LOWNESS AND 9 NULLSETS
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Abstra ct. We prove that there exists a noncomputable c.e. real which is low
for weak 2-randomness, a de nition of randomness due to Kurtz, and that all
reals which are low for weak 2-randomness are low for Martin-Le of randomness.

1. Intr oduction

In this paper we are concernedwith a concept of randomnessdue to Kurtz in
his thesis[7]. Instead of de ning randomnessas avoidance of measure-zercsets, as
in the work of Martin-Leof, Kurtz de ned it in terms of membership in measure-
one sets, an idea of having all typical properties rather than lacking all special
properties.!

Denition 1.1 (Kurtz [7]). A real is weakly n-random (w-n-random, Kurtz
n-random) if it is a memker of all ¢ classesof measure one.

The name re ects that in the n = 1 casethis is a weaker condition than
Martin-Leof randomness. In fact, weak (n + 1)-randomnessimplies n-randomness
(the relativization of Martin-Leof randomness)and n-randomnessimplies weak n-
randomness,and neither converseholds. Note that Gaifman and Snir's de nition of

n-randomness[4], made independertly, is the sameas weak n-randomnesswhen
restricted to the appropriate languageand coin-toss probability. They give a simi-
larly broadenedversion of Martin-Leof randomness,and state that the relationship
above betweenthe two holds for the fully generalde nitions.

The work of Downey, Griths and Reid [1], of Kurtz and of Jockusch in [7] exten-
sively explorescharacterizations of w-1-randomness,Turing degreesof w-1-random
reals, and reals which are low for w-1-randomness(de ned below). Howewver, w-n-
randomnessis lesswell-studied, with the primary results in the thesesof Kurtz [7]
and later Kautz [5] and Wang [14].

This paper is concernedwith weak2-randomnesswhich perhapsshould be called
strong 1-randomness since it seemsthe rst level in the Kurtz hierarchy where
typical randomnessbehavior occurs. From the de nition above will be weakly
2-randomii isin all 9 classesof measurel.
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lwe usereal to mean an elemert of Cantor space, 2 . This spaceis equipped with the usual
topology with the basis of clopen sets[ ] = f 22 & 2 2 g, with Lebesgue measure

(p=2 1
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An equivalert de nition isto say isweakly 2-randomi  avoidsall 9 nullsets.
Compare this to Martin-Leof randomness,which is equivalert to avoiding all 9
nullsets with e ectiv e convergence.

Martin-Leof randomnessis su cien tly weak to allow for quite \nonrandom" be-
havior. For example, Kuceraand Gacsshowed that every real is computable from
a Martin-Leof random real. Also from their work it followsthat every Turing degree
above 0° cortains a Martin-Leof random real. On the other hand, Frank Stephan
[13] showed that if a degreeis Martin-Leof random and is su cien tly powerful to
be able to compute a f0; 1g-valued xed point free function (i.e., it is PA) then
it must be above 0°. Thus, sudh reals are quite atypical random reals, which in
generalmust have low computational power. Similarly Sadks [12] showed that if A
is noncomputablethen (fB : A t Bg= 0. We would expect no real that was
random relative to A to be above A in the Turing degrees.Again fB : A 1 Bgis
a %-nullset (by Sadks's Theorem) and henceif B is weakly 2-random relative to
A, then A 6 1 B; aswe would expect.

We prove that in fact if A is weakly 2-random then the Turing degreeof A and
0°%form a minimal pair. However, the main thrust of the presert paper is to explore
lownessfor weak 2-randomness.This is especially interesting in that if a real A is
low for weak 1-randomnessif meansthat A is hyperimmune free, whereasif A is
low for Martin-Leof randomnessthen A must be of low Turing degree.

We prove that there indeed do exist reals that are low for weak 2-randomness.
Indeedthere are computably enumerable setswhich are low for weak 2-randomness.
Tednically this is much more demandingthan the result for Martin-Leof randomness
sincea consequencef the rst result shavsthat there are no universal 9 nullsets.
As our nal result we provethat if A is low for weak 2-randomnesshen A is low for
Martin-Leof randomness. We leave open the question whether they are the same,
but conjecture they are not. We remark that there are a number of other possible
proper subclassesof the low for Martin-Leof random reals, such as the reals which
are Martin-Leof non-cuppablereals (Nies [11]), and the strongly jump traceablereals
(Figueira, Nies, Stephan [3]). We believe that these classesare all related.

