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Computing the M&bius function (e, y)

-1

The Mobius function is defined by u(z,z) =1 and

> wplz,t)=0 ifz<y

Tty



2134

213 123

12

1(12,2134) =1

Some examples
132
/N
12 21
V4
1
\

0

1(0,132) =0

461

532

I

35142 41532 51432

/N

2413 2431 31

VA

42 4132 1432

N

/

132

(132,461

532) = —2



316254

P :
15243 25143 21543
4132 1432
321

Theorem (Philip Hall): The M&bius function of P is given
by 3, (—1)'C;, where C; is the number of chains of length i
in P that contain both the minimal and maximal elements.
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P :
15243 25143 21543
Chain of
length 3
4132 1432
321

Theorem (Philip Hall): The M&bius function of P is given
by 3, (—1)'C;, where C; is the number of chains of length i
in P that contain both the minimal and maximal elements.
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P :
15243 25143 21543
4132 1432 Chain of
length 2
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Theorem (Philip Hall): The M&bius function of P is given
by 3, (—1)'C;, where C; is the number of chains of length i
in P that contain both the minimal and maximal elements.



A permutation is decomposable if it is the direct sum of
two or more (nonempty) permutations:
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A permutation is decomposable if it is the direct sum of
two or more (nonempty) permutations:

312 46 5
312465 = 312
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A permutation is decomposable if it is the direct sum of
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A permutation is decomposable if it is the direct sum of
two or more (nonempty) permutations:

312 46 5
312465 =312 1 21
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A permutation is decomposable if it is the direct sum of
two or more (nonempty) permutations:

312 4 6 5 34 1 2
312465 =312 1 21 Indecomposable



A permutation is decomposable if it is the direct sum of
two or more (nonempty) permutations:

([
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o o
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312 4 6 5 34 1 2
312465 =312 1 21 Indecomposable

We write m =11 & @ --- @ mp only if each m; is indecomposable
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Let o =01 Do B --- P om

and

T=m1 DD Dy
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Llet o =01 B0 ®---Pom and

Let 7o, = M4 1 O mig0 @ - - D1y

T=m1 D7D - Dmn

etc. for m>;,054,0>;

18



lLlet o =01 Por®---Pom anNd Tm=m1PmD:---D M

Let 7o, = 41 @ g0 @ - - D etc. for m>;, 054,03

First Recurrence: Let /7 >0 and k£ > 1 be maximal so that

01 =0p=---=o0py=1 and 7wy =7 =---=m. = 1. Then
(0 if ¢ <k—2
w(o, ™) =« — (oK, T>§) ifl=k—1
\p(osk Tsg) — plosg, k) T L2k
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lLlet o =01 Por®---Pom anNd Tm=m1PmD:---D M

Let 7o, = 41 @ g0 @ - - D etc. for m>;, 054,03

First Recurrence: Let /7 >0 and k£ > 1 be maximal so that

01 =0p=---=o0py=1 and 7wy =7 =---=m. = 1. Then
(0 if ¢ <k—2
w(o, ™) =« — (oK, T>§) ifl=k—1
\p(osk Tsg) — plosg, k) T L2k

Example:

1(132,1237564) = 0

1(132,126453) = —pu(21,4231) = -2

1(132,13524) = pu(21,2413)—u(132,2413) =3—(-1) =4
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Main Theorem: Suppose w1 = 1. Let £ > 1 be maximal

so that m{ = = --- = m,. Then

m k
p(o,m) = Z Z M(Ugiaﬁl)ﬂ(0>iaﬁ>j)
i=145=1
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Main Theorem: Suppose w1 = 1. Let £ > 1 be maximal

so that m{ = = --- = m,. Then
m k
p(o,m) = Z Z M(Ugiyﬁl)u(0>iﬂ>j)
i=1j5=1

Corollary: If c =a®b and 7w = cPHd, wherec,d #*# 1,c #=d,

then
M(O-7 7T) — M(aa C) | :u(ba d)
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Main Theorem: Suppose w1 = 1. Let £ > 1 be maximal
so that m{ = = --- = m,. Then
m k
p(o,m) = Z Z M(Ugiyﬁl)u(0>iﬂ>j)
i=1j=1

