sets in terms of incom-
pressibility of trees. Of course, SchnorrOstheorem tells us that P is random
if and only if the code zp ! {0,1,2}N for P is prebx-free random, that is,
Ks(zp%) 1 n# O(1). (SchnorrOsheoremfor arbitrary bnite alphabets is shown
in [6].) Here we write K3 to indicate that we would be using a universal prebx-
free function U : {0,1,2}* . {0,1,2}*. However, many properties of trees and
closedsetsdepend on the levelsT,, = T ( {0,1}" of the tree. For example, if
[T.]=3{1(0) : 0! T}, then [T]= ", [Tx] and u([T]) = lim o0 p([T0])-

So we want to consider the compressibility of a tree in terms of K(T3,).
Now there is a natural represettation of 7, as a string of length 2. That is,
list {0,1}" in lexicographic order aso,...,09» and represen 7, by the string
el,...,eon Wheree; = 1if o; ! T and e; = 0 otherwise. Henceforth we identify
T, with this natural represenation.
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It is interesting to note that the code for T;, will have a shorter length than
the natural represenation. For example,if [T] = {y} is a singleton, then x = y
and for eadh n, the code for T, is 2%. If z is the code for the full tree {0, 1}*,
then 2 = (2,2,...) and the code for T}, is a string of (2" # 1) 20sthose labels
attached to nodesof length < n. For the remainder of this section, we will use
T, to meanthe natural represetiation and z, to meanthe code.

One question here is whether there is a formulation of randomnessin terms
of the incompressibility of 7,,. We will give some partial answers. It seems
plausible that P = [T] is random if and only if there is a constart ¢ such that
K(T,) 1 2™# cfor all n. We will seethat this is not possiblefor any tree. First
we give a lower bound for the prebx-freecomplexity of a random tree.

Theorem 5.1. If P ig a random closed set and T' = Tp, then there is a constant

¢ such that K(T,) 1 %’n # ¢ for all n.

Proof. Let P = [T] be a random closedset. Let m be given by Lemma 4.5, for
e= %, sothat for n > m, ()
card(7,) 1 g
+
It follows that the code x,, for T, haslength 1 %
know that, for n 1 m, ()

KB(xn) 1 6 # a,

'n

. Since z is random, we

for someconstart a. Now we can compute x,, from 7;,, sothat

for someconstart b. The result now follows.

That is, let U (mapping {0, 1} * to {0, 1} *) be a universal prepx-free Turing
machine and let K(7,,) = min{| 0| : U(o) = T,,}. Let M bea prebx-freemachine
M (mapping {0,1}* to {0, 1,2}*) such that M(T},,) = x,. Then debneV by

V(o) = M(U(0)).
Then Ky (%) " K(T,), sothat for someconstart ¢, K3(x,) " K(T,)+ ¢ and

hence ().

K(T) 1 Ks(z) # el g #b# e

O
Going in the other direction, we can compute 7, uniformly from xz92", so
that asabove, K3(z%") 1 K(T,)# bfor someb. Thusin order to concludethat

P is random, we would needto know that K(T,) 1 2"# c for somec. The next
result shows that this is not possible,sincetrees are naturally compressible.

Theorem 5.2. For any tree T & {0,1}*, there are constants k > 0 and ¢ such
that K(T;) " 2°# 2% + ¢ for all £.
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Proof. For the full tree {0,1}*, this is clear so supposethat ¢ |/ T for some
o ! {0,1}™. Then for any level ¢ > m, there are 2™ possible nodes for
T which extend ¢ and T, may be uniformly computed from o and from the
characteristic function of 7} restricted to the remaining set of nodes. That is,
bPx o of length m and debnea prebx-freecomputer M as follows. The domain
of M is strings of the form 0¢1r where|r| = 2¢# 2¢~™. M outputs the standard
represenation of a tree 7, such that no extensionof ¢ is in Ty and suc that
tells uswhether strings not extending o arein Ty. It is clearthat M is prebx-free
and we have K,(T)) = £+ 1+ 20# 20=™, Thus K(T;) " ¢+ 1+ 2t# 26-m + ¢
for someconstart ¢. Now ¢+ 1 < 2¢=™~1 for su$ciently large ¢ and thus by
adjusting the constart ¢, we can obtain ¢’ sothat

K(T,)" 2'# 20-m 1+ ¢,
O

We might next conjecturethat K (7}) > 2¢=¢ is the right notion of prebx-free
randomness.However, classeswith small measureare more compressible.

