ANOSOV AUTOMORPHISMS ON NILMANIFOLDS IN
DIMENSIONS 9 AND 10.
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ABSTRACT. We study 9 and 10-dimensional Anosov Lie algebras, by using
the properties of very special algebraic numbers. We classify k-step complex
Anosov Lie algebras for k > 2 and in the two step case, we give an example in
each possible type, or we give a non-existence result.

1. INTRODUCTION

A diffeomorphisms f of a compact differentiable manifold M is called Anosov if
the tangent bundle TM admits a continuous invariant splitting TM = Et ® E~
such that df expands E1 and contracts E~ exponentially. In [19], S. Smale raised
the problem of classifying the compact nilmanifolds admitting Anosov diffeomor-
phisms, and up to now the only known examples of Anosov diffeomorphisms are
on nilmanifolds or manifolds finitely covered by nilmanifolds, which are known as
infranilmanifolds. It is even conjectured that any Anosov diffeomorphism is topo-
logically conjugate to an Anosov automorphism of an infranilmanifold (see [18]).
This conjecture is known to be true in some cases (see [7], [14]). This highlights
the problem of classifying all compact nilmanifolds which admit an Anosov auto-
morphism.

A rational Lie algebra n® (i.e. with structure constants in Q) of dimension n is
said to be Anosov if it admits a hyperbolic automorphism A (i.e. all its eigenvalues
have absolute value different from 1) which is unimodular, that is, [A]g € GL,(Z)
for some basis 8 of n@, where [A]s denotes the matrix of A with respect to £3.
We call a real or complex Lie algebra Anosov if it admits a rational form which is
Anosov (see [10]).

Then, a simply connected n-dimensional nilpotent Lie group N, with its Lie
algebra n, is a cover of a nilmanifold admitting an Anosov automorphism if and
only if there exists a Z-basis § (i.e. with integer structure constants) of n and a
hyperbolic automorphism A of n such that [A]s € GL(n,Z).

Hence as far as the question of classifying nilmanifolds admitting Anosov auto-
morphisms is concerned, one is interested in real Anosov Lie algebras. The problem
of deciding if a nilpotent Lie algebra n admits an Anosov automorphism is equiv-
alent to see if n admits a hyperbolic automorphism A such that [A]z € GL(n,Z),
where (3 is a Z-basis of n and n is the dimension of n.

The first example (due to Borel) of a non-toral nilmanifold admitting an Anosov
automorphism was described by S. Smale ([19]). After that only relatively few
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examples appeared in the literature. Recently, the families of nilmanifolds with
Anosov automorphisms have been constructed showing that a complete classifica-
tion does not seem to be possible (see [2], [3], [4], [5], [6], [10], [12], [15], [17]). In
[13], all real and rational Anosov Lie algebras of dimension < 8 are classified up to
isomorphism and we note that curiously enough, there are quite few ones.

In this paper we will study Anosov complex Lie algebras. To classify Anosov
Lie algebras over R, one has to find all the others reals form of the given complex
one and study which ones are Anosov. More specifically, we study Anosov Lie
algebras of dimension 9 and 10 by using the properties of very special algebraic
numbers, following the ideas introduced in [10] and used also in [12],[13] and [17].
This algebraic numbers are actually the eigenvalues of the corresponding Anosov
automorphism, and they have very special properties that have been studied in [16].
Using all this and noting that the existence of such an algebra implies the existence
of a lower dimensional one that can be found in the classification given in [13], we
classify k-step complex Anosov Lie algebras for & > 2.

In the 2-step case, we consider every eventually possible type as in [13, Propo-
sition 2.5], and in each one we either give a non existence result, or we give an
example of Anosov Lie algebra showing that this case is actually possible. By using
the results from [16], we prove that a 9-dimensional Anosov Lie algebra should be of
type (6,3) or (3,3, 3) and moreover we show that there is only one complex Anosov
Lie algebra of type (3,3,3). We note that this is the first example of an Anosov
Lie algebra of type (3,3, *) showing that the condition in [12, Proposition 2.3 (ii)]
ng > 3 is in fact attained. In the (6,3) case, we give a necessary condition related
to the Pfaffian form and from there we get a list of the possible Anosov Lie algebras
of type (6, 3), but for some of them we are not able to conclude whether they admit
Anosov automorphism or not. In the last section we study 10-dimensional Anosov
Lie algebras. We prove that the possible types of 2-step Anosov Lie algebras are
(8,2),(6,4), (4,6) and (5,5). There are already known examples of type (8,2), (6,4)
and (4,6), and we give a new example of an Anosov Lie algebra of type (5,5). For
higher steps, we prove that there is only one Anosov Lie algebra in each of the types
(6,2,2),(4,2,4), (4,2,2,2) and two of the type (4,4, 2).

We would like to thanks J. Lauret for his constant help and advice.

2. PRELIMINARIES

In this section, in order to introduce the framework in which we are going to
work, we will begin by recalling some facts about the eigenvalues of an Anosov
automorphism, proved in [12] that we are including for completeness.

Proposition 2.1. (see [12]) Let n be a real r-step nilpotent Lie algebra. We define
C(n) inductively by C'(n) = [n,C*"(n)] for i > 1, where C%(n) = n. Ifn is an
Anosov Lie algebra then there exist a decomposition n = ny & --- d n,. satisfying
C'(n)=n1 ®...®&n,, i=0,...,7, and a hyperbolic A € Aut(n) such that
(i) An; =n; foralli=1,...,r.
(ii) A is semisimple (in particular A is diagonalizable over C).
(ii) For each i, there exists a basis B; of w; such that [A;]g, € SLy,(Z), where
n; = dimn; and 4; = Aly,.

If we have a decomposition n = ny; & ---@n, as in the previous proposition, then
we say that n is of type (ny,n2,...,n,) where n;, = dim n; foralli =1,...,7.
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It is not hard to see that the eigenvalues of an Anosov automorphism are neces-
sarily algebraic units, that is, an eigenvalue of an Anosov automorphism satisfies a
monic polynomial equation with integer coefficients and unit constant term. For an
algebraic number A € C, we denote by deg()) the degree of my(z), the irreducible
monic polynomial over Q annihilated by A and by the conjugated numbers to A we
will denote the conjugated algebraic numbers of A over Q, that is, the other roots
of m(z). We then have the following result (see [12]).

Lemma 2.2. Let n be an Anosov real Lie algebra which is Anosov, and let A and
n=n; @&ny@---PBn, be as in Proposition 2.1. If A; = A|,, then the eigenvalues
AL, ..y A, of A, are algebraic units such that1 < deg(A;) < n; forallj=1,--- ,n;
and we may assume that Ay ... A\, = 1.

