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The reduction red(nq,...,nx) is a function that replaces the i-th

largest number with ¢

Example:

red(2151097) =514 32



For 7 € 5, there is a 7-cycle-occurrence in a cycle

C = (cg,...,cp—1) if there is an r and indices

0<i1 <- <tmo1 <p—1such that

red(Cp, Criiys .-y Crri. ) =T (Where the subscripts are taken
mod p)

If the occurrence involves consecutive entries it is called a

T-cycle-match



T=1234

B=2314



T=1234

B=2314



T=1234
7'2:3412

To=2341
T3:4123

B=2314



The focus of this talk will be to count

1. the number of n-permutations that have no 7-cycle-occurrences

in any cycle denoted

ncoSy, ()

2. the number of n-permutations that have no 7-cycle-matches in

any cycle denoted

nemSy, (T)
NCO,(t) =1+ 3 ncosn(f)g, (1)
NOM,(t) =1+ 3 ncmSn(T)g, (2)

n>1



Two patterns 7 and 8 are cycle-occurrence-Wilf-equivalent
(co-Wilf-equivalent) if NCO,(t) = NCOg(t)

Two patterns 7 and (3 are cycle-match-Wilf-equivalent
(cm-Wilf-equivalent) if NCM,(t) = NCMza(t)

Any cyclic permutation of 7 is co-Wilf-equivalent to 7



Reversing a Cycle:

(co, 1y Cm—1)" = (Cm—-1,Cm_2,.--Cp)

Complementing a Cycle:
(co,c1yCm1)“=Mn+1—co,n+1—c1,...n+1—cpm_1)

cr

0" is the result when you reverse all cycles of o

0 is the result when you complement all cycles of o



Note: Reversing (complementing) the cycle structure of o is

different from reversing (complementing) o
o = 1324 = (1)(23)(4)

o" =0 =4231 = (14)(2)(3)
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T is co-Wilf-equivalent and cm-Wilf-equivalent to 7" and 7¢
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The basic theorem of exponential structures allows us to simplify
the problem of enumerating ncoS, (7) and necmS,(7) to just
enumerating single cycles.

Let W,, : C,, — R be a weight function that sends cycles of length
m to a ring R. Then let C,, , be the set of all permutations of
length n with k£ cycles.

For o € Cp, 1, let

where p; is the length of C;.

Theorem of Exponential Structures:
Theorem O0.1.

1+Z Zaz S Wi N )
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For some pattern 7. if we let the weight function be

W,(C) =1 if C has no 7-matches and W, (C') = 0 if C does have a
T-match then we get the generating functions:

tm ,m
NCO-(t,z) = 1+) ) xVe) = T 2umz1 neoCm(T) gy
n>1 - oc€S,
c has no

T—CYCIG—OCCUI'I‘GHCGS

(4)

and

t" m
NCM,(t,x) =14+  — S 20 = g Tz nemCOn ()
n

’)’LZ 1 ) O'GSn
c has no
T-cycle-matches

()
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Example 1: Let 7 =1 2. It is clear that the only cycles that have

no 1 2-cycle-occurrences or 1 2-cycle-matches are cycles of length 1.

ncoCy (1 2) = nemCi(1 2) =1
ncoCp, (1 2) = nemCy, (1 2) = 0 for m > 2

Z ncoCm(T)% = Z ncmC’m(T)% =t

m>1 m>1

NCO;,(t,x) = NCM,(t,x) = e**
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Consider T = {12 3,3 2 1}.

It is clear that ncoC1(Y) = ncoCs(Y) = 1 and ncoC,, (1) = 0 for
n >3
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Consider T = {1 2 3,3 2 1}.

It is clear that ncoC1(Y) = ncoCs(Y) = 1 and ncoC, (1) = 0 for
n >3

NCOv (t, ZI?) _ ecc(t—l—t2/2)
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YT={123,321}

Let C' = (cg,c1,--.,Cn—1) have no Y-cycle-matches and ¢y = 1. If
n>3

1. cg <c1 > co
2. cop < c1>co <cg
Co < Cl >Ca<cCcg>cCcyu<cyg>cCcg<Cr...

But if n = 2k + 1 is odd then we will be forced to have
Cok_1 > Cop > co which will give a 3 2 1-match. Therefore n must

be even and cq,...,c,_1 must be an alternating permutation.
Z t2n—|—1
Alt2n+1 = tan(t)
I
= (2n + 1)!

Z ncmC’m(T)t—| =t — log | cos(t)|

m
m>1
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T={123,321}

Let C' = (cg,c1,---,Cn—1) have no Y-cycle-matches and ¢y = 1. If
n >3

1. cg <1 >co

2. cop < cp>co <cg

Co < Cl >Ca<cCg>cCcyp<cCcyg>cg<Cy...

