Harrington/Soare Glossary (A automorphisms)

Note that « is always a node on the tree T'. We consider the auto-
morphism to be induced by a map from w to w. Everything is correctly
hatted or unhatted in correspondence to which side it lives on, with
exception of the V sets, which are reversed. When we take the dual,
everything flips between being hatted or unhatted, except the U and V'
sets: U flips with V and U flips with V, so we preserve under duality
which player (RED or BLUE) is acting.

<p: a <g [ means, for a L 3, that at the point of first difference «
goes leftward of B: (Ja,b e w)(FTy e T)(vaCa&k vy bC & a<b).
For comparing infinite strings, the formal definition is “there exists a
finite initial segment such that...”

<ta<fifa<ppforacCpf.

<p: vy <p 1y if 09 = 07 and 79 C 7 (BLUE claims more 1% sets).
Do <p in if 6o C 6y and 7y = 7 (BLUE claims more U sets).

<gr: vy <g 1 if 09 € oy and 7 = 71 (RED claims more U sets).
vy <gin if 6o = 61 and 79 C 71 (RED claims more V sets).

U: for states, (J{v(a,04,7) i €1} = (a,0,7) for o = U{o; : 1 € I}
and 7 =U{r, i € I}.

1: a L f means o and 3 are incomparable: neither extends the other.
=<: 11 21y if 46 such that vy | 3 = 1.

I: v | B for an a-state vy and § C « is (3,01, 71), where 07 = g9 N
{0,...,e5} and 71 = 79N {0,...,é5}. For aset of a-states Cn, Co | 5 =
{v1p:vel,}

a(z, s): function giving location of ball = at end of stage s; € Sa(s,s)-
Dual: 7 € S'a(@’s).

a-ineligible: x (&) such that the true path at some stage s > x (s > )
lies to the left of a. Requires x & S,+ (T & S’Q,t) for all t > s.

a-legal: an enumeration of x by BLUE such that v(«,z,s) € M,,
x € Y, s, and the resulting state v(o, x,s + 1) € M, also. For a C f,

cofinitely many enumerations must be a-legal. This is guaranteed by
making sure « is M-consistent whenever a C f.

a-marked: refers to £ (or ﬁ), when it finishes a stage with all its entries
with first element o marked.

a-region: R, the w-balls in all pockets at and below a. R holds &-balls.

a-section: S,, the w-balls in a’s pocket. S holds &-balls.
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a-state: the state of z (), restricted by the length of a. Of the form
(a,0,7), where 0 C {0,...,e,} and 7 C {0,...,é,}. See v(a,z,s),
v, Z,s).

0;: for t < s at stage s, defined in order to get the next approximation
to the true path. Let 69 = A. Given d;, let v < s be the largest v such
that ¢, is a substring of f,. If §; has never been on the true path, let
v=0. Let a € T, o= = 0y, be <y-least (leftmost) such that C,, s # Ca
(the chip set has increased since the last time the true path could have
been through there). If such an « exists, let d;11 = «, and if not, let
Sttl — 5.

A-state: v_q, v_q.

V_1 = ﬁ,l = <>\, @, @>

v(a, z, s): the a-state of x at stage s. The triple (o, o(o, x, s), 7(ev, x, 5)).
Says what U and V sets z is in.

A

v(a, &, 8): the a-state of & at stage s. The triple (o, 6 (av, 2, 8), T(v, T, 8)).
Says what U and V sets 2 is in.

v (a,x,s): another a-state of x at stage s. The same as v(a,x,s)
except with the U, in the definition of o replaced by Z., s. Note
that only the final U is replaced by Z, so it is always the case that
vi(a,x,s) [ o~ =v(a,x,s).

oo, z,s) ={eg: B C a&eg>es- &x e Uy}t Every eg where we
considered a new U set and x was in it.

G(o,,8) ={ep: B Cak&es>es & i€ Us,} Every eg where we
considered a new U set and # was in it.

(o, x,s) = {ég: B C a&és>ég & o€V} Every és where we
considered a new V set and z was in it.

T(a,2,8) ={és: B Ca & éz>és- & & € Vss}. Every és where we
considered a new V set and z was in it.