From this, for each A; as in the lemma, we can define the splitting of A; by the

tuple [k1;...;km], ki € N, such that there exists a reordering of the eigenvalues

of A;, {M,..., A, } (counted with their multiplicities) such that for all I > 1,
-1 -1

deg \; =k if i = Z ke+1,..., Z k: + k;, where for consistency we define kg = 0.

t=0 t=0
More specifically, the characteristic polynomial of A; can be written as the product

of m irreducible polynomials (over Z) fi, fa,... fm such that deg f; = k; for all 4,
and the roots of f;, [ > 1, are

Aty ke At TR
It is easy to see that k1+- - -+k,, = n; and since A; is hyperbolic and unimodular,
we also have that k; # 1 for all j (see [12] Appendix). Also, since the order is not
relevant, we can order it from greatest to lowest.
We note that each eigenvalue of A — i is a product of certain eigenvalues of A;
and eigenvalues of A are algebraic units. We are then interested in how the product
of such special algebraic numbers can behave. It is proven in [16] that this behavior

can not be so wild. In fact, one has the following lemma that can be deduced from
[16].

Lemma 2.3. Let A be an Anosov automorphism of a nilpotent Lie algebra n and
let o and B be two eigenvalues of A. Then the following hold:

1. If deg(cr) and deg(B) are relatively prime then deg(af) cannot be a prime.
2. If aB is also an eigenvalue of A and deg(a) < deg(3) then

g.c.d.(deg(B), deg(a3)) # 1.

An abelian factor of n is an abelian ideal a for which there exists an ideal n of n
such that n =n@a (i.e. [#,a] = 0). Let m(n) denote the maximum dimension over
all abelian factors of n. By [12, Theorem 3.6 ] if n is a rational Lie algebra with
m(n) =r and n =n® Q" is any decomposition in ideals, that is, Q" is a maximal
abelian factor of n, then n is Anosov if and only if n is Anosov and r > 2.

As we have said, we are going to start with an Anosov Lie algebra, n, and by using
the properties we have mentioned of the eigenvalues of the Anosov automorphism
it admits, we are going to deduce properties of n. Therefore, if n is an Anosov Lie
algebra, with Anosov automorphism A, we are going to consider the complex Lie
algebra nc = n ® C which admits a decomposition ng = (ny)¢c @ ... @ (n,)¢, where
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(n;)c = n; ® C, as in Proposition 2.1, and a basis of eigenvectors of A; for all 4.
Moreover, we also want to point out that if nc has an abelian factor, then n must
also carry an abelian factor. In fact, 3(n¢) N [nc, n¢c] = (3(n) N [n,n])c and hence if

3(nc) N [nc, ne] # 3(nc) then (3(n) N [n,n]) # 3(n).

Finally, we will state the following observation that can be easily proved by using
Proposition 2.1.

Lemma 2.4. Let n be an Anosov Lie algebra of type (ni,...,n,) and let n =
N ... & n,. be the decomposition of n given in Proposition 2.1. Thenn = n/n, and
n = [n,n] are both Anosov.

In fact, if n is an Anosov Lie algebra, A and n = ny @...®n,. are as in Proposition
2.1 then, since A is an automorphism, it preserves n’ = [n,n] = ny @ ... ® n,.. Also,
since An; = n; for all ¢ = 1,...,r, it is easy to see that it induces an automorphism
of n=n/n. ~n; &..En._1. It is clear that, in both cases, these automorphisms
are hyperbolic and to see that they also are unimodular, recall that for each i, there
exists a basis §; of n; such that [A;]3, € SLy,(Z), where n; = dimn; and 4; = A

n;-

Note that this argument is valid not only at real or complex level but also at
the rational case. Concerning the type of n or n’ we note that if n is a three step
nilpotent Anosov Lie algebra, then since [ng, ng] = 0 then 1 = n/ng ~ n; ® ny and
this decomposition gives the type of n. On the other hand, in this case, n’ = [n,n]
is an abelian Lie algebra.

3. DIMENSION 9

In this section we will study complex Anosov Lie algebras of dimension 9. In fact
we will prove that any Anosov Lie algebra without an abelian factor has to be of
type (6,3) or (3,3,3). Moreover, there is only one complex Anosov Lie algebra (up
to isomorphism) without an abelian factor of type (3,3, 3). In the case of (6,3) we
give some new examples.

In the following, n, will be a complex Anosov Lie algebra with no abelian factor,
and A, A; and n; will be as in Proposition 2.1. We will denote the eigenvalues of A;
by \}s, eigenvalues of Ay by ,u}s and eigenvalues of Az by v}, and the corresponding
eigenvectors by X|s, Y/s and Z;s respectively.

For simplicity assume for a moment that n is a two step nilpotent Lie algebra. We
may assume that for each Y;, there exist X; and X}, such that ¥; = [X;, X;]. On the
other hand, if for each j,1, let a?ﬁl € C be the scalars such that [X;, X;] =" a;?,lYk,
since {Y}} are linearly independent, for each k we obtain

(1) Aihak, = pal.

Hence, if af’l # 0, pr = A\jA;, and therefore, if af}l # 0 # a;?"l, then pp = pgr. In
particular, if ny = 2, since puy # uo, for each j,1, there exists a unique k such that
[X;, Xi] = apYy. If it is so, by (1), \jA\; = pg. When ny = 3, the same property
holds. Indeed, p; # p; for all ¢ # j since deg p; > 1 for all i. If n is a 3-step Anosov
Lie algebra and if ng = 2 or 3, then for each Z; we have that Z; = [X;,Y}] and
therefore v; = \;jpu, for some i,k (see [13]).
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Using Proposition [12, Prop. 2.3] we can see that the possible types for a 9 dimen-
sional Anosov Lie algebra are (7,2), (6,3), (5,4), (4,5), (5,2,2), (4,3,2), (4,2,3)
and (3,3,3).

As a corollary of Lemma 2.4 and the fact that there is no non-toral 7 dimensional
Anosov Lie algebra (see [13]), there are no Anosov Lie algebras of type (5,2,2) and
(4,3,2).

We are now going to show that a nilpotent Lie algebra with no abelian factor of
any of this types that actually admits an Anosov automorphism is of type (6, 3) or
(3,3,3). For all the remaining cases but those, we will systematically use Lemma
2.3 to show that there must be an abelian factor. In these cases we will prove that
nc have an abelian factor, and therefore n must also carry one. Note that in this
situation n = C™ @ n where n is a lower dimensional Anosov Lie algebra with no
abelian factor, and therefore should be one of those in the classification given in
[13].

Case (7,2) Suppose that there exists an Anosov Lie algebra n of this type with
no abelian factor, and let {A1,..., A7} and {u1, ua} denote the eigenvalues of A; and
As with eigenvectors Xy, ... X7, Y7, Ys, respectively. Hence the splitting of A; can
be [7], [5;2], [4; 3] or [3;2;2]. It is not hard to see that none of this cases are possible.
In fact, if the splitting of A, is [7] that isdeg A; = 7for all 1 < ¢ <7, then pug = A\
for some 1 < ¢ # j < 7 with deg i, = 2, and therefore (deg \;\;,deg ;) =1, a
contradiction to Lemma 2.3. In fact, we note that if max(deg\;,deg ;) is odd,
then the corresponding eigenvectors must satisfy [X;, X;] = 0 since A;A; can never
be an eigenvalue of Ay. Therefore, the cases [5;2] and [3;2;2] are not possible
either, since [X;, X;] = 0 for all 4, j and the algebra will be abelian.