But if n = 2k + 1 is odd then we will be forced to have
Cok_1 > Cor > cg which will give a 3 2 1-match. Therefore n must

be even and cq,...,c,_1 must be an alternating permutation.
Z t2n—|—1
Alt2n+1 = tan(t)
|
= (2n + 1)!

NCM~(t,z) = et(t—log|cos(t)]) — oot sec”(t)



Let C = (co, . .

.,Cp—1) be a cycle with its smallest element c

written first. Then cdes(C') = des(co,...,cp—1) +1

(1697284305)

/5‘\1

3

8

N,

And if o = (4, ..

\6
|
/

. (% is a permutation in cycle structure then

cdes(o) = ) . cdes(C})
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Let C' = (cg,...,cp—1) be a cycle with its smallest element c
written first. Then cdes(C') = des(cg,...,cp—1) + 1

(1697284305)

4
\ 9
8 /
\ 7
22—
And if 0 = (', ...} is a permutation in cycle structure then

cdes(o) = ) . cdes(C})
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Let nmS,, (1) be the number of n-permutations that have no

T-matches.

If 7 starts with 1 then nemS,(7) = nmS,(7) for all n.

1+chm5 ——1+an5 —

n>1 n>1
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If 7 starts with 1 then nemS, (1) = nmS,, (1) for all n.

Example:

o

510 11)(36 4 8)(19 7 2)
51011 (3648|1972

o
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Lemma 0.2. If 7 € S; and 7 starts with 1, then for any o € .Sy,
1. o has k cycles if and only if 6 has k left-to-right minima,
2. cdes(o) =1+ des(d), and

3. o has no cycle-T-matches if and only if & has no T-matches.
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If 7 starts with 1 then nemS, (1) = nmS,, (1) for all n.

Example:

o

510 11)(3 6 4 8)(1 9 7 2)
51011 3648|1972

o
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If 7 starts with 1,

t'rL

o des(o
NC’MT(t,a:,y) — Z ﬁ Z wcyc( )yc es(o)
n>0 o has no
T-cycle-matches
t" LtoRmin(o),, 14+des(o)
n>0 o has no

T-matches

tm

=exp | x Z W Z ycdes(c)

m>1 ¢ has no
T-cycle-matches
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Suppose T starts with 1.

tm
NM,(t) = NCM,(t) = exp §>:1 ncmCm(T)m
Z nemCh, = log (N M., (1))
m>1
NM,(t,x) = NCM,(t,z) =exp | x Z ncmC’m(T)t—'
m!

m>1

t" :
NM;(t)* = NM;(t,z) = Z ] Z g LtoRmin()

n>0 o has no
T-matches



Example: Let 7 = 132 and let

An(y) _ Z ycdes(c) _

celC,
c has no
T-cycle-matches

A=y (1)
Ay =y (12)

Az = Y (123)7%1%2_)

2

ceS,
o starts with 1
o has no
T-cycle-matches

1+des(o)
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T =132
A, withn >4

k=2 12__ ... we get A,—1(y)
ntl
k=3 1_2_..._ can’t avoid 132
k>4 1.2 ... (PZ2) Ak—1(y) An—k11(y)
k—1 n—k+1

So now we get the recursion
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Let A(t,y) = Y50 An(y)

Then the recursion

leads to the differential equation:
A'(ty) = (A'(ty)* + (1 —y —yt)(A'(t,y))

and solution

2

t
A(t,y) = —log(1 — y/ "V TV T ds)
0

29



2

t
O
0

NCM,(t,z,y) =

2

t
NM,(t,z,y) = exp [x(—log(l — y/ eSTYSTYT ds))
0

1— yfg 5~V YT (s

|
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The method we used for 132 will give us a differential equation for
all patterns 7 € §5,, that have the form

r=12 ... G-1Daj

Where « is any permutation of the last m — j numbers.

Example: 12349681075
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Suppose 7T=12 ... (j—1)aj

NM,(t,z,y)

U’T

n

1

(1 . y)U;L_—]_ 4+ ydes(oz)—l-l(

n—17>
m

)

-
n—m-—j+1
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Remmel and Mendes proved the following theorem:

Theorem 0.3. For j>2andt=3 ... 21,

" es(o 1
Zﬁ Z d (@) = Z Z Rn—1,i,j-1Y

n>0 ocES, n>0 '7,>0
T—match(o)=0

where Ry, ; ; 15 the number of rearrangements of © zeroes and n — 1

ones such that j zeroes never appear consecutively.
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This theorem gives the following result:

Ifr=12...5 then

NMT(tvxay) — NCMT(t,ZC,y) — (

1

2.

244
n>0 n!

i>o0(~

1)iRn1,z’,j1yi>
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1234

1243

1324

1342

1423

1432
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=12 ... (-1 ay

k=2
1=2,a=12
z k-1
U, = (1—1y)U,_ )" U, _
(1-y) 1+kz::2( y) ( E 1 ) 2k+1