B,: one piece of N,, containing the states v which « believes are
being emptied by BLUE (that is, the x’s with state v are having their
7(a, x, s) increased). Defined inductively: assume R, B,, R, and B,
have been defined for all ¥ C a. Define BS* = {v : v € M, & v |
a~ € By-}. Define B2 = 0 if |a] # 4 mod 5, and B = {v : i € R®}
otherwise (BLUE reacts to RED). Then B, = BS U B5®.

~

B,: one piece of N, containing the states © which « believes are
being emptied by BLUE (that is, the #’s with state © are having their
d(a,,s) increased). Defined inductively: assume R., B,, R, and B,



have been defined for all ¥ C . Define BS* = {i : i € I
a” € B,-}. Define B = 0 if |a| # 3 mod 5, and BY = {v : v € R%}
otherwise (BLUE reacts to RED). Then B, = BS U B5®.

BLUE: player 2. Controls U and V sets.

{Cq}aer: “chip sets”; sets such that o C f iff |C,| = oo (recall we are
working with all TT3 predicates).

consistent: a which is M-consistent and R-consistent (and C-consistent
if including the section 6 material). If « is inconsistent, it is a terminal
node on the tree 7T'.

eq: an index to spread out the U and U sets. Equals e, + 1 if |a| = 1
mod 5, e, otherwise.

é.: an index to spread out the V and V sets. Equals é,- + 1 if la] =2
mod 5, é,- otherwise.
S é)\ = —1.
Eo ={v:(3®2)(3s)[x € Sas — U{Sar:t < s} &v(a,z,s) =v]}. The
list of states well-visited by elements z when they first enter R,. Since
elements must enter R, via S,, this is the collection of states that an
infinite number of z’s have when they first appear in S,. &, C F,.
b ={v: (3°x)3s)[x € SE, —U{SE, 1 t < s} & v(a,2,8) = v}
Defined for k € {0, 1}.
f: the true path on the tree. Proved equal to liminf, f,, but defined by
induction on n as follows. If 3 = f | (n — 1) has been defined and is
consistent, then f | n is the < -least length-n extension « of J such
that the following hold:

(i) n=1mod 5 = M, = F; and k, = kJ

(ii)7152mod5:>./\;la:.7}5r and ko = kj

(i) n=3mod 5= Re={rv:veM,— (R*UBS*) & F(B,v)}
and BS = {0 :v € R%}

(iv)n=4mod 5= RE={v:0veM,— (R*UBS*) & F(B,v)}
and BY = {v: 0 e R%}

(v) unless specified above, M, R, Ba, and k, have the values Mg,
R, Bs, and kg, respectively.
fs: the stage s approximation to the true path. Defined to be d,, where
0, t < s, have been defined inductively from scratch at stage s.
Fo = {v: (3®2)(3s)[x € Ras & v(a,z,s) = v]}. The list of states
well-visited by elements x while they remain in R,. That is, all the

states an infinite number of elements x have at some time while they
are in R,, not just when they first appear. &, C F,. Furthermore,
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we wait to increase the a-state of elements x until given permission by
M., so (after some proof) F, C M,.

Fio={v:(@%2)3s)z €Y, ,&v*(a,x,5) =v]}, when eq > eo-. If
bo > o, Fro={viv € Fl}. Ifeg =eq and éy = é4, Fif = For.
Note that ]—";Z, although it is relevant to the node «, depends only on
sets built above «.

Fro={v:(3%2)(3s)[z € 5703_78 & v (a,x,s) = D]}, when é, > é,-. If
Co > €a, .7:";_ ={v:veF } Ife, =eo and é, = é,-, ]:“;r_ = Fo.
F(a™,v): the II3 predicate given by (Vz)[[x > [a7| & = € Y,-] =
v(a, z) # v]. Defined only for |o| = 3 mod 5. Is true or false depending
on whether |a~| witnesses to the non-well-residedness of v. Controls
Re. TI9 instead of X3 because we have fixed a™.