Finally, since 2 is a prime number, Lemma 2.3 implies that if degA; = 4 and
deg A\; = 3, (or equivalently 3 and 3) then [X;, X;] = 0 in the same way as before.
Therefore case [4;3] we will have an abelian factor, namely the ideal generated by
X5, X6 and X7

Case (5,4) In this case we can argue in a similar way to the previous one, since
the possible splitting of A; are [5] and [3;2]. In the first case, for each non zero
bracket among the eigenvectors of Ay, that is if [X;, X;] # 0 for some 1 <14,j <5,
we then have that \;\; = py has degree 4 or 2. It is easy to see that either way this
contradicts Lemma 2.3 since g.c.d(5,4) = g.c.d(5,2) = 1. In the second one, by the
same argument, we know that [X;, X;] = 0 for ¢, j € {1, 2,3}, and if pu, = A\;\; with
i <3 and j =4 or 5, then g.c.d.(deg \;,deg ) = 1, contradicting again Lemma
2.3. Therefore, this case is not possible since [X;, X;] = 0 for all 4, j.

Case (4,5) By using Lemma 2.3 and the previous techniques, we can see that
in this case also we would have an abelian factor. We also note that this case is
also considered in [6].

Case (4,2,3) As before, we start by noting that the possible splitting of A; are
[4] or [2;2]. Let {A1, A2, A3, Aa, i1, pi2, V1, v, 3} denote the eigenvalues of A with
corresponding eigenvectors { X1, X, X3, X4,Y1,Y2, Z1, Z2, Z3}. We note that since
n has no abelian factor, each v, = A;p; for some 1 < 4,5 < 3 should have degree 3.
We then have a contradiction to Lemma 2.3, since if we denote by d the degree of
A; then either d = 4, or d = 2, d and 3 are coprime numbers in both cases.
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Case (3,3,3) Let n be a nilpotent Lie algebra of type (3,3,3) that admits an
Anosov automorphism A. Let {1, Ao, A3, o1, o, i3, 1, V2, V3 } denote the eigenval-
ues of A with corresponding eigenvectors { X1, Xo, X3,Y1,Y>, Y3, Z1, Z5, Z3} such
that \js, v/s and ps are eigenvalues of A;, Ao and Ajs respectively. It is easy to

J
see that we can assume that

(X1, Xo] = Y1, [Xo, X3]=Ya, [X1,X3]=1Y5,
and since A1 AaA3 = =1 we also have that
[X3,Y1] =0, [X;,Y2]=0, [X»,Y3]=0.
Let n(a, b, ¢) denotes the Lie algebra given by

[X17X2} - Y17 [X23X3] = }/2) [XlaX3] = 1/3a

(2)
(X1, Y] =aZy, [X,Ya]=0b2y, [X3,Y3]=cZs,

for a,b,c € C. Moreover, since we are assuming that n has no abelian factor, we
have that abc # 0 and in this case, by changing the basis in the center it is easy
to see that n(a,b, c) is isomorphic to n(1,1,1). In the following we will show that
n(1,1,1) is the only Anosov Lie algebra with no abelian factor of type (3,3, 3). To
do this, we will first show that n is isomorphic to n(1,1,1), and then we will give
an hyperbolic automorphism A and a Z-basis of n(1, 1, 1) preserved by A such that
the matrix of A in that basis has integer coefficients.
To see that n is isomorphic to n(1,1,1), let’s suppose on the contrary that

(3) [Xla}/}] = Zk7 and [Xza}/}] = Zr

for some ¢ that we can assume to be 1. It is clear from (3) that j,! # 2 so we may
assume that j = 1 and [ = 3. Hence, if kK = r, (3) implies that A?\y = A\}\3 and
therefore we get to the contradiction Ao = A3. On the other hand, if k # r, with no
loss of generality we can assume that

(X1, V1] =a Zy, [X1,Y3] =0 2.

Now, as we have said before, one has that Z3 = [X;, ;] for some 4, j. It is not hard
to see that the possibilities for (i, j) are (2,1), (2,2), (3,2), and (3,3) but all of
them lead us to the same kind of contradiction by checking that the product of the
eigenvalues in the center equals v7, v1, va, V3 respectively. Indeed, if for example
we consider case (2,2), we obtain

(X1, Yil=aZy, [X1,Y3]=0b2Zs, [Xo,Y2]=cZs,

and therefore 1 = A2X\3.A2A3.03\3 = A?)\y = v, contradicting the fact that As is
hyperbolic.

Concerning the rational form which is Anosov, let us begin by noting that we do
not have any restriction on the eigenvalues of A but the degree, so we can choose
now very specials ones. Consider the polynomial in Z[X] given by

(4) f(X)=X3-3X+1.

(5) M=E+E, M=+, N=¢+8,
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are the roots of f(X), where £ = e2i™/9 g ninth root of unity. In this case we have
that the extension Q(A;) is a cyclic extension of degree 3 over Q (see [1, p. 543]),
and moreover straightforward calculation shows that
(6) M=M—-2 =X -2 \=)\-2
We consider now the automorphism A as above, corresponding to these A;’s, that
is, defined by A(X;) = M X, A(YY;) = . Y; and A(Z;) = v, Z; for i = 1,2,3. Recall
that, from (2),

1= A1A2, pe = A2d3, p3 = A1ds,

V1= Apln, Ve = Aafla, V3 = Azps.
Note that, due to our choice of A;, deg(u;) = 3 = deg(v;) for all 1 <7 < 3.
Concerning the new basis, for ¢ = 1,2, 3 let us denote by

3
X, = ZAé‘l X;,
Jj=1 . .
Vi= A" = M)V + AT s — Aa)Ya + AT (g — Ap) Y3,

Z;, = (/\1)i_1()\2 — /\1)21 + (/\Q)i_l()\g — /\Q)ZQ =+ ()\3)i_1(/\3 — )\1)Z3.

It is easy to see that (s are linearly independent sets. Moreover, we can see that
A(Xl) = XiJrl, A(yl) = yi+1 fOI 7 = 1, 2, A(Xg) = 3.)(2 — Xl and A(yg) = 3y3 — yl
by using that f(X;) = 0 and therefore )\;1 = 3 — A\2. Also, by using (6) one can
to see that A(Z;) is an integer linear combination of the Z/s. for all 4. In fact, for
example

A(Z1) = MAa(Xa — M) Z1 + A3As(As — A2) Zo + A3A1(As — A1) Zs
=AM = 2)(M2 = M) Z1 + A3(A3 — 2)(A3 — A2)Za + A5(A5 — 2)(A3 — A1) 23
= (/\% —A)(A—A)Z1 + ()\% —X2)( A3 — A2)Zs + ()\% —A3)( A3 — A1) Z3

=25 — 2.