Corollary: If c =a®b and 7w = cPHd, wherec,d #*# 1,c #=d,

then
M(O-7 7T) — M(aa C) | :u(ba d)

Corollary: If ¢ is indecomposable (so m = 1), then
o u(o,m) = p(o,m) ifr=m1®&m & &m
¢ u(o,m) = —p(o,m) fr=m@m @ - Or1d1l (71 #1)

e u(o,m) =0  otherwise
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4 2 3 51 7 8 6

A permutation is separable if
it can be generated from 1 by
direct sums and skew sums.

25



4 2 3 51 7 8 6

A permutation is separable if
it can be generated from 1 by
direct sums and skew sums.

26



4 2 3 51 7 8 6

A permutation is separable if
it can be generated from 1 by
direct sums and skew sums.

42351786 = 42351 ¢ 231
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A permutation is separable if
it can be generated from 1 by
direct sums and skew sums.

42351786 = 42351 ¢ 231
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A permutation is separable if

it can be generated from 1 by

direct sums and skew sumes.

° 42351786 = 42351 ¢ 231 =

o (312401) @ 231
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4 2 3 51 7 8 6

Separable

A permutation is separable if
it can be generated from 1 by
direct sums and skew sums.

42351786 = 42351 ¢ 231 =
(312401) 231 = ---

A permutation is separable if
and only if it avoids the pat-
terns 2413 and 3142.
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4 2 3 51 7 8 6

Separable

2 4 1 3

Not separable

A permutation is separable if
it can be generated from 1 by
direct sums and skew sums.

42351786 = 42351 ¢ 231 =
(312401) 231 = ---

A permutation is separable if
and only if it avoids the pat-
terns 2413 and 3142.
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o= 123 1 2 4 5 78 11 12

r=23,1,2,6,4,59,7,8,10,13,11,12

The separating trees of o and =«

(o and 7 separable)
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Unpaired occurrences
of o =123 in 7
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Theorem: If o and « are separable permutations, then
plo,m) =3 (~1)Pareo
X

where the sum is over unpaired occurrences of o in .

37



Theorem: If o and « are separable permutations, then
plo,m) =3 (~1)Pareo
X

where the sum is over unpaired occurrences of o in .

Note: This computes u(o,7) in polynomial time, although
the size of the interval [0, 7] may grow exponentially.

38



Theorem: If o and « are separable permutations, then
plo,m) =3 (~1)Pareo
X

where the sum is over unpaired occurrences of o in .

Note: This computes u(o,7) in polynomial time, although
the size of the interval [0, 7] may grow exponentially.

Corollary: If = is separable then

(o, m)| < o)

where o(w) is the number of occurrences of o in .
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Theorem: If o and « are separable permutations, then
plo,m) =3 (~1)Pareo
X

where the sum is over unpaired occurrences of o in .

Note: This computes u(o,7) in polynomial time, although
the size of the interval [0, 7] may grow exponentially.

Corollary: If = is separable then

(o, m)| < o)

where o(w) is the number of occurrences of o in .

In particular: If = avoids 132 then |u(o,7)| < o(7)
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Inflations

Let n[mq,...,7n] be the permutation obtained by replacing
v in w by m; after incrementing the letters of m; so that they
are larger than those corresponding to m;_1 in the inflated
permutation and smaller than those corresponding to m;4 1.

41



Inflations

Let n[mq,...,7n] be the permutation obtained by replacing
v in w by m; after incrementing the letters of m; so that they
are larger than those corresponding to m;_1 in the inflated
permutation and smaller than those corresponding to m;4 1.

Example: 2413[312,1,21,12] = 47331265

42



Inflations

Let n[mq,...,7n] be the permutation obtained by replacing
v in w by m; after incrementing the letters of m; so that they
are larger than those corresponding to m;_1 in the inflated
permutation and smaller than those corresponding to m;4 1.