2. Preliminaries
We recall the de nition of Martin-Leof randomness.

De nition 2.1 (Martin-Leof [8]). A Martin-Leof test (ML test) is a computable
seguene of c.e. open sets{-Ungnzg such that for all n, (Up) 2" A real
passessucha testif 62 | U,; is Martin-Leof random (also 1-random) if it
passesall ML tests.

We have stated that weak 2-randomnessis equivalert to avoidanceof 9 nullsets,
whosede nition is below. For any n, weak n-randomnessmay be characterizedin
terms of exclusion from nullsets; we give the de nition only for n = 2 and refer to
the forthcoming book by Downey and Hirschfeldt [2] for the full version.

De nition  2.2. A generalizedMartin-Leof test (GML test) is a J nullset. That
is, a computablesequene of c.e. open setsfU, 0,21 suchthat U,  Up4y for all n
and lim, (Up) = 0. In other words it is a Martin-Leof test without the restriction
on speed of convemgene.

Theorem 2.3 (Kautz [5], Wang [14], after Kurtz [7]). A real is weakly 2-random
i it passesall GML tests.
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For the proof of Theorem 2.3, seeDowney and Hirschfeldt [2]. Relative random-
nessis obtained in the usual way, by adding an oracleto the tests.

We next show that the w-2-random degreesare not 9. In fact, ead forms a
minimal pair with 0% and as a consequenceve obtain the result that there is no
universal GML test.?

Theorem 2.4. Each weakly 2-random degree forms a minimal pair with 0°.

Proof. Supposenot, sothere is a non-computable 9 setZ and a weakly 2-random
setA sothat Z = 4. SinceZ is 9, there is an e ectiv e approximation Z[s] so
that limg Z(n)[s] = Z(n) for all n. De ne

Se = £Xj(8n)(8s)(9t > s)( & (N)[t] #= Z(n)[t])g:
Seis 9andA 2 S.. SinceA is weakly 2-random, (S) > 0. Thusthere is a nite

set 2% and an opensetU = V sothat
2

(U\ So) > 2 (U):
To e ectiv ely compute Z (n), we simply needto seard for a nite set 2<" with

([ V)>% (U) and [ vV U
2 2
sothat for any o; 12 ,
C(n)#= (n) #:
Then Z(n) = °(n). Thus Z is computable, contradiction.

Corollary 2.5. There is no universal GML test.

Proof. Supposethere is a universal GML test. Then there is a non-empty ¢ class
cortaining only weakly 2-random reals. Then, by the Kreisel Basis Theorem, there
is a weakly 2-random set computed by 0°. This cortradicts Theorem 2.4.

A noncomputablesetA is low for a conceptof randomnessif all random realsare
random relative to A. A stronger condition, meaningful for randomnessconcepts
de ned by passingtests, is for A to be low for tests Suc an A producesoracletests
which are individually covered by non-oracletesfs; that is,.For every test fU  gn21 ,
there is a non-oracle test f8,gn>: sud that n UnA n ©,. It is a uniform
version of, and implies, \low for random." There is no de nition of randomness
where the two versionsof lownessare known to di er, though the questionis open
in sewral cases.In particular, for Martin-Leof randomnessthe two are equivalent
and for weak 2-randomnessthe equivalenceis open.

2Denis Hirschfeldt (personal communication to Downey) has shown that if fU, :n2 ! gisa
generalized Martin-Le of test, then there is a computably enumerable noncomputable set B such
that B 1 A for every Martin-Ls of random set A 2 \ Un. A corollary to this and our theorem is
that A real A is weakly 2-random i A is 1-random and its degree forms a minimal pair with 0.
The proof of Hirschfeldt's theorem is not dicult (but it is clever). We dene c(n;s) = (Un)[s],
here assuming that tests are nested and each U, is presented by an antichain. We put x into
B[s] if We\ B = ;[s], x 2 We[s] and c(x;s) < 2 €. We dene a functional as follows. If

2 Up; at s, declare  (n) = B(n)[s]: Finally we will dene a Solovay test by saying that if
X 2 Bat s; put Ux[s] into S. Then oneveries (i) (S) 1 (since we use the cost function 2 €),
(i) B is noncomputable as (Un)! 0, obtaining that if A 2 \ U, and A is 1-random, then since
A will avoid S, A = B.
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3. There is a low for w-2-random

While it is possibleto computably list exactly the Martin-Leof tests, it is not
possibleto do the samewith GML tests. Any sud list will include sequenceof
nestedsetswhosemeasuredoesnot limit to zero. We will let f Ue.n gne2r denotea
canonical list of all potential (oracle) GML tests, where the measureof ead Ue:
is lessthan % and for every e;n, Uen+1  Uen.