Therefore, 5 = {X;,Y;, 2k : 4,j,k = 1,2,3} is a basis of n(1,1, 1) preserved by
A and moreover [A]g € GL(9,Z).

To finish, it remains to show that § is also a Z-basis. We first note that since
MA2Az = 1, Ap + A2z = 0 and ;% = 3\ — \;, we have that
(7) (X1, Xo] = V1, [A1, As] = V3 — 3Da.
Moreover, by using (6) as above, we have

(X1, 0] = 21, [X, Q6] =25 — 21, [, V5] =23 —22,+ 2.

Note that since A in an automorphism of n and by our construction of the basis,
these are the only brackets one need to check. Hence (8 is a Z-basis of n(1,1,1)
preserved by the hyperbolic automorphism A, such that [A]g € GL(9,Z), and
therefore n(1,1,1) is an Anosov Lie algebra, as we wanted to show.

Remark 3.1. We will use the above proof as a model proof to show that a given
Lie algebra is Anosov in some of the following cases where we will just exhibit the
automorphism and the Z-basis.
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Case (6,3) We first note that complex nilpotent Lie algebras of type (6,3) have
been studied in [8] sec 4. where they obtained a classification up to SL(6) x SL(3)
action. Since we are going to use some of their results we will introduce now their
notation.

Let {X;:1 <4 <9} be the canonical basis of R? and for any ¢, s, r € C denote
by t Uy + s Uy + r Us the 2-step nilpotent Lie algebra given by

[Xth} =t X7 [Xg,X4] =t Xg [X5,X6] =t Xo
(8) (X5, Xy4] =5 X7 [X1,X6] =5 Xs [X3,Xo] =5X

[X37X6} :TX7 [X5,X2] :TXg [Xl,X4] :’I"Xg.

where U; = (R%,[, ;) is the 2-step nilpotent Lie algebra where [, ]; is given by
the i'" row of (8). It is easy to see that these are 2-step nilpotent Lie algebras
of type (6,3). The classification given in [8] splits the (6,3) nilpotent Lie algebras
in 7 families. The first 6, consists of Lie algebras with a semisimple part (closed
SL(6) x SL(3) orbit) given in terms of ¢t Uy + s Us + r Us, for some values of
r,8,t plus a nilpotent part (non-closed SL(6) x SL(3) orbit) that are listed in a
table. The last family consists of 76 nilpotent elements. Note that since we are
interested in (6,3) Lie algebras up to isomorphism, we need orbits for the action
of GL(6) x GL(3), and therefore it is not hard to see that to this classification we
only have to add the action of scalar multiples of the identity. Then, for example
we have that sUs + rUs ~ s’ Uy + Us for any r # 0 and the semisimple part of
Family 4 (and 5) are all isomorphic.

Coming back to the Anosov problem, let n be an Anosov Lie algebra of type
(6,3) with no abelian factor, and let A, A, A3, be as in Proposition 2.1. Denote
by A1,..., ¢ the eigenvalues of Ay, by p1, e, us the eigenvalues of As and the
corresponding basis of eigenvectors by § = {X1,..., Xs,Y1,Y2,Y3}. Let f and g
be the characteristic polynomials of A; and As respectively. By using Lemma 2.3
it can be seen that that g is irreducible over Z, and either f is irreducible or f has
two irreducible factors of degree 3 over Z. Note that this corresponds to the fact
that the spitting of A; is [6] or [3; 3]. We are going to study now each one of these
cases separately.

Case i: (f is irreducible over Z). We note that, in particular, this implies that
Ai # Aj for all 4 # j. We begin by showing that we can assume that

(9) [X17X2] :}/la [X35X4] :}/27 [X5,X6] :Y3-
In fact, if this is not the case we can reorder the basis so that
(10) [X1, Xo] = V7, (X1, X3] = Yo,

and in this situation we have to consider three possibilities for Y3,

(11) (I) [X1, X4] = V5, (IT) [X2, X;] = Y3, (TII1) [X4, X5] = V3.

Note that each one of this situations represents a few others that are totally
equivalent to the considered one.

Case (III) is the simplest one because from (10) it follows at once that A2 A A3 A5 =
1 and therefore we obtain the contradiction A\; = Ag.



ANOSOV AUTOMORPHISMS ON NILMANIFOLDS 9

In case (I) we have that
(12) MXodsAy =1 or, equivalenltly A2 = \5).

Let us consider then the possibilities for [X5, X;] = Yy, [X6,X;] = Y,. With no
loss of generality we may assume that [X5, X;] = Y7, and hence, AsA; = A1 Ag or
equivalently by (12), AA; = AgA2. Therefore, by all this, it is easy to see that
j #1,2,5,6 and hence j = 3 or 4. Since both cases are entirely analogous, we will
just consider j = 4. That is,

(X1, Xp] =Y, [X1,X3]=Yy [X1,X4]=Y3
(13)
(X5, X4] =Y.

From this, it is easy to see that r # 1, and if »r = 3, then | = 2 since product of
all As is 1 and then by rearranging the basis we would have (9) as desired. To see
that r = 2 is not possible either, suppose that [Xg, X;] = Y2. If this is the case, it is
easy to see that | # 1,3,6,5,2, and so, we may assume that [Xg, X4] = Y. Hence,
1= U143 = )\1>\3/\5)‘6-

By using (12), (A\1A4)® = 1 which implies that p3 = 1, contradicting the fact that
Ajg is hyperbolic.

Finally concerning case (II), note first that we have to distinguish between j = 3
and j # 3. If j # 3, let us say j = 4 (or equivalently 7 =5 or 6), we have

(14) (X1, Xo] =Y1, [X1,X3]=Y2 [Xo, X4]=7Ys5.
Therefore we obtain, equivalently,
(15) /\?/\%/\3)\4 =1 or )\5)\6 = )\1)\2.

It is clear from this that if [X5,X;] =a Y7 or [Xg, Xix] =bY; thenl =6 and k =5
and we would have (9) as desired. In a very similar way we did in the previous
case, it is easy to see that this situation leads us to either case I or (9). Therefore,
we can assume (9), that is

[XlaX2] = Yla [X33X4] = }/27 [X57X6] = Y3'

If there are no more non trivial Lie brackets but these, then n ~ hs & hs ® hs ~ U,
which is known to be Anosov (see [13]). If there are more non trivial Lie brackets,
without any loss of generality, we can assume that [ X3, Xa] = ¢ Y3. Moreover, using
that there is no abelian factor, that the \;’s are all distinct and that Ay ... g = 1,
one can see that ne¢ is isomorphic to n’(a, b, ¢), given by

(X1, Xo]=Y1, [X3,X4]=Ys [X5, X6] =175,
(16)

(X5, X4l =a Yy, [X1,Xe]=0bY2 [X3,X2]=cYs5,
for some a, b, c € C. By the same reasons given above, it is easy to see that we can
not add more nontrivial Lie brackets.

