Appendix A- Matlab Code
Code for Sensitive Dependence/ Lyapunov Exp. Approximation
ptype = '3';
a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-d2*X(3,:)];
y0=[.8,.17,9.8]';
tmax=10000;
s=ode45(f, [0,tmax], y0, odeset('abstol',1e-10));
s2=ode45(f, [0,tmax], y0+[0;0;1e-8], odeset('abstol',1e-10));
ts = 0:1:tmax;
F = deval(s, ts)';   % equally-spaced time data
F2 = deval(s2, ts)';   % equally-spaced time data
%ts = s.x; F = s.y';  % unequal spaced time data
figure; semilogy(ts, abs(F-F2), '+-'); xlabel('time');ylabel('log');
figure;
if ptype=='3'    
plot3(F(:,1), F(:,2), F(:,3));
xlabel('x');ylabel('y');zlabel('z');
elseif ptype=='2'
subplot(3,1,1);
plot(ts,F(:,1));
xlabel('time');ylabel('x');
subplot(3,1,2);
plot(ts,F(:,2));
xlabel('time');ylabel('y');
subplot(3,1,3);
plot(ts,F(:,3));
xlabel('time');ylabel('z');
end
Code for Jacobean Matrix used in Calculation of Lyapunov Exponent

function [x, DFx] = three_tier_time1map(xo)
% evolve for 1 time unit, including the j
a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
F= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-d2*X(3,:)]; % vec flow field
df1= @(u) (a1*(1+b1*u)-b1*a1*u)/(1+b1*u)^2;
df2= @(u) (a2*(1+b2*u)-b2*a2*u)/(1+b2*u)^2;
Df = @(X) [1-2*X(1,:)-df1(X(1,:))*X(2,:), df1(X(1,:)), 0;...
    X(2,:)*df1(X(1,:)), df1(X(1,:))-df2(X(2,:))*X(3,:)-d1, df2(X(2,:));...
    0, X(3,:)*df2(X(2,:)), df2(X(2,:))-d2];
% DF at X
J0 = eye(3);   % initial Jac matrix
% 12-component ODE flow given by 3 components of solution and 9 components
% of the J matrix (J satisfies the ODE dJ/dt = Df.J)
G = @(t,z) [F(t,z(1:3,:)); Df(z(1:3,:))*z(4:6,:); Df(z(1:3,:))*z(7:9,:); ...
            Df(z(1:3,:))*z(10:12,:) ];
[ts, xs]  = ode45(G, [0 .1], [xo; J0(:)]);    % numerically solve in t domain
x = reshape(xs(end,1:3), [3,1]);     % extract the answer at the final time t=1
J = xs(end,4:end);   % same for the J components
DFx = reshape(J,[3 3]);    % send J out as a 3x3 matrix.
Code To Calculate Lyapunov Exponent from Jacobean

% lyapunov exponents in a flow in R^3,
% Needs the function lorenz_time1map.m which returns the time-1 map
% barnett 11/19/07
% Modified by Ben Bier 11/30/09
a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-d2*X(3,:)];   % vec flow field
y0=[.8,.17,9.8]';                              % IC
[ts, Xs]  = ode45(f, [0 2000], y0);    % numerically solve in t domain
figure;plot3(Xs(:,1), Xs(:,2), Xs(:,3), '-'); axis vis3d; % show the attractor
% test three_tier_time1map
[x, J] = three_tier_time1map(y0);
% Measure Lyapunov exponents...
% ----- Re-orthogonalizing version, repeated averaging
M = 10;                              % how many averaging loops
N = 500;                                  % how many its per meas step
x = [y0];
h = zeros(3,1);                    % place to store averaged lyap exps
for m=1:M
  J = eye(3);                   % Id is where Jacobean starts
  for n=1:N
      fprintf('n=%d: x=(%g,%g,%g)\n', n, x(1),x(2),x(3))
    [x Jx] = three_tier_time1map(x);
    J = Jx*J;                        % update Jacobean
    [Q,R] = qr(J);                   % re-orthogonalize
    J = Q*diag(diag(R));             % but keep them correct lengths
  end
  rN = abs(diag(R));                  % print out progress
  h = h + log(rN)/N;
end
h = h/M                          % final answer
%final answer
%h =
   % 0.0186
   %-0.0407
   %-0.0755
% you can see the middle lyap exp is v close to 0 - in fact all flows have
% a zero exponent.
Code for Plotting Original Function/Sens. Dependence