Example: 2413[312,1,21,12] = 47331265

Theorem: If m is simple of length n and none of w1,...,m
contains 7w then

N(Waﬂ[ﬂla"'aﬁn]> — H ,LL(].,TFZ)
=1

1=
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A class C of permutations is sum-closed if

omelC = opmel
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A class C of permutations is sum-closed if

omelC = opmel

skew-closed

comel
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A class C of permutations is sum-closed if

omelC = opmel

The closure cl(C) of C is the smallest sum-closed and skew-
closed class containing C.
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A class C of permutations is sum-closed if skew-closed

omelC = opmel comweClC

The closure cl(C) of C is the smallest sum-closed and skew-
closed class containing C.

cl({1}) is the set of separable permutations.
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A class C of permutations is sum-closed if skew-closed

omelC = opmel comweClC

The closure cl(C) of C is the smallest sum-closed and skew-
closed class containing C.

cl({1}) is the set of separable permutations.

Theorem: Suppose o is neither decomposable nor skew-
decomposable. Let C be any set of permutations. Then

max{|u(o,7)| : mecl(C)} = max{|u(o,7)| : € C}.
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A class C of permutations is sum-closed if skew-closed

omelC = opmel comweClC

The closure cl(C) of C is the smallest sum-closed and skew-
closed class containing C.

cl({1}) is the set of separable permutations.

Theorem: Suppose o is neither decomposable nor skew-
decomposable. Let C be any set of permutations. Then

max{|u(o,7)| : mecl(C)} = max{|u(o,7)| : € C}.

The computation of u(o,w) for = € cl(C) can be efficiently
reduced to the computation of the values u(o,7) for 7 € C.
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More results
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More results

o M(135...2k-1 2k...42,135...2n—12n...42)=(

n+k—1
n—k

)
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More results
o M(135...2k-12k...42,135...2n —12n...42) = (

® In particular, u(o, ) is unbounded

n+k—1
n—k

)
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More results
o M(135...2k-12k...42,135...2n—12n...42) = (

® In particular, u(o, ) is unbounded

® If 7w is separable then u(1,7) € {0,1,—1}

n+k—1
n—k

)
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More results
_ (n+k-1
u(135...2k-12k...42,135...2n — 1 2n...42) = (")

In particular, u(o,7) is unbounded
If 7 is separable then u(1,7) € {0,1,—1}

If o is indecomposable and 1t =71 ®1® 7o then pu(o,7) =0
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Open problems:
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Open problems:

® When is pu(o,m) =07
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Open problems:

® When is pu(o,m) =07

® When is |u(o,m)| = o(mw)?
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Open problems:

® When is pu(o,m) =07
® When is |u(o,m)| = o(mw)?

® What is max{u(1l,7) : |7| =n}?
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Open problems:

When is pu(o,m) = 07
When is |u(o,7)| = o(m)?
What is max{u(1,7) : |7| = n}?

If o and 7 are simple is u(o,7) =07
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Open problems:

When is pu(o,m) = 07

When is |pu(o, )| = o(r)?

What is max{u(1,7) : |7| = n}?

If o and 7 are simple is u(o,7) =07

Can we relate u(o, ) to the homology of [o,7]?

60



Open problems:

When is pu(o,m) = 07

When is |pu(o, )| = o(r)?

What is max{u(1,7) : |7| = n}?

If o and 7 are simple is u(o,7) =07

Can we relate u(o, ) to the homology of [o,7]?

Which intervals [o, ] are shellable?
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Open problems:

When is pu(o,m) = 07

When is |pu(o, )| = o(r)?

What is max{u(1,7) : |7| = n}?

If o and 7 are simple is u(o,7) =07

Can we relate u(o, ) to the homology of [o,7]?
Which intervals [o, ] are shellable?

Conjecture: maz,cg |1(1,7)| is unbounded as a function of n

62



To do:

Find better general theorems that solve some of the open
problems, and unify some of those and the above results
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