To study how many non isomorphic Lie algebras we obtain from (16), we start

by noting that if abc = 0, from [8] we get that we have only two non isomorphic
Lie algebras:

n'(0,0,¢) =~ n'(0,0,1) =~ Uy + ny4, and n(a,b,0) = n'(1,1,0) ~ Uy +nyq,
both in Family 6, where n; denote the nilpotent part j given in Table 7.
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On the other hand, if abc # 0, by changing the basis to
1 1 1

6’ = {X17 aXQ; 7X37 7X47 CX5? X67 CLYl, 7Y27 CY3}7
a c ac

we obtain
[X17X2] = Y17 [X37X4] = }/2 [X57X6] = Y37
(17)
(X5, X4l =Y1, [X1,Xg] =abcYsy [X3,X5]=Ys3,
showing that n’(a,b,c) ~ n’(1,abc, 1), and then (if abe # 0)
n'(a,b,c) ~n'(s,s,8) ~ Uy + s Uy ~ s Uy + Us,

where 5% = abc. Therefore, if s3 = §/3, s Uy + Us ~ s'Us + Us. In the classification
given in [8] one has the following non isomorphic Lie algebras

s Uy + Us, corresponding to s® # 0,41 (Family 2)

Us + Us, corresponding to s* = 1 (Family 4)

—Uj + Us, corresponding to s = —1 (Family 5)

Us ~ Uy, corresponding to s = 0 (Family 6).

We are not able to decide if the algebras in Family 2 are Anosov or not, we note
that since it gives an uncountable family of nonisomorphic Lie algebras, not all of
them can be Anosov.

For s = 0, as we have already said n ~ h3 & h3 @ b3 is an Anosov Lie algebra.

If s3 = 1, (assumed to be 1) we will show that Us + Uz (see (8) with ¢t = 0,r =
s =1), is an Anosov Lie algebra, by using the ideas of [17].

Let {1, A2, A3} be the roots of the polynomial in (4) used in the (3,3, 3)-case.
As we have noted there, \; are degree 3 algebraic units. Let u be an algebraic unit
of degree 2, such that

|pEIN;| # 1, for j = 1,2,3, and let A be the automorphism of n such that
[Alp = [Al A, |, where

13 .
BT As
A = e . Ay = [MAZ M As } .
K 2 A2A3
BA1
pT A

Due to our choice of  and As, it is clear that A is hyperbolic, and moreover, it
is easy to see that A is also an (hyperbolic) automorphism for U = s Us + Us, for
any s € C. Straightforward calculation shows that if

Xy = Ay (1P Xy + 77 Xo) + Xy (1P X + 77 Xy) + N (05 X5 + 7% Xe)

Vr= (n7h = p)(N5Y1 + A5Y2 + ATY3),
then
B = { X, Vo | k=0,1, 1=0,1,2 r=—1,0,1},
is a Z-basis of n = Uy + Us preserved by A such that [A]z € GL(9,Z) (see [17]
Example 2.5 and Remark 2.6).

For the case when s3 = —1 let us change the basis of —U, + Us to

/8 = {Xl + X27X3 + X47X5 + X67X1 - X27X3 - X47X5 - X672}/372}/17 _2}/2}
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and we then get

(X1, Xo] =Y, [X5, X3] =Yy [Xi,X3] =15,
(18)
(X4, X5]=Y1, [X5,X6]=Ya [Xy,X6]=1VYs,

which is an amalgamated sum of the type studied in [17]. Indeed, if we denote
the algebra given by the first row by n; = v1 +3; and by ny = v + 32 the one given
by the second row, it is easy to see that both are isomorphic (Anosov) Lie algebras
and moreover n =~ (b1 +vs)+31. In this case by identifying both basis of the center,
it is easy to see that this is an Anosov Lie algebra (see [17], Example 2.3).

(ii) f has two irreducible factors over Z (each of degree 3). We can assume that
both of them have constant term equal to 1 by considering the square of the auto-
morphism if required. As usually, let {X; : 1 < i < 6} and Y7, Y5, Y5 be the eigen-
vectors of A1 and As corresponding to the eigenvalues A1, Ag, As, pi1, t2, i3, V1, Vo, V3
respectively. It is clear that one may either have

(a) [X;, X;] =Y} for some 1 <4,5 <3 (or equivalently 4 < 4,5 < 6) or

(b) [X;, X ] =0foralll<4¢,j<3and [Xg, X;]=0foralld <k <6.
In a), with no loss of generality we may assume [X;, Xo] = Y7. At the eigenvalue
level, this means that v; = AjAq is a root of g. Since deg(A1A2) = 3 then A Ay =
A3Y Mz = Ayt and Aod3 = A[' are the roots of g. On the other hand, the
absence of abelian factor implies that for every k =4,5,6

Xk, X;]#0 for 1<j<3or4<j<6.
It is not hard to see that from here we can either have

{pr, 2, s} = {A72, 057,057} or {1, 2, s} = { A1, A2, Az}

If p; = )\;2, we may rearrange the basis so that u; = )\;2, and hence it is easy
to see that, after a new permutation if needed, the non trivial Lie brackets in n are
given by

(X1, Xo] =Y1, [Xo,Xs]l=Y,  [X1,X3] =715,
(19)
[Xg,X(;] :Cyl, [Xl,X4] :aYg, [XQ,XE)} :bY3

for some a,b,c € C. Due to our assumption of no abelian factor we have that
abe # 0 and in this case it is easy to see that if we denote by n(a, b, ¢) the Lie algebra
defined above, we then have that n(a, b, ¢) ~ n(1,1,1) =~ U; +ny¢ (is non-isomorphic
to any of the ones previously studied). To see that this is an Anosov Lie algebra,
we will use very similar arguments as in the case (3,3, 3). Let ;s denote the roots
of the polynomial X3 —3X + 1 (see (4)) and let

B:{Xivxljvyk|i7jvk:17233}a where
3
_ 1—1
X = NTX,
=1 , .
X5 =AM = A1) X6+ A7 (A — M) X + Ay T (A3 — A1) X,

Ve =N = M)Y1 + A7 s — Aa)Ya + A7 (N3 — \)Ya.
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Note that &; and Yy are defined in the same way as in case (3,3,3) since the
brackets among the X; and Y; are the same as in that case. Then one only need to
check for the X;. Straightforward calculation shows that £ is a Z-basis of n(1,1,1)
preserved by A and moreover the matrix [A4]; is in GL(9,Z), as we wanted to show
(see [17]).

