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Problem Sets:

@ Let PS = set of consecutive pattern problems on permutations.

@ Let PC = set of consecutive pattern problems on compositions.

@ Let PCCP = set of consecutive pattern problems on column-convex
polyominoes.

o Let PW = set of consecutive pattern problems on words.

Main Result
PS C PC C PCCP C PW. J

Remark: Our perspective allows powerful methods from the contexts of
compositions, column-convex polyominoes, and of words to be applied
directly to the enumeration of permutations by consecutive patterns.
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Consecutive Patterns in Permutations

/
R

Examples: 0405 = 14 is a 12-pattern (ascent) 1
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Examples: 0405 = 14 is a 12-pattern (ascent)
000304 =561 is a 231-pattern
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Consecutive Patterns in Permutations

Examples: 0405 = 14 is a 12-pattern (ascent)
000304 =561 is a 231-pattern
020304 =561 and 040506 = 143 are peaks (231 or 132-patterns)

Definition: For a pattern set P C | J,,,~1 Sm.
@ P(c) = the total number of times elements of P occur in o and

@ P,o(0) = the maximum number of non-overlapping times elements of
P occur in o.
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Consecutive Patterns in Compositions

Notation: K, = {w =wiwa...w, : wi, wy,

., Wy are positive integers}

Don Rawlings and Mark Tiefenbruck ()

[m]

&
Consecutive Patterns: From Permutations to



Consecutive Patterns in Compositions
Notation: K, = {w = wiwa...w, : wi, wy, ..., w, are positive integers}

Definition: Let sumw = wy + wy + - - - + w,. When sum w = m, w is said
to be a composition of m into n parts.
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Consecutive Patterns in Compositions
Notation: K, = {w = wiwa...w, : wi, wy, ..., w, are positive integers}
Definition: Let sumw = wy + wy + - - - + w,. When sum w = m, w is said

to be a composition of m into n parts.

7
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2
Examples: wows =77 is a level
wowswy = 772 is a peak (wo < w3 > wy )

w=377254=

Don Rawlings and Mark Tiefenbruck () Consecutive Patterns: From Permutations to August 10, 2010 4 /36



Inverse of Fedou's Insertion-Shift Bijection

Definitions: For o € S, set invio = [{k : i < k < n,0; > oy }|.
Put Ap={weK,:wi <wp <...<wp}.
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Inverse of Fedou's Insertion-Shift Bijection

Definitions: For o € S, set invio = [{k : i < k < n,0; > oy }|.
Put Ap={weK,:wi <wp <...<wp}.

The inverse of Fedou's insertion-shift bijection V, : S, x A, — K, is given
by the rule V,(o, ) = w where w; = invjo + A,,.

V6(256143,224444) =377254.
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Inverse of Fedou's Insertion-Shift Bijection
Definitions: For o € S, set invjo = [{k : i < k < n,0; > ox}|.
Put Ap={we K, w1 <wp <...<wp}.

The inverse of Fedou's insertion-shift bijection V, : S, x A, = K,, is given
by the rule V (o, \) = w where w; = invjo + A,,.

Ve6(256143,224444) =377254.
Key Properties: If V,(o,\) = w, then

(1) invo +sum A = sum w and, for i < m,
(2) 0i <om ifand only if w; < wpm+|{j:i<j<m, oi> o0}
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Inverse of Fedou's Insertion-Shift Bijection
Definitions: For o € S,,, set invjo = [{k : i < k < n,o; > oy }|.
Put Ap={we K, w1 <wp <...<wp}.

The inverse of Fedou's insertion-shift bijection V, : S, x A, = K,, is given
by the rule V (o, \) = w where w; = invjo + A,,.

Ve6(256143,224444) =377254.

Key Properties: If V,(o,\) = w, then
(1) invo 4 sum A = sum w and, for i < m,
(2) 0i <om ifand only if w; < wpm+|{j:i<j<m, oi> o0}

Remark: V, preserves general shape. As illustrations, (1) peaks are
preserved as oy < k41 > Oky2 if and only if wx < wii1 > wiyo and (2)
up-down permutations coincide with up-down compositions.

