
Handout #4. Isometries of R
n

4. Isometries of R
n

Exercise 4.1. Show that an orthogonal set is linearly independent.

Exercise 4.2. Let On be the set of all orthogonal matrices:

On =
{

A ∈ Mn(R)
∣

∣ At · A = A · At = In

}

.

Show that On is a group with respect with matrix multiplication.

Definition. A map h : R
n → R

n is called an Euclidean isometry if

‖ h(x) − h(y) ‖ = ‖ x − y ‖, for all x,y ∈ R
n.

Exercise 4.3. Let h : R
n → R

n, h(0) = 0.

(a) h is an isometry if and only if it preserves dot products, that is

〈h(x), h(y)〉 = 〈x,y〉, for all x,y ∈ R
n.

(b) h is an isometry if and only if it is an orthogonal transformation.

Exercise 4.4. In general, h : R
n → R

n is an isometry if and only if

h(x) = A · x + p, where A ∈ On and p ∈ R
n.

Exercise 4.5. Let h : R
n → R

n be an isometry. If S ∈ R
n is rectifiable, then T = h(S)

is rectifiable, and v(T ) = v(S).
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