Theorem 5.3. If u([T]) < 27F, then there exists ¢ such that, for all /,
K(T,) " 27k 1+ ¢

Proof. Supposethat ;([T]) < 2=*. Then for somelevel n, T, has < 2"~* nodes
o1,...,0. Now for any ¢ > n, T, can be computed from the bxedlist o4, ...,0;
and the list of nodesof T, taken from the at most 2~ extensionsof o1, ..., 0;.
It follows asin the proof of Theorem 5.2 above that for someconstart ¢ and all
l,

K(T)" 2%+ 0+ 1+ c.

Thus for large enoughsothat ¢+ 1" 2/=%, we have
K(Tp)" 27+ ¢,
as desired. 0

Note that if w([7]) = O, then for any k, there is a constart ¢ suc that
K(T;) " 2%+ ¢. But by Theorem 4, random closedsets have measurezero.
Thusif P is random, then it is not the casethat K (7)) 1 2" *.

Finally, we will construct an electiv ely closedset with not too much com-
pressibility. The standard example of a random real, ChaitinOs& [9], is a c.e.
real and therefore # 3. Thus there exists a # § random tree 7' and by Theorem
5.1,K(T;) 1 L'"# cfor somec. We have a more modest result for " ¢ classes.

Theorem 5.4. There is a " { class P = [T) such that K(T,) 1 n for all n.

Proof. Recall the universal prebx-freemachine U and let S = {¢ ! Dom(U) :
|U(0)] 1 21°!}. Then S is a c.e. set and can be enumerated as o;, 0, .... The
tree T =~ _T° where T is dePnedat stages. Initially we have 79 = {0, 1} *.

19



We say that o, requires attention at stages 1 ¢t whenr = U(o,) = T for some
n (sothat |7] = 2*) andn 1 |oy|. Action is taken by selectingsomepath p, ! T
of length n and dePningT**! to contain all nodesof 7 which do not extend p;.
Then 7 ¥ 75t and furthermore 7 ¥ T for any » 1 s+ 1 sincefuture action
will only remove more nodesfrom T,,.
At stages + 1, look for the leastt " s+ 1 sudc that o; requiresaction and
take the action described if there is such a t. Otherwise, let T5+! = T,
Let A be the set of ¢ such that action is ever taken on ¢;. Recall from
the Kraft Inequality that ,271°¢l < 1. Since |p;| 1 |oy|, it follows that
rea 277l < 1 aswell. Now p(7]) = 1# , 27/l > 0 and therefore [T
is nonempty.
It follows from the construction that for ead ¢, action is taken for o; at most
once.
Now suppose by way of contradiction that U(c) = T, for some o, with
o] " n. There must be somestager 1 t such that for all s 1 r, T = T,, and
such that action is never takenon any ¢’ < ¢ after stager. Then o, will require
action at stager + 1 which makes7” ! ¥ T, a cortradiction. O

6 Conclusions and Future Research

In this paper we have proposed a notion of randomnessfor closed sets and
derived seweral interesting properties of random closed sets. Random strong
" 5 classesexist but no " { classis random. A random closedset has measure
zero and box dimension log, %; it is perfect and hence uncountable. Results
on members of random closedsetsinclude the following. A random closedset
contains no f-c.e.elemerns, if f is polynomially bounded. Every random closed
set() contains arandom real, not every elemer of arandom closedsetis random
and every random real belongsto somerandom closedset. Furthermore, if Q is
strong # 9, then it cortains a random # 9 real and if T, is low, then @ cortains
a low random elemen. On the other hand we do not know the answer to the
following.

Problem 6.1. Does every random closed set with # 3 canonical code contain a
low random element?

We conjecture a negative answer. It is a well known fact that ewvery real is
computed by a random real. The corresponding question for treesis as follows.

Problem 6.2. Let A by an incomputable set. Is there a random closed set such
that all of its elements compute A?