Definition: For P C |J,,~1 Sm and w € K,, set P(w) = P(c) where o is
the unique permutation satisfying w = V (o, \).
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Theorem PS C PC
If PC Umzl S, and if B, C S, then

Z Z qmva<H p(a)

n>0 oeB, peP

- > e (I5") Grar

n

n>0 wEdn(Bn,An) peEP
Moreover, the above equality remains true if yp( ?) and yp( ") 4
respectively replaced by yp""(g) and yp""( ") for some or all p € P.
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Theorem PS C PC
If PC Umzl S, and if B, C S, then

Z Z qlnva(]:[ p(a)

n>0 oeB, peP

- > e (I5") Grar

n

n>0 wWEdn(Bn,An) peEP
Moreover, the above equality remains true if yp( ?) and yp( ") 4
respectively replaced by yp""(g) and yp""( ") for some or all p € P.

qulV o n
Gessel : E E =secqz +tang z
n>0 UEUDS,, 9
. i sum w n _
Carlitz : E g q (z/q)" =secqz +tang z
n>0 weUDK,
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Theorem PS C PC
If PC Umzl S, and if B, C S, then

Z Z qmva(H p(o)

n

n>0 oeB, peP
-> > e (IAY) e
n>0 wWEdn(Bn,An) peEP

p(o) pw) 4

Moreover, the above equality remains true if y,* ' and y,

respectively replaced by yp" "(?) and yp""( ") for some or all p € P.
pic (o) 4invo n -1

Mendes, Remmel : Z Z 4 9z _ 4

G2 @d Ve

. V=T
Heubach, Mansour : ypic (w) gsumw (2/q)" =
gwgﬁ \/)fl—tanq(z\/}f]_)
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3'd Ex of Theorem PS C PC: For P C S, with m > 1,
q Kq(2)
;O aez_; @@ 1-y+y(I—z(1—q) ) Kqe(2)

where Kg(2) =350 (X pes, g inv e P ")) z"/(q; q)n is the g-exponential
generating function for permutations that avoid P.

invo P,,o (cr

Note: The above is Mendes and Remmel's extension of Kitaev's result.
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3'd Ex of Theorem PS C PC: For P C S, with m > 1,

invo Pno(O' ICq z
Z Z q (2) -

= = T1l-y+y(A-z(1-9q)

’Cq(z)

where Kq(z) =3_,50 (ZUES,, inv e P ")) z"/(q; q)n is the g-exponential
generating function for permutations that avoid P.

Note: The above is Mendes and Remmel's extension of Kitaev's result.
Application of Theorem PS C PC gives

Z Z yP,,o w) sumw N = Lq(z)

>0 wekKn, 1-y+y(1l—-2q9(1-q)1)Ls(2)

where Lq(z) = 3", 50 (X ek, qsumWOP(W)) z" is the generating function
for compositions that avoid P.

Remark: The latter is more and less general than a result due to Heubach,
Kitaev, and Mansour; for a pattern set of cardinality 1, their result holds
for an arbitrary alphabet of positive integers.
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Consecutive Patterns in Column-Convex Polyominoes

Remark 1: The enumeration of CCPs and of subclasses of CCPs by various
statistics (area, perimeter, column number, ...etc) has been widely studied.
However, very little attention has been paid to ridge patterns in CCPs.
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Consecutive Patterns in Column-Convex Polyominoes

Remark 1: The enumeration of CCPs and of subclasses of CCPs by various
statistics (area, perimeter, column number, ...etc) has been widely studied.
However, very little attention has been paid to ridge patterns in CCPs.

Remark 2: The simplest ridge patterns are formed between two adjacent
columns. The two-column ridge patterns may be used to characterize
many of the common classes of CCPs. For instance, a CCP with no lower
descents is known as a directed column-convex polyomino (DCCP).
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Common Classes of CCPs.

Directed Column—Convex Polyomino Parallelogram Polyomino:
(DCCP): No lower descents No lower or upper descents
Stack Polyomino: No upper Wall Polyomino: No lower
ascents and no lower descents ascents and no lower descents
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Compositions and Wall Polyominoes
Notation: Let WP ,= the set of wall polyominoes with n columns.
Bijection: Let 7, denote the “natural” bijection from K, to WP,,.

Example: 7 maps the composition w =5413423 to
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Compositions and Wall Polyominoes
Notation: Let WP ,= the set of wall polyominoes with n columns.
Bijection: Let 7, denote the “natural” bijection from K, to WP,,.

