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Hypothesis H (Schinzel, 1958). Suppose that
f1(T), ..., fr(T) are irreducible polynomials in
Z[T] and that there is no prime p for which the
congruence

filn)f2(n)--- fr(n) =0 (mod p)

holds for every integer n. Then there are in-
finitely many positive integers n for which

fi(n), ..., fr(n)

are simultaneously prime.



Hypothesis H for F,[u]. Suppose that f1(T),
..., fr(T) areirreducible polynomials in F4[u][T]
and that there is no prime © € Fy[u] for which
the congruence

f1(g)f2(g)--- fr(g) =0 (mod )

holds for every g € Fqylu]. Then there are in-
finitely many g € Fq[u] for which

f1(g),..., fr(g)

are simultaneously irreducible in Fg[u].

This is false: over any Fg, it can be shown that
the polynomial

T4q _I_ u2q— 1

satisfies the local conditions but has no prime
specializations at all.



History

J. Cherly (1978) proved: Let F,; be the finite
field with g elements.

e if ¢ > 2 and a € F}, then infinitely often
f, f + «a have at most four prime factors as
f runs over Fglu]

e if ¢ =3 (mod 4), then infinitely often f241
has at most six prime factors

Twin prime polynomials were again looked at
by Effinger, Hicks & Mullen (2002).



Recent Progress

Theorem (C. Hall, 2003). If ¢ > 3, then in-
finitely often f, f + 1 are simultaneously prime
as f ranges over Fglu].

Theorem (P., 2004).Ifq > 2 and o € F};, then
infinitely often f, f+a are simultaneously prime
as f ranges over Flu].

Theorem (P., 2006). If ¢ = 3 (mod 4), then
infinitely often 2+ 1 is irreducible as f ranges
over Fqlu].

Common feature: all these cases correspond
to polynomials purely in T



Hypothesis H for Polynomials with F, Co-
efficients. Suppose f1,..., fr areirreducible poly-
nomials in Fy[T]| satisfying the local admissibil-
ity condition of the polynomial Hypothesis H.
Then there are infinitely many substitutions

T — g(T)

which preserve the simultaneous irreducibility
of the f;.



Main Theorem (P., 2006). Suppose f1,..., fr
are irreducible polynomials in ¥4[T]. Then there
are infinitely many substitutions

T g(T)

which leave the f; simultaneously irreducible
provided q is sufficiently large, depending only
on r and the degrees of the f;.

Example: the single polynomial T2 + 1.



Lemma. Let f(T) be an irreducible polynomial
over Fy of degree d. Let a be a root of f inside
the splitting field qu of f. Ifl is an odd prime
for which o is not an lth power in qu, then
each of the substitutions

T—T" k=123,

preserves the irreducibility of f.



Example: Twin Prime Polynomials over F3

Begin with the twin prime pair
> -T+1, T3-T+2.

The splitting field of both polynomials is Fss.
Neither polynomial has a root which is a 13th
power in F33, and soO

k k k k
7313F _p13h g 313k 13k 5

is a twin prime pair for each k. =1,2,....



Proof of the Main Theorem when r =1

Let f be an irreducible polynomial over Fq, of
degree d. Want that if ¢ is large (depending on
d), then there are infinitely many substitutions

T — g(T)
that leave f irreducible.

Strategy: If lemma applies to f(T), done. Else
apply the Lemma to f(T — ) for some g € Fy.

Fix an odd prime [ dividing q — 1. Suffices to
produce g € F, for which

a + B is not an [th power in qu.



Let ¥ be a multiplicative character of qu of
order [. If o + @ is an [th power for every
B € Fq, then

> x(a+8)|>q-1.

BeF,

But according to an estimate for incomplete
character sums found in a paper of Wan, the
left hand side above is

and this is a contradiction for large q.
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