On the other hand, if the eigenvalues of A; are {\1, A2, A3, A1, A2, A3}, then the
non zero Lie brackets on n are given by

(X1, Xo]=aYy, [X2,X3]=0bY2 [X1,X3]=cYs5,
(X4, X5]=d Y1, [X5,Xel=eYs [X4,Xe]=7[fY5,
(X1, Xs5] =g Y1, [Xo,Xe]=hYs [X3 Xy]=1VY5,

[(Xa, Xo]l =7 Y1, [X5,X5]=kYs [Xe,Xi]=1Ys5,

for some a,b,c,d,e, f,g,h,i,j,k,1 € C.
Note that since the Pfaffian form of these Lie algebras (see [12]) is given by

(20) Pf(x,y,z) = zyz(afk — ael + bdi — bgf + cje — cdh + lhg — ijk),

by calculating the pfaffian forms of the algebras listed in the classification given in
[8] one can see that they should be isomorphic to one of the following:

(1) sUy+Us s #0,£1 (Family 2)

(2) U2 + U3 (Family 4)

(3) Us +Us 4+ n3 (Family 4)

(4) —U2 + U3 (Family 5)

(5) Uy +n; for i =6,7,10,11,12, 14 (Family 6).

Note that cases (1),(2),(4) and the last one corresponding to ¢ = 10,11, 14 has
been already considered. We can not decide for i = 6,7,12 but we will show that
n = Us+Us+ng is an Anosov Lie algebra. To do this we firs note that by rearranging
the basis to

B =1{X1, X6, X3, Xo, X5, X4, —Z2, Z1, Z3}
it is easy to see that this algebra corresponds ton(1,1,1,1,1,0,1,0,1,0,1,1). Hence
it is clear that A is an automorphism of n and if A\; i« = 1,2,3 are (as above) the
roots of the polynomial X3 —3X +1, it is not hard to see that the Z-basis that shows
that this is an Anosov automorphism of n is given by 8’ = {X;, M : i,k = 1,2,3}
where

Xy = AT HX + Xa) + A5 H(Xe + X5) + A5 (X + X),

Ve =AM = M)V + A7 (A3 — A2)Ya + A3 ¥ (As — A1) Y3,

To conclude, let us study case (b) when [X;, X;] = 0 for 1 < 4,j < 3 and
[Xk, X;] =0 for all 4 < k,l < 6. It is clear that we may assume that [X1, X4] = Y7,
that is 1 = A1 1. We are now going to prove that we may assume that

(X1, X4] =Y, [Xo,X5]=Ys [X3,Xg]=1Y5,

and then the roots of g are given by v; = A1, v = oo, '3 = Agug, that is, they
are products of different eigenvalues. In fact, if on the contrary we assume that

(X1, X4l =Y, [X1,X5]=Y>
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it is easy to see that if [X;, X;] = Y3, then ¢ # 1, and j # 3. We may assume
then that [Xo, X5] = Y3 and hence Mo pu3 = 1 or equivalently, \jus = Azus.
From this, by considering all possibilities for [X;, Xs] = Yj and [X3,X;] = Y]
and rearranging the basis if required, it is not hard to check that we should have
[X3, X6] = Ya. Then by rearranging the basis if needed, we may assume that

(X1, X4] =Y, [Xo, X5]=Ys [X3,Xg] =175,

as desired. According to this, n has at least these non trivial Lie brackets. If n
has only this non trivial Lie brackets, then n ~ h3 @ h3 @ h3 which is proven to be
Anosov in [10].

If there are more non trivial Lie brackets, with no loss of generality, we may
assume that [Xs3, X5] = a Y7, and hence we have that

V1 = A1 = Agp2.

Note that since \; # A; and p; # py, if [X;, X;] = Y = [X;, X,] then ¢ # [ and
j # r. From this, it is not hard to see that the Lie bracket in n are given by

[XlaX{] :Yla [X27Xé] :}/2 [X37Xé] :Y37
(21)
[X3,Xé] :aYl, [XhXé] :bY2 [XQ,X{]:CYé7

for some constants a,b,c¢ € C. Note that by reordering the basis as
B ={X1, X1, X2, X3, X3, X3,Y1,Y2, Y3}

one can see that this algebra is isomorphic to n(a, b, ¢) given in (16) that has already
been studied.

Finally, if n has an abelian factor, that is n = n @ a, where a is an abelian ideal,
according to [12, Theorem 3.6 | one has that dima > 2. Moreover, 1 is also an
Anosov Lie algebra and dimn < 7. Since there is no 7 dimensional ones we then
have that n is one of the following ones (see [13]).

e RY

* hsdhs R

hd f3 ® Rga
where h3 is the 3-dimensional Heisenberg algebra, and {3 is the free 2-step nilpotent
Lie algebra on 3 generators.

Remark 3.2. From all of the above, we can assert that if n is a 9-dimensional
Anosov Lie algebra then its Pfaffian form is projectively equivalent to xyz or 0.
Moreover it is isomorphic to one of the following non isomorphic Lie algebras:
sUys+U3z se€C,Uy+Usz+n3, Uy +n; for i =6,7,10,11,12, 14, Rg, hs @ b3 @ R3
or f3 D Rg.

4. DIMENSION 10

We are now going to make some remarks about Anosov Lie algebras of dimension
10 with no abelian factor. We will give all possible types of Anosov Lie algebras of
dimension 10 and give an example in each possible type.

We will begin by noting that restricted to the case of two steps Anosov Lie
algebras of dimension 10, the possible cases are, (8,2), (7,3), (6,4), (5,5) and (4, 6).
The (4,6) is the free one which is known to be Anosov (see [3]). In the same way
we discarded the case (7,2) in the previous classification, one can see that there is
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no (7,3) Anosov Lie algebra with no abelian factor. There is at least one (8,2) and
one (6,4), namely n @ n where n is the 5-dimensional 2-step nilpotent Lie algebra
without an abelian factor of type (4,1) in the first case, and of type (3,2) in the
second case (see [10]).

Concerning (5,5) case, we would like to note that our proof that such an algebra
exists, depends on the existence of very special algebraic numbers that we are now
going to exhibit. Let f(X) = X° 4+ X* —4X?% —3X? 4+ 3X + 1. One can see that
this is an irreducible polynomial with real roots A1, ..., A5 such that |[A\;] # 1 and
|AiXj| # 1 for all ¢, j. In fact, the roots are

M=C+CC M=+, M=+,
)‘4:<2+<97 >\5:<+<107

where ¢ is the primitive 1180 o0t of unity (see [1]). Straightforward calculation
shows that

(22) Moa=MN+2 i=1..,4 and A =X\ +2.

Hence, in particular, Q(A1) contains A5 and therefore the extension Q(\;) is
cyclic Galois extension of degree 5 over Q. Also, since since deg(A A2) divides 5, we
have that deg(AA2) = 5 and A\ A2, AaAs, AsAg, Agds, A5 A1 are all conjugates over Q
(this can be seen by applying a cycle (1 2 3 4 5) in the Galois group).