Example: 7 maps the composition w =5413423 to

Properties: If y,(w) = Q, then
area @ = sumw and per @ — 2col @ = var w

where variation of w is varw = Y] |wk41 — wk| with the convention
that wop = 0 = wy1.
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Fact PC C PCCP
If P is a pattern set defined for compositions and if B, C K, then

Z charw sumw _n Hy p(w) Z ZcperQ areaQ(Z/C2)n Hyp )

I'IZO WGBn PGP HZO Qe’}’n(Bn) PGP
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Example of Fact PC C PCCP

Raw, Tief - Z aEasc Qa}asc Q bElev Qb}lev Qcper Qdudes Qhrelh Qqarea chol Q
QeDCCP

2 (c?qz)mtt “ac?hgk c?dq* a
th>0 cﬁhq +1 Hk 1 b + 1— c2hq bu + 1—c2qk B 1—L:?lk

(c2qz)" a,cthk _c?dgk a
l_aUZn>1 1—g" Hk 1 1_c2hqk by + 1—c2¢gk 1—2“
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Example of Fact PC C PCCP

Raw, Tief - Z aEasc Qa}asc Q b\;lev Qb}lev Q cper Qdudes Qhrelh Qqarea chol Q
QeDCCP

2 (c?qz)"*! “aic?hg c?dq* a
ch) p>01- 1—c2hgntl [Tk { b1 + 1= Tochgt ) | bu T Tocgr — 1o

q
(2qz)n ajc2hgk c2dqk a
1- ay Zn>1 1—qg" Hk 1 bl + 1— c2hq b + 1— 62 - l—l:.']k

Setting a; =0, a, = a, b, = b, by = h =1, and replacing z by z/c? gives
the gen func for compositions by ascents, levels, descents, and variation.
(c =1 is a classic result due to Carlitz)

§ : § : 435¢ Wblev dees w Lvar w qsum won

n>0 wek,

1-q

2 n+1 qu 3
Zn>0162 n+1Hk 1<b+1c2k _ gk

(g2)" yn c2dgk a
1—‘9Zn>11q Hk b+ 1= gk T 1—gk
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The Inclusion PCCP C PW

Let X = {(rfn) : j, m are positive integers} and let

V= U{(Jlﬂ )EX";mnzlandjk+jk+1>mkf0r1§k<n}.
mi mo..

n>0

For a CCP @ with n columns, define §(Q) = (nﬁ ,Jf,zfr’;n) where ji is the
number cells in Qx, m, =1, and, for 1 < k < n, my is the change in the
y-ordinate from the bottom edge of (k + 1)t column of Q to the top edge

of the k" column of Q.

(35526541)

Don Rawlings and Mark Tiefenbruck () Consecutive Patterns: From Permutations to August 10, 2010 16 / 36



Factors and Consecutive Patterns in Words
Let X* denote the free moniod generated by the alphabet X.

Definition: For F C X, a factor f of a word w is a said to be a

consecutive F-pattern in w if f € F. The number of consecutive
F-patterns in w is denoted by F(w).
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Factors and Consecutive Patterns in Words
Let X* denote the free moniod generated by the alphabet X.

Definition: For F C X, a factor f of a word w is a said to be a
consecutive F-pattern in w if f € F. The number of consecutive
JF-patterns in w is denoted by F(w).

Definition: For F C X, an F-cluster is a triple (w, v, 3) in which

W=WW.. Wenw € XT,

v = (f), f2), - - - fx)) for some k > 1 with each f;y € F, and

B = (b1, by, ..., by) with each b; being a positive integer
where f(jy=Wp,Wp, 11 . . . Wp,+len fiy—1r each w;w;y1 is a factor of some f(;,
by < bo< -+ < by, and if bj = bj11, then len f;) <len f; ).
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Factors and Consecutive Patterns in Words
Let X* denote the free moniod generated by the alphabet X.

Definition: For F C X, a factor f of a word w is a said to be a
consecutive F-pattern in w if f € F. The number of consecutive
JF-patterns in w is denoted by F(w).

Definition: For F C X, an F-cluster is a triple (w, v, 3) in which

W=WW.. Wenw € XT,
v = (f), f2), - - - fx)) for some k > 1 with each f;y € F, and
B = (b1, by, ..., by) with each b; being a positive integer

where f(j)=Wp,Wp, 11 ... W, tlen fiy—1r each w;w;y1 is a factor of some f(;,
by < by < --- < by, and if bj = bj41, then len f(,-)<1en f(i+1)-

Definition: The cluster generating function over a subset W C X* is the
formal series

Crly. W) = > (TL5)w

(w,v,8) € Cr, we W f&F
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Words by Factors Theorem (Goulden and Jackson)
If, for nonempty L, R C X and a nonempty F C X, we define

