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Given a sequence o = o7 - - - g,, of distinct integers, let red(o) be the

permutation found by replacing the i*" largest integer that appears
in o by . For example, if 6 =2 7 5 4, then red(c) =14 3 2.

Given a permutation 7 in the symmetric group S;, define a
permutation o = o1 -- -0, € 5,, to have a T-match at place 1
provided red(o; - - - 044+j—1) = 7. Let 7-mch(o) be the number of

T-matches in the permutation o.

A permutation is called 7-avoiding if there are no indices

i1 < --- <1; such that red(o;, ---0y,) = 7.
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T-matches

Let 7-mch(o) be the number of 7-matches in the permutation o.

A(t) = Ejguae&wTﬂmmﬂ:onm (1)

n>0

mmwzzngmw (2)

n>0  oc€E€S,

Theorem 0.1. Goulden and Jackson (1983)
IfT=12---k, then
1

Ar(t) = Lk phRit1 (3)
Zizo (ki)!  (ki+1)!
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Theorem 0.2. FElizalde and Noy (2003)

1
P132(t,U) = , and

(u— 1)z
1 Jye
1

(u— l)z
L= Jye

Pigaa(t,u) =
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Theorem 0.3. Kitaev (2005)
Let 1 =12---ac(a+ 1), where o is a permutation of
{a+2,a+3,...,k+ 1}, then

1

AT(t) — )i+l phitl TR
L—1+4) 5 : ()kz'—l—l)! [Tj— (=)

(4)
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c-Wilf equivalence and strong c-Wilf equivalence

Given permutations o, 8 € 5,,, we say that « is c-WIilf equivalent

to Bif Au(t) = Ag(t).

Given permutations a, 8 € S,,, we say that « is strongly c-Wilf
equivalent to 3 if P,(u,t) = Pg(u,t).

Ifo=0109---0, €5,, welet

o" = o, - 09 01 be the reverse of o and
c¢=mn+1—01) (n+1—02)---(n+1—0,) denote the

complement of o.

It is easy to see that c-Wilf equivalences classes and strong c-Wilf

equivalence classes are closed under complement and reverse.
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Generating Functions for the maximum number of

non-overlapping patterns

Let 7-nlap(o) be the maximum number of non-overlapping
T-matches in o where two 7-matches are said to overlap if they

contain any of the same integers.

Kitaev’s Theorem (2003)

T-nlap(o A(t)
Z | 7 aTm) (1—2) +2(1— A1) (5)

ocEesS,

where A(t) =>" 5 ~|{o € S, : -mch(c) = 0}].
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T-matches
Suppose T C S;.

We say that a permutation ¢ = o7 ---0, € S,, has an Y-match at

place ¢ provided red(o; - - - 0;4,-1) € Y.

Let T-mch(o) and YT-nlap(o) be the number of Y-matches and

non-overlapping T matches in o, respectively.
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Theorem 0.4. (Mendes-Remmel)

where AQT (t) — ZZO:O #nq! ZJESn:T—mch(a)zo qin’U(J) .

AT
1= +a(l—Dar@ O

Z ZET nlap(o) znv(a)
' oesSy,
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Mendes and Remmel (2006) developed a general method for
computing A, ().

They proved A, (t) is of the form
1

A(t) = 1
L=t 4300 5 Dwed, jwlj=n(— D P

where ||w|| = |7| + w1 + -+ + W,

J. is a certain collection of words associated with 7, and

D7, 1s a certain collection of permutations o € S|, if

W =wqy...Wn.
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Liese and Remmel (2009) showed how to use the
Mendes-Remmel result to compute A, (t) for various classes of
permutations which are shuflles of the permutation 1 2---n with

an arbitrary permutation o = o109 - - - 0, of the numbers
{n+1,...,n+m}.

Partition 1 2---n into aMa® ... ak+1D) where each a9) is of size
r; > 0 and we partition o = 31 32) ... 3(¥) where where each 3
is of size s; > 0 and red(BM),red(3?)), ... ,red(3")) are pairwise
distinct.

— oM@ 3@) .. o (k) gk) o (k+1).
(8)

Trlaﬁ(l))TQ)B(Q))"'arkaﬁ(k)7rk+1
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Minimal overlapping permutations
We say that a permutation 7 € S, is a minimal overlapping

permutation if the smallest n such that there is o € S,, where
7-mch(o) =2 1is 25 — 1.

Examples.
1 = 1234, 7o = 1324 are not minimal overlapping permutations.

73 =132, 7y = 1243, 7 =12--- (n — 2)n(n — 1) are minimal

overlapping.

T = 23154 is the smallest minimal overlapping permutation such
neither it, its reverse, its complement, or its reverse-complement
starts with 1.

12
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Maximum packings

1= 1342

0=1382911461351012
(A I
T—-matches

We let M P, ;4 ;—1) be the number of o € 5, 4;-1) such that o is

a maximum packing for 7

13
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14

Theorem 0.5. Suppose that T is a minimal overlapping
permutation. Then

Prwt) = YL g (9)

n>0  o€S,
B 1
j+s(j—1) s )
L= (420 Grag-nn @ = DT MPrjisi1)

Theorem 0.6. [fa=a;...a; and 8= (1 ...05; are minimal
overlapping permutations in S; and oy = 1 and oy = 35, then

(1) for all s >0, MP, jisj—1) = MP3 jysj—1)- and, hence,
(2) Py(z,t) = Pg(x,t).