Now, let n be a (5,5)-type real Lie algebra with the basis X, ..., X5,Y1,..., Y5
and with the following non trivial brackets:

(X1, Xo] = Y1, [Xo, X3] = Yo, [X3, Xy] = V3,

[X47X5] :Y47 [X57X1] :YS'

Let A denote the automorphism of n such that A(X;) = A, X; for all i and A(Yj) =
AjAj1Y; for all j. By our election of the X's it is clear that A is hyperbolic. We
will now proceed in a similar way we did in the (3,3, 3) case to get a Z-basis. In
fact, let

5
XK= NTIX;, i=1,2,...,5
j=1

then it is easy to see that for i =2,...;5
(&) = 0T =AY+ T - AT)Ys
(23) 4 4
= A==V (T - (O -2 Y,
where we have used (22). Since f(\;) =0 for 1 < ¢ <5 it is nor hard to see that
(23) can be written as integer combinations of

(24) Vi = A Y AT Y AT Y AT Y AT i =15,

Hence, if § = {X;,Y;,1 <i,j < 5} it is easy to see that § is a basis of n and by
the above observations we also have that it is a Z-basis. To see that it is preserved
by A note that

A(Xl) = Xi-‘rly 1= 1, ,4 and A(X5) = —X5 + 4X4 + 3X3 - 3)(2 - Xl.
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On the other hand, since A(Y;) = A\ \i1Y; for 1 < i <5, by (22) we have that
AY;) = (Mg —2)A1Y; 1<i<4 and A(Ys) = (Af — 2)\1 Y5,

and therefore
AV = (AST2 = 2X0)Y1 + (M52 —2X3)Ye + (\[T2 — 20, Y3

+ (AET2 = 2X5)Y + (VT2 — 20 Y5, for i=1,...,5.

finally, using that f(X;) =0, for all 1 <1 < 5 straightforward calculation shows
that A();) is an integer combination of the ); and therefore [A]s € GL(10,Z).
Hence n is an Anosov Lie algebra as we wanted to show.

we have recently become aware of [20] where this example of an Anosov Lie
algebra is also obtained.

Concerning 3-steps, the the possible cases are, (6,2,2), (5,3,2), (5,2,3), (4,4,2),
(4,3,3), (4,2,4) and (3,3,4). Using Lemma 2.4 and the classification given in [13]
it is easy to see that cases (5,2,3) and (4, 3,3) are not possible, since there is no
(5,2) or (4,3) type Anosov Lie algebra. We can also exclude case (3,3,4) by using
Lemma 2.3, in the same way as we did in dimension 9. To study the other cases,
one should see in each case if it is possible or not to extend (in the sense of Lemma
2.4) the corresponding 2-step Anosov Lie algebra.

Let us begin with the case (5, 3,2). Here, according to [13] table 3, such Anosov
Lie algebra should by an extension of f3@R?, where 3 is the free 2-step nilpotent Lie
algebra on 3 generators. Also the corresponding hyperbolic automorphism satisfies
that the splitting of A; is [3;2]. Due to the fact that we are considering algebras
with no abelian factor, it is easy to see that this situation leads us to a contradiction
to the Lemma 2.3, since 2 and 3 are coprime numbers.

In the case of (6,2,2), by Lemma 2.4 and [13, Table 3] an Anosov Lie algebra
of this type has to be an extension of g or hs @ h3 ® R2, where h3 is the Heisenberg
Lie algebra and g is the 8-dimensional 2-step nilpotent Lie algebra defined by

(25) (X1, Xo] =21, [X1,X3] =25, [X4,Xs5]=21, [X4,Xe]=2o.
It is not possible to have such a extension of g. In fact, if for example [X;, Z;] # 0,
since Z; = [X7, X32] by the Jacobi identity we must have that
[Xi, X1] #0, or [X;, X5] #0.
Now, we also have that Z; = [X4, X5] and hence
[Xi, X4] £0, or [X;, X5]#0,

and it is clear that there is no such X; satisfying both conditions.

On the other hand, if we denote by {X1, Xa, Z1, X3, X4, Z2, X5, X6} the canoni-
cal basis of n = h3 @ b3 & R? corresponding to this decomposition, one can see that
n given by

(X1, Xo] =21, [X5, Xo] =W1, [X1,Z:] =W
(26)
(X3, Xu] = Zo, [X6, Xu] = Wa, [X3,25]=W>
defines a extension of n of type (6,2,2). Note that this algebra is isomorphic to

n’ @ n’ where n’ is the Lie algebra given by the first line of (26), or equivalently by
the second one. Therefore by [10] this is an Anosov Lie algebra of type (6,2, 2).
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Moreover it is the only one, with no abelian factor. Indeed, to see this we first
note that in order to get a (6,2,2) extension (in the sense of the Lemma 2.4) of
n = b3 @ h3 ® R? with no abelian factor we should add at least the following non
trivial brackets

(27) [X57X2] - WJ7 [X67X’L"] - Wj’7 [Xk,Zl] = W'r‘v [Xk/7 Zl’] = WT’

for some 7,7, k, k' = 1,...,4 j,5',r,v" = 1,2. Now, using the Jacobi identity, the
fact that n is a 3-step nilpotent and that any new bracket should be a multiple of
some W; we have that [Xj, Z;] =0for k=1,21=2and k = 3,4 [ = 1. Also note
that by Lemma 2.2 A\;AaA3 s = AsA¢ = 1. Using all this, it is not hard to see that
we may assume that

(X1, Xo] = 21, [X1,Z1] =W
(28)
[X3>X4} = ZQ? [X37 ZQ] = aWi

for some a # 0. We have to distinguish between ¢ = 1 and i = 2.
If i = 2, we get that 1 = A%/\Q.)\g)u; = A1A3, and hence Ao Ay = 1. Therefore the
matrix of A in this basis is A = [Al Ay ] , where the matrix A; is given by

ATt 2 3
T N [ |
A A
As
At

By considering the possibilities for [X;, X5] = aWj, and [X;, X¢] = W), it is
easy to see that we may assume that [X7, X5] = aW; and [Xg, X3] = bW3 and from
this we get that A5 = A\2. Moreover, from this we can also see that [X;, X5] = 0 and
[X;,X6] =0fori=3,4and j =1,2. Hence

n/ = <X17X2;X57Z1a W1> and nll = <X37X47X57 227W2>

are 3-step, 5-dimensional subalgebras of n with 2-dimensional derived algebra and
7. = n’ @n”. Recall that there is only two such nilpotent Lie algebras (see [11] Table
1), and only one with no abelian factor. Therefore since n has no abelian factor we
have that @i is given by (26) as we wanted to show.

We are now going to show that it ¢ can not be equal to 1. Indeed, if ¢ = 1, by
considering the possibilities 4,4, j and j' in (27), it is not hard to see that we may
assume that n has at least the following non trivial Lie brackets

[Xl,XQ] =7, [Xl,Zﬂ =W [X5,X2] = Wy,
(29)
(X3, X4] = Zo, [X3,Z2] =a W1 [Xe,X4] =bWo,

for some a,b # 0. From this, straightforward calculations shows that A’s are given
by

— _ | Am [ A%
A = AR e , Az = [ (M)’l} A = { (/\2u)‘1} ’
()2
Now since the degree of A over Q is 2, A, u, A= 2 and A3u? are either two pairs
of degree 2 conjugated numbers over QQ, or they are degree 4 conjugated numbers
over Q. It is easy to see that they can not be of degree 2 since if they were,
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A7t e {u, A3, A3?}, and each of this situations leads us to a contradiction. In
fact if for example we assume that A=! = A=%4=3 then (A\u)~3 = 1 contradicting
the fact that A, is hyperbolic.