L(y)=> I+ Cr(y,LX*), R(y)=Y_r+ Cr(y,X*R), and
leL rer

X(y)=>_ x+ Cry, X*)
xeX

and if the result of replacing yr in 'y by yr — 1 is denoted by y — 1, then

> (IIr*)w=a- -1y

weX* MeF

> (ITA™)w=ctv- - xty- 1)
weLX* MeF

. (H yf“”) w=(1-2X(y—1))'R(y—1), and
weX*R MeF

v Yw = Cr(y — 1, LX*R) + L(y — 1)(1 — X(y — 1)) "“R(
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Application of Words by Factors Theorem to Permutations
Consider the alphabet N = {1,2,3,...}, let P C Um21 Sm, and put

Dp(y; z) = Z (H yg(y))qsumwzlenw where p(v) = Z f(v).

(w,,B)€Cr, ~ peP fEFp
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Application of Words by Factors Theorem to Permutations
Consider the alphabet N = {1,2,3,...}, let P C Um21 Sm, and put

Dp(y; z) = Z <H yg(l’)>qsumwzlenw where p(v Z f(v
(W,V,,B)EC]:P peP feFp

Replacement of w by ¢s"™"z°"W in the first identity of the Words by
Factors Theorem and application of Fedou's bijection implies

Extension of Rawlings’ Theorem: If P C |J, -, Sm, then

p(”)) (l;lyv—;)znn = (1 —z(1—q) ' =Dp(y-1, Z/q)) B

>3

n>00€S, ‘peP
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Application of Words by Factors Theorem to Permutations
Consider the alphabet N = {1,2,3,...}, let P C Um21 Sm, and put

DP(y;Z) _ Z <H yg(l/)>qsumwzlenw where P Z f

(W,V,,B)EC]:P peP feFp

Replacement of w by ¢s"™"z°"W in the first identity of the Words by
Factors Theorem and application of Fedou's bijection implies

Extension of Rawlings’ Theorem: If P C |J, -, Sm, then

>3

n>00€S,

P(0)> (nv_azn — (1 —z(1-q) ' = Dp(y - 1, Z/q)> 71-

peP q; q)n

Non-overlapping Version: For P C S, with m > 1, then

inv 0'

-1
>3y (1 _l-q - —y)DP(—l)) |

n>00€S,
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Extension of Rawlings’ Theorem
If P C Ups1 Sm then

>3

el q;9)n

P(G)) 2 — (1 —z(1-q) ' = Dp(y — 1; z/q)) _1.

peP

Ex 1: Permutations by Peaks
Let pic = {132,231}. As the pic-clusters are in 1-to-1 correspondence
with the up-down compositions of odd length > 1,

2n+1 an
%q"i_Dplc(y z/q Z Z qsumw< \/)7> _t q( \/y)

1 n>0 weUDKopi1 \/_}7
Thus,
yplc (o) qanO' n y— 1
Mendes, Remmel : =
Z Z (q q)n vy_]-_tanq(zvy_l)

n>0 o€Ss,
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Ex 2: Permutations by Peaks and Twin Peaks
Let tpic = {p € Ss:p1 < p2 > p3 < pa > ps}.

Result using extension of Rawlings’ Theorem:

Z qinv o ypic (a)ytpic (cr)zn - 1
n>00¢S, (:9)n 1= =21 An(x =1,y =1)By(q)(z/q)*"
where Ay(x,y) = (2 y22+xy2?)(1—xz—xyz =y —yz—yz) 3, and

Bn(q) = tang z| ,2n41.
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Ex 2: Permutations by Peaks and Twin Peaks
Let tpic = {p € Ss:p1 < p2 > p3 < pa > ps}.
Result using extension of Rawlings’ Theorem:

qinv o ypic (a)ytpic (cr)zn 1

nEZ:anSn (9:9)n 13 o Anlx— 1,y —1)Ba(q)(z/q)>"

1 and

where An(x,y)= (xz+yz?+xyz?)(1—xz —xyz —xyz?> — yz—yz?)~
Bn(q) = tang z| 2n+1.

zn

Alternative Result using Pattern Algebra of Goulden and Jackson:

inv o, pic (a)ytpic (o) 7n

q
Z Z (q; q)n

n>00€S,

. . 1

_ (1 sy sing(z./ry) s sing(z,/r2) )
2,/ry cosq(z\/ry)  2,/T—cosq(z,/T-)

where ry = (xy—14++/D)/2, sy =14 (2x—xy—1)/VD, and

D = (xy+1)?>—4x.
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g-Olivier functions