F(a,D): the II9 predicate given by (V2)[[# > o~ | & & € Y,-] =
v(a, ) # v]. Defined only for |o| = 4 mod 5. Is true or false depending
on whether |a~| witnesses to the non-well-residedness of ©. Controls
RY. 1Y instead of 33 because we have fixed a™.

he: a target function taking states to states. In the construction, it
must satisfy hq @ By — (Mg — Ba) and (Vv € B,)[v <p ha(v)].
Motivation is that we know x can leave any non-well-resided state (e.g.,
one in B,) for a C f; h gives a possible destination.

he: a target function taking states to states. In the construction, it
must satisfy h, : By — (My — Ba) and (Vo € Bo)[0 <p ha(9)].
Motivation is that we know & can leave any non-well-resided state (e.g.,
one in Ba) for a C f; h gives a possible destination.

initialize a node a: remove every x € S, (& € S'w), and put x into
Sk (& into Sh ) for B = a N fyq. That is, yank all the balls up into
the pocket where their location joins back to the true path.

k.: a marker for a such that only x > k, are allowed to enter Y,. We
allow any k, to be put on the tree and then eliminate from contention
for the true path any o whose k, doesn’t match our criterion: To be
on the true path, a must have k, = k:;l (only an issue if e, > e,- or

éa > €4-; €lse kT is defined that way).

kio=min {y: (Vo > y)(Vs)[[z € Y & vi(a,z,5) =] = n €
Fl}if eq > eq-. If é4 > é4-, the dual definition. If e, = e,- and
o = €a-, kI = k,~. Does not have a hatted version.

Ko = {1 : 2(F%2)[z € Y, & v(a,x) = 14]}. The set of non-well-
resided a-states. ¥, so approximated by N,.
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L: alist of elements of the form (a, 1), some of which are marked. £
is augmented with new elements beginning with o whenever it and L
finish a stage with all their entries with first element o marked (that
is, the lists are both a-marked).

~

L: a list of elements of the form (o, 1), some of which are marked. £
is augmented in the same manner as L.

m(a, s): how many times £ and £ have been a-marked by the end of
stage s. Does not have a hatted version.

M,: almost o’s “guess” at the true F, (really, a’s guess at F., so
that all children of a~ are guessing about the same set). Consists of
well-visited states. On the tree we will see as M, ’s all sets of states
which cannot be immediately discarded as incorrect, and any « such
that M, # F._ will be eliminated from contention for f. Note that

by definition, for all nodes o, Mo = {0 : v € M,}.

M-inconsistent: « such that e, > e,- and there exist a-states vy <p 11
such that vy € My, 1 [ a= € M-, but v; € M. That is, M, is
not large enough with respect to <p: there is a state which could
be reached in one BLUE move, but it is not available in M,. M-
consistency ensures cofinitely many BLUE enumerations at « will be
a-legal, a necessary condition for o C f.

N,: a II3 approximation to the set K, of non-well-resided states. Di-
vided into the disjoint union of R, and B,,.

non-well-resided: an infinite number of balls (elements) enter the state,
but a cofinite number then leave again. 3.

provably incorrect: « such that (3z)(3s)[x € Yo & v(a, x,s) € M,].
If that statement is true, « is provably incorrect for all stages ¢t > s, and
kept off the true path (basically works by showing we have a witness
that k, is wrong).

Ra: one piece of N, containing the states v which « believes are being
emptied by RED (that is, the 2’s with state v are having their o(«, z, s)
increased). Defined inductively: assume R.,, B,, 7@7 and l’;’7 have been
defined for all v C . Define R5* ={r:ve M, & v | a € R, }
(note this depends only on nodes up to a™). Define R® = () if |a| £ 3
mod 5; it might be nonempty otherwise. In particular, for a C f,
Re={v:ve My—(R*UB5Y) & F(a~,v)}. Then R, = RILURS™.
Ra: one piece of N, containing the states © which « believes are being
emptied by RED (that is, the Z’s with state v are having their 7(«, Z, s)
increased). Defined inductively: assume R, B,, 7@7 and l’;’,y have been
defined for all ¥ C a. Define RS® = {0 : 0 e Mg & 0 | o € Ry}
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(note this depends only on nodes up to o). Define R2 = ) if |a| # 4
mod 5; it might be nonempty otherwise. In particular, for a C f,
RE={0:0 € My—(RCUBSY) & F(a™,7)}. Then R, = RELURI.
R-consistent: « such that (Vg € Ra)(T)[vo <r v1 & 1y € M,].
Another closure property of M,: if « thinks 1 is non-well-resided and
emptied by RED, it must also see a state the elements with state vy
could get to via RED moves.