Hence we may assume that X, u, A™#p =2 and A3p? are the roots of a monic
polynomial of degree 4 with integer coefficients and constant term equal to +1.

Since \u is a degree 2 algebraic integer, it is not hard to see that [Q(Ap) : Q(u)] =
1 (see [16, Lemma 2.5]) and from there one can see that [Q(X, i) : Q(Au)] = 2. Hence
A should be conjugated to any of p, \=*u=3 or A3u? over Q(Ap). It is easy to see
that any of this situations leads us to a contradiction. In fact if for example A
is conjugated to p over Q(Au) then A3u? should be conjugated to A=*u~3 over
Q(Ap). Hence there exists an automorphism o of the field Q(\, u) over Q(Au) (that
is o(x) = x for all x € Q(Ap)) such that

o(Np?) =2 o(N) =p, and o(Au) = A

Therefore A= =3 = o(N\)o((Aw)?) = p.(Ap)?, and then (Au)® = 1 contradicting
the fact that Ay is hyperbolic.

3

Concerning case (4,4,2), any Anosov Lie algebra of this type should be an
extension of h, the 8-dimensional 2-step nilpotent Lie algebra defined by

(30) (X1, X3] = Z1, [Xo, Xu] = Zo, [Xo, X3] = Z3, [ X1, Xu] = Zy4.
We are now going to show that there are only two of them. To do this, we

begin by noting that by Lemma 2.4 and [13] the restriction of A to b should be
A= [Al Ay ] , where the matrix of A; with respect to our basis is given by

A
A1
22
A2

A3
A3
A
A1

Ay = , Ay = A3={”H71},

for A\ a degree 2 algebraic number. Therefore, A = [ " A M } where the eigenvalues
3

of Az can be \** with i = 2,3,4,5. In the last three cases, it is not hard to see that
the corresponding Lie algebras are isomorphic. Let us denote by ng the algebra
corresponding to ¢ = 2 and by n; the one corresponding to i = 4. It is easy to see
that ng = n(a, b, ¢, d) is given by

(X1, X3] =21,  [Xo, Xu| =2y, [Xo,X3]=123, [X1,X4]=24
(31)

[Xl,Zg} :an, [XQ,Zl] :le, [X17ZQ} ZCVVQ7 [XQ,Z4] :dWQ,
for some a, b, ¢, d such that ab # 0 and cd # 0. By the Jacobi identities, [X1, Z3] =
[X2, Z1] and therefore a = b = 1. It is easy to see, by reordering the basis, that
n(1,1,¢,0) is isomorphic to n(1,1,0,d). Then it is suffices to see that n(1,1,1,0)
is isomorphic to n(1,1,1,1). In this case the isomorphism is given by changing the
basis to

{ X1+ Xo, Xo, X3, Xy, Z1 + Z3, 2o + Z4, Z3, Z4, 2W1, Wa }.
Concerning n; = ny(a, b) it is easy to see that it is given by
(X1, X3] =21, [Xo, Xu] =2y, [Xo,X3]=23, [X1,X4]=24
(32)
(X1,Z1) =aWh, [Xa, 2] =bWs.
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for some a # 0 # b and in this case, it is easy to see by changing the Z’'s by a
multiple that this algebra is isomorphic to the one with a =1 = b.

To see that ng is not isomorphic to n; we will make use of the following isomor-
phism invariant for 3-step nilpotent Lie algebras:

Un) :={X € n/[n,[n,n]] : dimIm(ad X) = 3} U {0},

since it is clear that if ¢ : n — n’ is an isomorphism then U (n) = U(n'). It is easy
to see that

(33) U(no) = (X1, X2)c,

but on the other hand, U(ny) = 0, showing that they are not isomorphic as Lie
algebras. Finally, one can check that

B= {X1+4 X, AX1+ A1 Xy, X3+ Xy, AX3 + A1 Xy, Z1 + 25,

N1+ /\7122, Z3 + Z4, )\Zg + )\71247 Wy + WQ, AW+ )\71W2} .

is a Z-basis of both extension (see [17]), and then we can conclude that they are
both Anosov Lie algebra of type (4,4,2). We would like to mention that this basis
restricted to < X;, Z;, 1 <i <4, 1<j <4 > generates the same lattice as in [13].
Indeed, if as in [13] A+ A~! = 2a then A*! = a =+ (a® — 1)z and therefore

)\Xl + )\_IXQ = a(X]_ + XQ) + (a2 - 1)%(X1 - XQ),

N2y + A2y = a(Zy + Zo) + (a2 — 1)2(Zy — Zs).

To finish with the 3-step case we note that an Anosov Lie algebra of type (4, 2,4)
should be an extensions of hz @ h3 of degree 4. With the same ideas as before, it is
not hard to see that the there is only one possible such extension with no abelian
factor, namely

(X1, Xo] =271, [X1,Z1] =W, [Xo,Z1] =Wy,
(34)
(X3, X4] = Zo, [X3,Z2] =Ws, [X4, 2] = Wiy

As in the previous cases, it is not hard to check that this algebra is isomorphic to
n @ n where n is the Lie algebra given by the first line of (34), or equivalently by
the second one, and therefore is an Anosov Lie algebra by [10].

In the case of Lie algebras of more than 3-steps, again by Lemma 2.4, it should
be an extension of a 3-step Anosov Lie algebra of dimension less than or equal to 8
and there is only one. In the notation of [13], [4 & I4 is the only 3-step Anosov Lie
algebra of dimension less than or equal to 8. Explicitly, [4 &[4 is the 8 dimensional
nilpotent Lie algebra of type (4,2, 2), given by

(X1, Xo] = 74, (X1, Z1] = W,

(X3, X4] = Zo, (X3, Zo] = Ws.

It is not hard to see that this algebra admits only one (4, 2,2, 2) type extensions,
explicitly given by
[XlaXQ]:Zl7 [X17ZI]:W17 [lewl]:Ula
(35)
(X3, Xu] = Zo, [X3,25] =Wa, [X3,Ws]=Us.
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Note that if [Xo, W1] = a Uy ( or equivalently [X4, W] = b Us) then a = 0
(b = 0) since it would not satisfy Jacobi identities. Also, since (35) is isomorphic
to ng @ ng where ng is given by the first line (or equivalently the second) by [10] it
is an Anosov Lie algebra.

Note that the automorphism A is given by

A _
A= ® A where Al = AL ,

We will finally note that if one consider as in Lemma 2.4 the Anosov Lie algebra
[n,n], we obtain in this case the abelian one.
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