®; 4(2) = =
! >0 (a; Q)jn+k

Examples: ®19(z) = eq(z), ®P20(iz) =cosqz, and
¢271(I‘Z) = isinq Z.
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Ex 3: Permutations by (i,d)-peaks and Inversions

Let Pig ={p € Sitg—1:p1<p2<---<Ppj>pPiy1> > Pitd—1}-

Example of a (3,3)-peak:

/

4

p =24531 =
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Ex 3: Permutations by (i,d)-peaks and Inversions
If, for i,j,d > 2, weset y=i+d—2and {, = V-1, then

Sy O (1 g Ml 12

n>0o0€S, Y= 1

where, for k > 1,

I,_jdk Z § : qsumwzlenw.

mZO WEK,d,(/,d) -k
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Ex 3: Permutations by (i,d)-peaks and Inversions
If, for i,j,d > 2, weset u=i+d—2and &, = ¥—1, then

n>0o0€S, Y= 1

>y L “(1-sa-at- KWﬁ))

where, for kK > 1,

sum w _len w
I,_jdk § E q Zz .

mZO WeK/,d,(j,d) -k

Moreover, K;j 4.x(z) satisfies, for d > 3 and v = j + d — 2, the recurrence

Ky anl(z) = &K jrr,a-11(62) (g a) &K

j,J+1d 1; k—l—l(fu ))
1+ KJJ—I—l,d—l;l(guz)

— &K jr,d-1:64+1(602)
with the initial condition

—i—k
Kijain(z) = §; Tk (§2) + 94,i(E2) Pk (€i2) /)0 (&2)]-
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Permutations by (3,3)-peaks and Inversions

P33(0) qan on

Y

n>0c€S,

y—1

(1—z(1—q)—1— S

where

Kas31(2) = —Ksa21(62) (2(1 — q) 1 + & ' K34202(642))
B3RS 14 K342.1(8a2)

+&,  K3.40.0(642)

with
D43(£42)P41(642)

K37472;1(z) = — Y 0(542) + ¢'474(f42) and

et =[2G o
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Ex 4. Permutations by m-Peak Ranges of (i, d)-Peaks

Corollary

If i,d>2 m>1, and v =i+ d — 2, then the generating function for
permutations by uniform m-peak ranges and inversions is

-1

y ,d)m IIIVO' n z .
>3 -(1-12 iy ~DB()2" )
n>00€S, q: q q n>m
where

z™(1 — z)
A == d B Il zhv
n,m(y) 1 — 7z yZ(]. _ Zm) . an (q) 5 ,d 1(z)| +1

with Kj 4.1(z) as determined earlier.

Remark: For i = d = 2 with y = 0, the above provides a solution to a
problem posed by Kitaev of counting permutations that avoid
(2m + 1)-reverse-alternating patterns.
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Ex 5: Permutations by (i,m)-Maxima and Inversions

Let p(m) € Si+1 With pimy1 < P(m)2 <+ < P(m)i and pmyip1 =i +1—m.

Example: The (3,2)-maxima pattern in Szy1:

/4
3
p(2) =1342=
2

1

Remark: Carlitz and Scoville referred to (2,1) and (2,2)-maxima as rising
and falling maxima.
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Ex 5: Permutations by (i,m)-Maxima and Inversions

Corollary (Words by Factors via extension of Rawlings’ Theorem): If
i>2,1<m<iand§& =+/—1, then

P (@) 4272 ®;1(y—1;&2) \
ZZ<H " )(q q)n (1_§i¢f,o(y—1;€i2)) where

n>00€S,

zin+k n—1 i—1 . I+k+m—1
¢;7k(y1,...,Yi;Z):ZW H<Yi+2(}/i_)/m)q {J - ])
m=1

n>0 in+k j=o

o

For i =2, y3 =y, and y» = 1, above gives Mendes and Remmel’s
g-analog of Elizalde and Noy's result for permutations by p = 132:

y132(o)q1nvo n _ 1)n n,2n+1 -1
22 ( Z(q 1g%)n(1 = g®t)(1 —q)”> '

n>00€S, n>0

Don Rawlings and Mark Tiefenbruck () Consecutive Patterns: From Permutations to August 10, 2010 28 / 36



An Aside

Proof of the generating function for permutations by (i, m)-maxima of the
previous slide reveals the generating function for up-down permutations of
type (i,i,2;1) by (i, m)-maxima:

d invo leno .
l Pm) \ 9 z (D',l(ylw"?y'—l»]-'g'z)
l-gq - Z (Hym( )> (g: 9); N f'q”'o(h )I/ 1 1‘%'2)'
oEUDS; ;1 “m=1 1 q)invo iYi, yeeey Vie1, 1, &