%PARAMTER VALUES
a1=5;
a2=.1;
b2=2;
d1=.4;
d2=.01;
%---------------
%Parameters Varied
b1=3;
tmax=5000;
%----------------
%Initial Conditions       
y0=[.8,.17,9.8];
y0_2=[.8,.17,9.8+1e-8];
%------------------
%HOLLINGS TYPE-II FUNCTIONS
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
%--------------------------
%ODE SYSTEM
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-d2*X(3,:)];
%---------
%ODE Soln
[ts,F]=ode45(f,[0,tmax],y0);
[ts2,F2]=ode45(f,[0,tmax],y0_2);
%--------
% %3D Plot
% plot3(x(1,(5000:end)),x(2,(5000:end)),x(3,(5000:end)));
% xlabel('x');ylabel('y');zlabel('z');
% title('limit cycle at b1=2.3')
% %-------
%
%Z Plot
plot(ts,F(:,2));
xlabel('time');ylabel('y');
%-----
hold on;
%Z Plot F2
plot(ts2,F2(:,2),'r-');
xlabel('time');ylabel('y');
%-----
legend('y0','y0+(0,0,10e-9)');
Code to create Bifurcation Diagram

clear
%NOTES ON FILTER_SPAN
%50 works for b1=2.2:2.3
%55 works for b1=2.3:2.4
%75 works for b1=2.4:2.5
%100 works for b1=2.5:4
%150 works for b1=4:6.2
%MATRIX SIZE
%max number of peaks for t=10,000 on b=2.2:6.2 is 216, initialized matrix
%to 250 just in case untested intermediate value has more peaks
%T values for smooth(z) and z don't perfectly line up. Code takes local
%maxima for smooth(z), and then finds max value on a range from t-t_bounds
%to t+t_bounds of z.
t_bounds=10;
%----------------------------------------------------------------------
%Max time for ODE Solver
tmax=15000;
ts=0:tmax;
%-----------------------
%Max number of peaks to make sure vector size is sufficient
max_peaks=1000;
%---------------------------------------------------------
%Inputs for linspace for b1 loop
b1max=2.2;
b2max=3.2;
n=1001;
%-------------------------------
%Counter for b1 loop
j=1;
%-------------------
%ZMAX and BS initialization
zmax=zeros(n,max_peaks);
bs=zeros(n,max_peaks);
%--------------------------
%PARAMTER VALUES
a1=5;
a2=.1;
b2=2;
d1=.4;
d2=.01;
%---------------
for b1=linspace(b1max,b2max,n)   
    %ADJUSTS filter_span
    if (b1<2.234)
        filter_span=50;
    elseif(b1>=2.234 && b1<2.3)
        filter_span=53;
    elseif(b1>=2.3 && b1<2.4)
        filter_span=55;
    elseif(b1>=2.4 && b1<2.494)
        filter_span=75;
    elseif(b1>=2.494 && b1<2.5)
        filter_span=80;
    elseif(b1>=2.5 && b1<2.805)
        filter_span=90;
    elseif(b1>=2.805 && b1<2.830)
        filter_span=100;
    elseif(b1>=2.830 && b1<2.4)
        filter_span=110;
    else
        filter_span=150;
    end;
    %-------------------
    %HOLLINGS TYPE-II FUNCTIONS
    f1= @(u) (a1*u)/(1+b1*u);
    f2= @(u) (a2*u)/(1+b2*u);
    %--------------------------
    %ODE SYSTEM
    f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
               X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
               X(3,:)*f2(X(2,:))-d2*X(3,:)];
    %---------
    %y0 randomization
    r1=rand;
    r2=rand;
    r3=rand;
    y0=[((r1*.8)+.1),((r2*.4)+.05),(7+(6*r3))];
    %----------------
    %ODE Calculation, Smooth, Derivatives
    F=ode45(f, [0,tmax], y0);
    xyz=deval(F,ts);
    xyz(:,(1:7500))=[];
    y=smooth(xyz(3,:),filter_span,'lowess');
    dy=gradient(y);
    d2y=gradient(dy);
    %------------------------------------
    %Find local maxima of smooth function
    max_approx_i=find(abs(dy)<5e-4 & d2y<0);
    max_approx_f=max_approx_i(10:numel(max_approx_i)-10);
    %------------------------------------
    %Initialize vector of local max(z)
    max_z_row=zeros(1,numel(max_approx_f));
    b_row=zeros(1,numel(max_approx_f))+b1;
    %---------------------------------
    %Finds local maxima of z
    for i=1:numel(max_approx_f)
        max_z_row(i)=max(xyz(3,max_approx_f(i)-t_bounds:max_approx_f(i)+t_bounds));
    end;
    %-----------------------
    %Resize b_row and max_z_row so they can be added into big matrix
    if (isempty(max_z_row)==0)
        b_row(numel(b_row)+1:max_peaks)=b1;
        max_z_row(numel(max_z_row)+1:max_peaks)=max_z_row(1,1);
    else
        b_row=bs(j-1,:);
        max_z_row=zmax(j-1,:);
    end;
    %---------------------------------------------------------------
    %Update matrices of b1, max z's for plotting
    bs(j,:)=b_row;
    zmax(j,:)=max_z_row;
    %-------------------------------------------
    %Counter
    j=j+1;
    %-------
    %Displays b1 values as progress tracker
    disp(b1);
    %--------------------------------------
end;
Code for Zero Crossings Function