Theorem 3.1. There is a noncomputablelow for weakly 2-random c.e. real.

Proof. We build a setA which is low for weak 2-random tests. As above, let f U2, g
be a canonicallist of all potential oracle GML tests. We will build a simple c.e. set
A and sequenced @e;,Tg (not de.Pendert on A) witnessing the lownessof A. That

is, for all eweensure |, 8. n Ué*;n, and if the latter is a GML test the former
is aswell. T T
Let W; be an enumeration of all c.e. sets. The containment Uén n Ben

will beimplicit in the construction. For the rest, we have the following requiremerts.

Ps : ijj:! ) Wi\ A6 ;:
Re: lime (US)=0) Ilimg (8ex)= 0

We meetR, by selectingvaluesn(e;k) indexing a subsequencef Uék and setting

Benex) = s Uén(e:k)[s], where setswith indicesi, n(e;k) <i n(e;k + 1), are
equal to the set of index n(e;k). The intention is that UQn(e;k) is the rst set of

the e potential GML test to have measurelessthan 2 . Of course, since the
construction is dynamic, we will have to guessthe subsequenceand will often be
incorrect. Hencein realgy n(e;k) = limgn(e;k;s) and setsmay have more content
than simply the union ~  UZ, o [s]. We will ensurethat if fUZ, ko1 is truly a
GML test, the limit n(e;k) will exist and (therefore) the additional cortent will be
bounded.

Howewer, that is not all of the dicult y. If changesto A cause Uén(e;k) to

enumerate and then remove too much measure,setting Be.nex) = Uén(e:k)[s]

may prohibit limy, (8ek) = 0. Likewise,temporary addition of measureto Uén(e;k)

may lead us to believe falsely that Uén(e;k) is not the rst set of measurelessthan
2 X and de ne n(e;k;s+ 1) 6 n(e;k;s). Finitely often that is not a problem, but
if it occursin nitely often limg n(e;k; s) will fail to exist.

We answer both di culties by splitting Re into subrequiremerts.

Reica © [N(erk) dened with  (8anesy) < 28 K] _ [ (UAy) 2 ]

For a xed e;k, meeting these requiremerts means either n(e;k) is evertually
dened or (8 n) [ (UL,) 2 *> 0], and hencef U2, gis not atest. To meetRexd
we restrain enumeration into A. The requiremenrts which are still attempting to
de ne n(e;k) will not actively impose restraint; ead P; requiremert will have
restrictions on its erumeration into A that without injury will keep (8en(ex)) <
2! . Those Rexa Which see (Ufy) 2 * at stages will attempt to keepthe
measurehigh by imposing restraint r(e;k;d;s) = s with priority he;k;di. For all
he;k;di, r(e;k;d;0) = 0.
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After Kuceraand Terwijn [6], we de ne
[
(y;ekis) = f[ 1:y<u( L As;rein(ek;s)i;s)g ;

the measureof the part of Uén(e:k)[s] which hasy below its use (we follow the
convertion that all usesare bounded by the current stageof the construction). The
requiremert P; requires attention with witness x at stages if Wr.s \ As = ; and
there is somex > 2f in W; .5 sud that

(x; e;k;s) < 2k*T+D) for all he;ki < f

and
X > r(e;k;d;s) for all he;k;di < f:

Construction
Set the convertion that at stages only Uék with e;k s are nonempty. Set
B0 = ; and n(e;k;0) = k for all e;k. To re-index with n(e;k;s+ 1) = m means
to setn(e;k+i;s+ 1)=m+ifori 0Oandn(e;j; s+ 1) = n(e;j; s) forj < k.
Stages:
Step 1. If any P; requiresattention, pick the highest-priority such and least withess
x and let Agy; = Ag[ fxg.
Step 2. For ead e do the following:
(i) If there are k;d such that (UZy[sl) 2 ¥ but (U2yls 1]) < 2 ¥, set
r(e;k;d;s+ 1) = s.
(ii) If (i) occurredfor somek;d pair such that d n(e;k;s) or if there is a k such
that Be.n (o) [S] > 21 ¥ pick the least sudh k and re-index with n(e;k;s+ 1) =
s+ 1.
Step 3. For any value which has not beenexplicitly reset, let the §tages+ 1 value
be the sameasthe stages value. Let 8¢, e[S+ 1]1= B (e [S] UQn(e;k)[s+ 1].

