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Symmetry




Schensted pairs

s(d, N) = no. of Schensted pairs on partitions A = N, ¢(\) < d

s(3,9) = 94 359
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Knuth's formula

Theorem
5(2,N) = dim R(2, N) |
Proof.
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A general formula

where

N!
dim\ = - ()\,—)\J—I—j—l)
H:'j:l()‘i —i+d)! 1§Egd

Challenge: use this formula to estimate

s(3,10%).



Regev's formula

Theorem
For any fixed d > 1,

GUE partition function S(d,N) growth rate

as N — oo.



Regev's formula

Proof.
“Continuous” Schensted pairs:
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s(d,N; 8) =) (dim\)?

A-N

C(?Ns(dv Nv /8) -
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(N<d

e—ﬁW(ﬂ,w}/dfl)dy

Mehta-Dyson-Selberg
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Asymptotic symmetry
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Conjecture:
s(d,N) ~dimR(d,2N/d)



Verification of asymptotic symmetry
Exact formula:
(dq)!

d—1 (q+i)!
i=0 il

dimR(d, q) =

Dimension of a d x oo strip:

d-1 ,
dim R(d, ) ~ (27)'2" < I1 i!> d9atz gt e

i=0
Scaling dictated by symmetry:
q~ 2N/d

Reproduces Regev's formula:

. 1-d d_l. 2N+£ 1-d?
dim R(d,2N/d) ~ (27) 2 ( [ it )M 7 (2N)



Asymptotic Knuth theorem

Theorem
For any fixed d > 1,

s(d, dn) ~ dim R(d, 2n)
as n — oo.

Corollary

The number of permutations in S(dn) with no decreasing
subsequence of length d + 1 is asymptotically equal to the number
of involutions in S(2dn) with longest decreasing subsequence of
length exactly d and longest increasing subsequence of length
exactly 2n.



Error term

Complements: 1 C R(d, q),

PR = (q— g, q — prg—1,...,9 — 1)
Theorem
s(d, dn) = dim R(d,2n) + E(d, dn),
where
1 . . £1\2 . 2
E(d,dn) = 5 Z (dim g — dim p*)* + Z (dimv)~.
pkdn vdn
nCR(d,2n) v1>2n
—_———

asymmetry large deviation



Laplace method

If you want to understand a sum/integral where the integrand
contains a large parameter, the maximum of the integrand is the
centre of the universe.

=

=

dim(n+y1v/n,...,n+ yqgv/n) ~ ?




Laplace method
Theorem
For any fixed y1y > -+ > yq, yi+ -+ yq =0,

lim Cadndim(n+ y1v/n,....,n+ ygv/n) = e Whnya)
n—oo

where

1 d

Wy, -ya) =53 v = Y loalyi—y).

i=1 1<i<j<d
Proof.
dim(n+ y1v/n, ..., n+ yqv/n)

Mdn+1 .

= — ( ) IT i—y)vn+i—i).

[, T(n+yiv/n+i+d+1) 1<iZj<d



Laplace method

s(d,N;B) = Y (dim))’

AFN
o(N)<d

lim ngns(d,dn;ﬁ) :/ e—BW(n,...,yd)dy
n—oo ’ Qd_l

Qu1={n>>ys, n++ys=0y cR?

Regev: evaluate this (difficult) integral.



Laplace method

dimR(d,2n) = > (dim p)(dim p*).
pdn
nwCR(d,2n)

t(d, dny,6) = S0 (dim ) (dim ')
pdn
nCR(d,2n)

Exactly the same argument:

i v+o . = YW (y1ss¥d) =W (=Yd s s—¥1)
nll_)n;o Ca.ant(d, dniv,0) /Qd_1 e e dy.



Symmetry returns

s(d, dn) ~ dim R(d, 2n)
)

/ e_QW(}’h---v)’d)dy — / e_W(Ylv--w)’d)e_W(_de---»_}/l)dy
Q41 Q41

)
W(.ylu"' 7_yd) = W(_yd)° . 'a_.yl)



Symmetry returns

%‘b

Energy:

d

1
Wy, -ya) =5 v = Y loalyi—y).

i=1 1<i<j<d

Symmetry:

‘ W(yl, . ,yd) = W(—yd7 . .,—yl)‘




Symmetry returns

Wy, ya) = W(-ya,---, )|

Theorem
For any 0 <~ < f3,

> (dimA)f~ Y (dimp)?(dim pr)?
A-dn pHdn
(N)<d uCR(d,2n)

Corollary

> (dimA)?~ > (dimp)(dim p*) = dim R(d, 2n)
A=dn pkdn
£ <d nCR(d,2n)



Mehta-Dyson integral

Energy:

1
W(tr,... ta) = 5 2= > log(ti— ty).

i=1 1<i<j<d

Partition function (Mehta-Dyson integral):

V(d; B) :/ e AWt ta) gy
Wa

Wdz{t1>--~>td}CRd



Mehta-Dyson conjecture:

1 d _d
W(d: 6) = (et

Bombieri: Selberg = Mehta-Dyson

Symmetry = V(d;2)
Dyson: ¥(d;2k) = WV(d;3).
e Symmetry = V(d;2k)?77



Double-Scaling limit
Baik-Deift-Johansson, Okounkov, Borodin-Okounkov-Olshanski,
Johansson:

Theorem
Ford, N — oo at the rate d ~ 2NY/2 4 ¢N1/6,

s(d, N) ~ F(t)N!,

where
F(t) = Tracy-Widom distribution function.

. 1 . . 12 . 2

s(d, dn) = dim R(d,2n)+§ E (dim p—dim ")+ g (dimv)-.
pHdn v-dn
nCR(d,2n) v1>2n

‘Asymptotics of E(d, dn) in double scaling Iimit???‘
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