R,s={z:a(z,s) D a}; R, is all the w-balls at and below node «a. Is
emptied at the end of stage s for any « such that f, < «a.

Ras = {&:a(#,s) D a}; R, is all the &-balls at and below node a. Is
emptied at the end of stage s for any « such that f, < a.

R, ,={r:zeS. or(IyDa)zes,,}
RED: player 1. Controls U and V sets.

Sas = {2 a(z,s) = a}; S, is the pocket at node a and holds finitely-
many w-balls at one time.

Sas = {#: a(#,s) = a}; S, is the pocket at node a and holds finitely-
many w-balls at one time.

S9 4 a subsection of Sg, consisting of elements which may be ap-
pointed as a-witnesses.

S} ¢ asubsection of S, ,, consisting of elements which are available to
be moved into S, for any v D a.

T': the tree used in the construction, considered by coding to be a subset
of w<¥. Defined inductively: A\ € T’; we have M = Ry = By = 0) and
ky =ex=¢éy=—-1. If €T, put @« = 3 (My,Ra,Ba, ko) in T
provided it meets the following conditions:

(i) B is consistent.

(ii) alsasetofozstates Ra,Bo € My; RaNB, =0.

(iii) My | B = Mp.

(iv) (eq ea &ey=¢é4-) = M, = Ms.

(V) R C Ry; BS“ C B,.

(v 1)Ra7é(2):>|a|_3mod5 B # 0 = |a| =4 mod 5.

target function: see h,,.

vo: for a C f, a stage such that any x which is in R, after stage v,
never leaves. Also has the properties that for s > v,, fs €1 «, and no
B <r « acts at stage s, S0 Yoo s = Yoqo. Defined in Lemma 5.4(v).

well-visited: an infinite number of balls (elements) enter the state, but
do not necessarily stay. II9.
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Yos = U{Ra: : t < s}; Y, is every w-ball which ever enters a pocket
at or below node « (so Y, is every ball on the machine). Finite for all
o <y, f
Y2, = U{RL, £ < s},

= U{Y;; ) <y Oz}
Z.,, =, Ze,s- A slowed-down approximation to U,. Defined only for
« such that e, > e,-.
Z .= U, ZAéays. A slowed-down approximation to V,. Defined only for
a such that é, > é,-.
Zepsi1 ={z:2€U 1 & el }

1
Zosn={r:xeVi a&re Ya,’s}.
A N A "1
6%5“ ={t:2 €U s &T€Y, }.
A ~ 1
emsﬂ ={2:2€ Vs &€ Yais}.

Appendix 1: How do z’s move?
On the tree:
Step 1: can move z from R!_
Step 2: can move x from S;_;s to S}

Step 11C: can pull z up from the right into Sé where (3 is the
juncture of the original path with the true path

Step 11E: can put z into Y, if  has never been on the machine
before

into gk mod 2

In the c.e. sets:
Step 1: can enumerate  into U, 41 if 4 > €,-, or into Vwﬂ if
o > €4- (RED or BLUE enumeration)
Step 3: can enumerate x into ‘7(575+1 for 0 C « such that es € 7
(BLUE enumeration)
Step 4: can enumerate x into U, s4+1 (RED enumeration)

Step 5: can enumerate x into ‘/\/5754,1 for 6 C « such that é5 > é;5-
and e; € ;1 — 79 (BLUE enumeration)
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Appendix 2: What happens at different |a|’s (mod 5)?

(1) consider one new U set (make sure a C f = U, =*U,,)
Ve, Va undefined
€a = €a— T 1, € = €4-
Re =B =0,Rs=8=10
(2) consider one new V' set (make sure a C f =V, =*V,))
Uy, Ua undefined
Ca = €a—y q = €o— + 1
Ro =B =0, Ry =85=10
(3) consider new a-states v which might be non-well-resided on Y,
Uy, ﬁa, Ve, Va undefined
€a = Ca—y Co = €
M,y = M-, define F(a~,v), allow R® # 0, define B* =
{v:veR:}
Ry =By =10
(4) consider new a-states © which might be non-well-resided on Ve
Uy, Ua, Va, Va undefined
€a = €a—y o = €
Re=B2=10
allow R2 # 0, define B = {v: 0 € R}
(5) U, Uy, Vi, Vi undefined
€ = €a—s €q = o

Ro =B =0, Ry =85 =10