Veri cation
Lemma 3.2. All r(e;k;d) = limsr(e;k;d;s) exist.

Proof. Supposer(e%k®%d9 exists for all he%k%d% < he;k;di, and stages is suc
that all those limits have beenattained and all requiremerts Ps with f  he;k; di
have stopped acting (s exists becauseevery P; acts at most once).

If (Uéd[s]) 2 X, then (if not set already) r(e;k;d) will be set at stages+ 1
and newer injured. Likewiseif (UQd) should becometoo large at a later stage. If

(Uéd) < 2 K for all stagess® s, then r(e;k;d) is never reset after stages and
has reached its limit.

Lemma 3.3. If lim, (Uén) = 0, then for all k, n(e;k;s) hasa nite limit.
Proof. Suppose the lemma does not hold for e, and x someleast k such that
n(e;k;s) doesnot have a nite limit. Sincewe only resetn(e;k;s) when either

i) (Uyeolsh 2 “or

(i)  (Cen(emyls) 2 K,
at least one of these must happen in nitely often.

Assumen(e;k; s) is resetbecauseof (i) in nitely often. We claim lim, (Uén)
2 k. BecauseUQn U§n+1 for all n, every time (i) occurs any setsof index less
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than the current n(e;k) must also have measureat least2 . Let UQd be any suct
set. Further enumerations into A may cause (Uéd) to drop below 2 ¥ again, but
by assumptionit will later grow back. Sinceevery time (Ué*;d) grows from below
2 X to above r(e;k;d) is reset, by Lemma 3.2 it must happen only nitely many
times for any xed d. Therefore all (Uén) evertually grow to at least2 ¥ and
stay there.

We will show that if (i) happensonly nitely often, sodoes(ii). If all instances
of (i) have passedat stages, then r(e;k;d) ford s will never be changedagain.
Only nitely-man y sud restraints will have beensetto a nonzerovalue. Let d° be
the rst d suc that r(e;k;d) = 0 permanertly. By choice of k to be minimal, all
n(e;k%s) with k%< k will reach a limit; let s be a stagesuc that those limits have
beenreached, all instancesof (i) have passed,and all P; with f  he;k;d% have
stoppedacting. Weclaim n(e;k) canchangeat most oncemore after stages. It may
be that actions from above have increasedthe measureof 8¢, (cx)[S] su cien tly
that evenobeying restraint, the actions of lower-priority P; requiremerts push that
measureto at least2 ¥. However, at such a stages®, n(e;k) will be resetto s°+ 1;
UQSO+l is empty at stage s and by assumption has measurelessthan 2 X at all

stagesthereafter. The total injury to 8e.n(ex) by lower-priority P; will belessthan

2 (kxi+l) = 5 k.
i=0

SO (Ben(ex)) < 2 K+ 2 k=21 K and (i) never happensagain.

Corollary 3.4. All Rek:q are satis ed, and thus all R are satis ed.

Lemma 3.5. All P; are satis ed.

Proof. SupposeW:; is in nite. Sinceby Lemma 3.2 all restraints r(e;k; d) reach a
nite limit, and Ps needrespect only nitely many sud restraints, there will be
X 2 Ws respecting all sud restraints aswell asthe requiremert that x > 2f .

We must shaw there will evertually be an eligible x with  (x; e;k;s) < 2(k*f+1)
for all he;ki < f. Note that there are only nitely many intervals with sizeat least
2(k+T+1) | soif each has bounded usewithin ead U2, , the maximum of those uses
will be nite and all large enoughx will satisfy the restraint. Therefore the only
potential problemis if for some with [ ] 2(*7*D  the computation\ 2 UZ,"
is broken and reformed in nitely many times, ead time with a usehigher than all
elemens enumerated into W; in the meartime. However, only requiremerts Pso
with f °< f may be allowedto break a computation for , and there areonly nitely
many of them. Therefore all the usesreach a nite limit and P; will eventually be
allowed to act.

As A is clearly c.e., this completesthe proof of Theorem 3.1.

4. Each low for w-2-random is low for ML-random

Given multiple de nitions of randomness,their relationship to ead other is of
interest. In particular, if C D are sets of reals random with respect to two
di erent notions of randomness,we can ask whether the realslow for those notions
have the samecontainment relationship. One meansof approacding that question
is by considering lownessfor the pair C,D. Sincerelativizing D usually makesit
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smaller, one would expect that in generalC6 DA ewenif C D. The following
classconsistsof the setsA for which the inclusion still holds.