This solves a conjecture of Elizalde.

This has also been proved independently by Vladimir Dotsenko and
Anton Khoroshkin.
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1= 24153
S]_: SZ = 83: =
{2,5,6,7,10} | {1,8,9,15}|{3,11,13,14}{4,12,16,17
5(7|12]106
5(7(21106/9/1(138
5(712]106|9| 1|15 8|13 3|1411
5/7(21106|9| 115 813 3|141119 4 (1114
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We are interested on the expansions.

ha(@ = S (-1 By e (@

(@ = S (-1 Nu(B)y en(@)

ukEn

(Egecioglu and Remmel 1991)
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A-Brick Tabloids and Weighted A-Brick Tabloids.
Suppose that A = (1,1,2,2) and u = (2,4).

B>\,,UJ — 4 and w(BA,u) =10

M-bricks

W(Tl): 2 W(Tz): 2

w(Ty)= 4 w(T)= 2
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Let f1 :{0,1,...} — Q[x] such that:

1 ifn=20,1
fl(n) = < (x — 1)8+1MPT7j+S(j_1) it n = ] -+ S(] — 1) and

0 otherwise

Define £/1 : A — Q[z] as a homomorphism such that

n—1
fy (1)
Theorem.
n|£f1 Z 7 mch(o)

oesS,

18
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Proof.

nlel (

hy)

n! Z(—l)

AFn

n'z

AFn

AFn

n—E(A)BA’ngh (GA)

o)

n 2(N) (_1)>\i_1
B)\n H )| fl()\z)

1=1

S (5" ) BrnfiO0) - £
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We have

from which we create the following objects:

2,6,7,10,14}  {3}{12} {1,4,8} {11} {5,9,13,15,16}

20
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We have
nlef (hy,) = fi(A1) -+ fi(Ae)
)
1 ifn=20,1
filn) =4 (@ =1 MP, ; ;1) ifn=j+s(j—1)and
\0 otherwise

21
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X -1 -1
{2,6,7,10,14}  {3}{12} {1,4,8} {11} {5,9,13,15,16)
14253 15243

X -1 -1

2 10| 6] 14 3| 12| 1 11| 5| 16 15 13
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The weight of T' € T¢,, w(T'), is the product of x labels and the
sign of T € T¢,, sgn(T") is the product of the —1 labels.

nlef (hy) = ) sgn(T)w(T),

TE‘Tfl

Next we define an involution will rid us of all T € T, with negative

weights.

23
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-1
5| 9] 7
519 7

X

X -1
[1]0] 4| 7]5]|
X

1 4 5|
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1 X

13) 3| 11 5/ 10 9 18 16
X

13/ 3| 11 5| 10 9 18 16
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X -1 -1
2 | 10| 6] 14 12| 1 11] 5/ 16 9 15 13
X -1

2 10| 6 14 12| 1 11| 5| 16 9| 15 13
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What are the fixed points?
(1) no —1s.

(2) Each brick has only x’s so that we are counting

10. of T-matches

in each brick

(3) there can be no T7-matches that are not part of a brick.

Thus

n|€f1 Z 27" mch(o)

oEeS,

27
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This gives a generating function:

Zn_n; Z xT—mCh(O') _ ffl Z h, t"

n>0  o€ES, n>0

— ffl Zen(_t)n

1
its(G=1) s '
1—(t+ Zszo (f+2(j-1))! (z —1) +1MPT,j+s(j—1))
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Let

MPT,]—i-S(]-l)(Q) — Z q’l:’I’L’U(O').
cEMPr jis(i—1)

Theorem 0.7.

t" T7-mch(o) inv(o
Z[n—]qux h(e) ginv(o)

n>0 " oES,
1

j+s(i—1) S .
L= (t+ Y50 Tragenr(@ — VM P, gy o1 ()

29
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Can we compute M P, ;-1)(q)?
Answer: Yes for all minimal overlapping patterns that start with 1.

Suppose that 7 = 7y ...7; where 7y =1 and 7; = k. Then

inv(T)

MP’T,j—I—S(j—l)(Q) —(q

and

MPT,j+S(j—1)(Q)

v (T j+8(]_1)_k
=dq ( )[ i—k MPT,j+(s—1)(j—1)(Q)

so that for s > 1,

inv(T ° ]-l-’L(]—l)—]C
MPT,j+S(j—1):(q ()> H[ ji—k '

1=1

»
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S < S, < S < >
(A) S, =1
(B) S, >k-1

(C) S, >k isimpossible

(D) S, =kand1l,?2, ..., kmustbe in the first black box
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We have shown that for all minimal overlapping permutations
a=aj...a; and B = F;...03; that P,(z,t) = Pg(x,t) it oy = B4
and o; = ;.

Can we prove this bijectively?

Problem: « and $ can overlap.

a = 3157246
B = 3512476

32
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Extensions.

(1) Words.

(2) You can use the idea of minimal overlapping patterns plus a

bijection two find explicit generating functions for the number of
occurrences of 0110721 ...10%+-110% in words in {0, 1}* if
L1, Tk > T2y y Th—1-

(3) patterns in cycle structures.
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