We have examined the notion of compressibility for trees basedon the prepx-
free complexity of the nth level T,, of a tree. We showed that for any random
¢losedset (and hencefor somestrong " ; class),there exists ¢ sudh that K(7},) 1

& " # cfor all n. We constructed a " { class P = [T] sud) that K(7,,) 1 n

4’77,

for all n. It seemsa reasonableconjecture that if K(7,,) 1 5 = # c for all n,
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then the closedset [T7] is random. We would like to explore the notion that " ¢
classesare more compressiblethan arbitrary closedsets.

Other notions of randomnessmight also be considered. A general proba-
bility measurev; may be depnedon 3" from a function f:{0,1,2}* . [0,1]
such that i=0.1,2 f(c™i) = Lfor all o. The interval I(o) then hasvy-measure

n<lol f(c%n + 1)). We will say that v is a computable measureif f is com-

putable. The probability measurev is nonatomic if for any 2! 3%, v({z}) = 0.
The function f (and the corresponding measurevy) is bounded if there is an
upper bound b < 1 such that f(o) < b for all ¢! {0,1,2}*. It is easyto
seethat any bounded measureis nonatomic. If there exist constarts by, by, bo
strictly betweenO and 1, such that for all o, f(oc™¢) = b;, then we will say that
vy is regular. For any regular measure,we can depPnethe notion of a v-Martin-
Lef test and the resulting notion of a v-Martin-L-of -random (or just v-random)
real. It is easyto seethat v-random reals exist for any v and hencev-random
closedsetsexist. The results on ghost codesand joins will hold for any regular
measure. The corresponding version of Lemma 2.2 will hold if v is regular with
bo and by " % The proofs of Theorem 4.2 and Corollary 4.3, that no subsetof
a measure-zerd' { classis random, also go through under this assumption.

Someof the resultsin this paper may alsobe obtained for v where f(c™%) "
% for i = 0,1. For examplewith respectto v; a random closedset will have no
isolated elemeris and it will always cortain a random elemen. For any regular
measure, either the leftmost or the rightmost path will be nonrandom, since
either by + by > % or by + by > % The proof of Theorem 3.2 that every random
closedset has measure0 seemsto require, for v¢-randomnessthat f(c—2) " %
for all o.

Returning to the notion of randomnesswhich allows trees with dead ends,
let b3 now be the probability that a given node has no extensionsand let the
probability be regular as above. Then a simple recursion shows the probability
p of a given closedset being empty satisbesthe equation

p= b3+ (bo+ bi)p+ bop®.

Solving for p, we obtain
(p# 1)(b2p# b3) = 0.

Thus either p = 1 or p = lg—z It follows that if b, " b3, then p = 1, that is,
almost every closedset is empty. Supposenow that b3 < b, and let p,, be the
probability that a given tree T has no paths of length n. Then it can be seen

by induction that p, Z—Z for all n. That is, p; = b3 " b—z and then

b

Pn+1 = b3 + (1# bg# bg)pn + bgpn " Z—z
Hencein this case,the probability that a given closedset is empty is 2—3 < 1.
In this case,one could presumably develop a notion of a random tree and a
random closedset and explore the properties of random closedsets.

A real z is said to be K-trivial if K(2%) " K(n) + ¢ for somec. Much
interesting work has beendone on the K-trivial reals. Chaitin showed that if
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A is K-trivial, then A" 1 0’. Solovay constructed a noncomputable K-trivial
real. Downey, Hirschfeldt, Nies and Stephan [12] showved that no K-trivial real
is c.e. complete. The notion of a K-trivial closedset was introduced in [4]. It
was shawn in particular that every K-trivial classcontains a K-trivial member,
but there exist K-trivial " 7 classeswith no computable members.

The related notion of a random contin uous function wasintroducedin [3]. It
was shown that a random cortin uous function F on 2V cannot be computable,
sothat the graph of F' cannot be " { class. For any random F and computable
x, F'(z) is arandom real, however the image of F' neednot be a random closed
set. The authors can now show that the set of zeroes of a random cortinuous
function is a random closedset. Random Brownian motions have been studied
by Fouche [15] and are a special caseof random cortin uous functions on the real
line, which is another area of interest for further researd.
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