De niton  4.1. A setA isin Low(C,D) if C DA.

Clearly,if C € B D arerandomnessnotions, then Low(€, B) Low(C,D).
That is, we make the classLow(C; D) larger by decreasingC or increasingD. Note
that Low(C; D) always contains Low(D), the set of reals low for the randomness
notion D.

Let MLRand W2Rand denote the classesof ML-random and weakly 2-random
sets, respectively.

Theorem 4.2. Low(W2Rand MLRand = Low(MLRand. In other words, if each
weakly 2 randomis ML-randomrelativeto A, then A is in fact low for ML-r andom.

Since every ML test is a GML test, W2Rand  MLRand" for any A. Thus
having A 2 Low(W2Rang Low(MLRand would contradict Theorem 4.2 and a
corollary to the theorem is that every real which is low for w-2-random is low for
ML-random. Note that here we meanthe broader notion of low for random, rather
than the (possibly) more restrictiv e low for tests.

We begin with seweral preliminaries, including a simple criterion for being non-
ML-random due to Merkle (see[10Q)).

Lemma 4.3. If Z = z9z12,::: whee K (z) jzj 1foreachi,thenZ 62MLRand

We also use a characterization of Low(MLRand due to Nies and Stephan (see
[9, Thm 3.3], or [10]).

Theorem 4.4, A is low for ML-randomnessi

(41) 9Rce.open( (Ry<1” 8z22% [KA2) jzi 1) [z1 R]:
We will usea consequencef the failure of (4.1). For an opensetV and a string

w, the conditional measure (V jw) is 2% (V\ [w]).

Claim 4.5. Supmse (4.1) fails for A. Let ; berationals suchthat < < 1.
For each c.e. open setV and each string w, if (V jw) , then there is z such
that KA(z) jzj 1and (Vjwz)

Proof. Supposethat no such z exists, and considerthe c.e. set of strings
G=fz: (Vjwz)> g

Whenewer KA(z) jzj 1thenz2 G. Let R bethe c.e.open set generatedby
G. Note that z0;z12 G )S z 2 G. Soif (z)in is alisting of the minimal strings
iNnG(N 1) thenR= . [z]

Now X o
(Vjw) 282l (Vijwz)  (R)
i<N
Thusl1> = R and (4.1) holds, contradiction.

Proof of Theorem 4.2. Supposethat A is not low for ML-random. Thus the hy-
pothesis of Claim 4.5 is satis ed. We show that W2Rand MLRand" fails, by
building a set Z 2 W2Randthat is not ML-random relative to A. We de ne (non-
e ectiv ely) a sequenceof strings zp;z1;::: sud that KA(z) jzj 1 and let
Z = 70217 ::, sothat Z is not ML-random relativeto A by Lemma 4.3 relativized
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to A. Asin x3let fUe:nGe:n21 be an enumeration of all potential GML tests. For
Z 2 W2Rand for eadh actual GML test f Ue.n g we de ne a number ne and ensure

Z 62, . At the beginning of Step e, zp;:::;2e 1 have beende ned, and we let
Ve = Uin,;
i<e
n; de ned
and We = z9:::Ze 1. We ensureinductiv ely that
4.2) (MejWe) oe=1 2%

In particular, since (Vejwe) < 1, [we] 6 Ve for eadh e. Sincethe V. are open
and nested, Ve Ves1 for all e, this is sucient to give Z 62U, whenewer
fUeng is a test, as required. To seethis, note that Z 2 Ue.,, requires some
initial segmen wy, Z besud that [Wy] Uen, (WLOG and in fact necessarily
m > ng). However, our guarantee of [Wmn+1] 6 Vim+1, Wm+1 Wn, contradicts
Wm] Uen. Vm+1,S0Z 62Uen,.

Note that wy is the empty string and Vp = ;, sothat (4.2) holds for e= 0.

Step e 0. If fUengn2r is not a test (i.e., lim, (Ue;n) 6 0), then leave ne
unde ned. Otherwise, choosene so large that

(Ugpn,) 20 Wel & 2

In particular, (Uen, jwe) 2 (&2,
Then letting Ve+s1 = Ve[ Uen,, we get

(Ver1 jWe) e+2 D =1 242 (&2 <1

Applying Claim 4.5t0 V = Ves3 , W= We, = ¢+ 2 ¢ and = &1 >
there is z = zo such that KA(z) jzj land (Ver1 | WeZ) e+1 . Thus (4.2)
holds for e+ 1.
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