Setting y1 = y» = ... = y; = 1, replacing z by (1 — q)z, and letting g — 1
gives a result of Carlitz's .
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Ex 5: Perms by (i,m)-Maxima using the Temperley Method
If i >2and 1< m</ then the generating function for permutations by
(i, m)-maxima and inversions is also given by

zz(nym e

n>00€S,
/n+1 n—1 -1
lk
> I TG
n>0
g 1 —_ — —
Yi — 1 lk 1
1—
(q; Q)i—l n%:l H
where
Ym - 1) -1
T(b .
(b)= Z  (4:q)m(a™1b; q)i—m  (q:9)i-1(1— gb)
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Ex 6: Permutations by maximal number of
non-overlapping P = {1243,1342,1432,2341,2431,3421}

Corollary
Pro(o) qll’lV on

>3

V4
s 1_Y+Y(1_1T)IC

where

eq(z)eq(—2z) + cosz z + sini z + 2e4(—2) cosq z
K= +(eq(2) + eq(—2)) sing z

4eq(—z)cosq z

Remark: K is a g-analog of Kitaev's generating function that enumerates
permutations that avoid P = {4312,4213,4123,3214,3124,2134}.
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Ex 7: DCCPs by All Five Two-Column Statistics

Raw, Tief Z aBaSC Qa}asc lel.lllev Q b}lev Qcper Qdudes Q hrelh Qqarea chol Q
QReDCCP

n+1

2h c?dqg* u
2th>0 (chzilq Il_Ik 1<b/+ alccthq )(b + 1_ C2q - 1iqk>

(cqz)n _ajc2hgk n—1 c2dgk ay
1—ay Zn>1 1—qn Hk 1 by + 1—c2hgk k=1 by + 1-c2gk  1-gk
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Ex 8: CCPs by All Six Two-Column Statistics (Temperley)

If we set F(x) equal to

Z aBasc nglev lellldes Qa}asc Q b}lev leldes Qcper Qqarea Q hrelh QXa(Q)Zcol Q

QReCCP
where a(Q) denotes the area of the last column in @, then
R(x)  S(x) T(x)
R(1) S(1)-1 T(1)
Foy - R)SG) T() 1
S1)—1  T(1) ’
s TR -1

where

D 2"y (x)y(ax) ... y(@" T X)r(g"x),

n>0
D2y (X)y(ax) - y(@"x)s(q"x),
n>0
T(x) = 2"y (x)y(gx) ... y(¢" 1x)t(q"x), and .- .
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Ex 8 Continued : The Rest of the Formula

gxc*h
rx) = 1- qxc2h7
s = q°x%c*haya; gxc?asby B gxc?d,ay
(1—gx)(1 - qxc2h) 1—-gx (1-h)01-qgx)’
() = gxc?hd, b q’°x%c*hd,d, gxc?h?dya;
l—gxh  (1-— qxh)(l —gxc?) (1 —h)(1— gxh)’
gxc*hay by q°x%c%ha,d, gxc*haya;
y(x) =

1—gxc?h ' (1 —gxc®)(1 — gxc2h) (1 — gx)(1 — gxc2h)
gxc*byd;  c2bya;  cAdyby
1—gxc? 1-—gqgx 1—qgxh
gxctd,d, c%dya
T — ) | (T— ax)(1— qxh)’

+C2bub/ +
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Ex 9: DCCPs by Upper Valleys

A column-segment Qx Qxr1Qk+2 in a column-convex polyomino Q@ is said

to be a valley provided that QxQk-1 is an upper descent and Q41 Qk+2 is
an upper ascent or an upper level.

Corollary of Words by Factors

Z yval(Q) qarea Q Zcol Q
QeDCCP

Z (1 _y)nq(n+1)(2n+1)z2n—|—1
>0 (@ 9)2n+1(q: 9)2n
Z (1_y)nqn(2n+1)22n (l_y)nq(n+l)(2n+1)z2n+l ’

n>0 (q' q)%n n>0 (qv q)%n-i—l
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Ex 10: CCPs by Peaks, Area, and Column Number
(Temperley)

(2% + G+ i)
222q3'
Car) ~ ar

Z ypic(Q)qarea cholQ _
Qeccp (1- W)(l + @=qr

Don Rawlings and Mark Tiefenbruck () Consecutive Patterns: From Permutations to August 10, 2010 36 / 36