function [v,ist,df] = foodchainzcross(t,x);
% event function for test_poincare.m
v = x(3)-9; % event is x(2)=0 (ie when v is zero)
ist = 1;  % if true, terminate evolution when this event occurs
df = -1;   % increasing sense only
Code to Create Poincaé Section and Time-delay plots

% test Poincare surface of section via ODE solver. Barnett 11/23/09
% modified by Peter Hughes 12/1/09
% (uses zerocross.m as event function defining the intersection event)
clear
%PARAMTER VALUES
a1=5;
a2=.1;
b2=2;
d1=.4;
d2=.01;
%---------------
%Parameters Varied
b1=3;
%----------------
%HOLLINGS TYPE-II FUNCTIONS
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
%--------------------------
%ODE SYSTEM
f= @(t,y) [y(1,:)*(1-y(1,:))-y(2,:)*f1(y(1,:));...
           y(2,:)*f1(y(1,:))-y(3,:)*f2(y(2,:))-d1*y(2,:);...
           y(3,:)*f2(y(2,:))-d2*y(3,:)];
%---------
tmax = 10000;       % max time to wait until next intersection
yo = [.8,.17,9.8];     % initial condition
ns = 500;         % how many intersection (iterations of P map)
tp = nan*(1:ns); yp = nan*zeros(numel(yo),ns); yi = yo; % init arrays
figure;
for n=1:ns
  s = ode45(f, [0 tmax], yo, odeset('Events',@foodchainzcross));
  if isempty(s.xe), disp('no intersection found!');
  else
      tp(n) = s.xe(end); yo = s.ye(:,end); yp(:,n) = yo;
  end;
end;
subplot(2,1,1);
plot(yp(1,:),yp(2,:),'+');
xlabel('x'); ylabel('y');
title('PoincarÈ Section at z=9,b1=3')
subplot(2,1,2);
plot(yp(1,(1:end-1)),yp(1,(2:end)),'+');
xlabel('x(n)');ylabel('x(n+1)');
title('PoincarÈ Map for b1=3');
Code for Lyapunov Number Approximation for Poincaré Map

X(1,:)=yp(1,1:end-1);       %Time delay data from PoincarÈ Map
X(2,:)=yp(1,2:end);
X=X';   %Transpose so sortrows can be used
X=sortrows(X);     %Sorts data so slope can be taken
p=polyfit(X(:,1),X(:,2),10);    %Polynomial Approx.
z=polyder(p);       %Derivative of polynomial
subplot(2,1,1);
plot(X(:,1),polyval(p,X(:,1)));
hold on;
plot(X(:,1),X(:,2),'rx');
title('PoincarÈ Map and 10^t^h degree polynomial approximation');
subplot(2,1,2);
plot(X(:,1),polyval(z,X(:,1)));
xlabel('x(n)');ylabel('x(n+1)');
title('First derivative of polynomial approximation');
L=mean(abs(polyval(z,X(:,1))));         %L Calculation
xlabel('x(n)');ylabel('dx(n+1)/dx(n)');
disp('L=');
disp(L);
h=log(L);                               %h calculation
disp('h=');
disp(h);
X=X';
Code for 4-tier Population Model

a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
a3=.05;
b3=4;
d3=.009;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
f3= @(u) (a3*u)/(1+b3*u);
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-X(4,:)*f3(X(2,:))-d2*X(3,:);...
           X(4,:)*f3(X(3,:))-d3*X(4,:)];
y0=[.8,.17,9.8,1];
[ts,F]=ode45(f, [0,1000], y0);
plot3(F(:,1), F(:,2), F(:,3));
xlabel('x');ylabel('y');zlabel('z');
subplot(4,1,1);
plot(ts,F(:,1));
xlabel('time');ylabel('x');
subplot(4,1,2);
plot(ts,F(:,2));
xlabel('time');ylabel('y');
subplot(4,1,3);
plot(ts,F(:,3));
xlabel('time');ylabel('z');
subplot(4,1,4);
plot(ts,F(:,4));
xlabel('time');ylabel('zz');
Code for 4-tier model Lyapunov Exponent Approximation
a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
a3=.05;
b3=4;
d3=.009;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
f3= @(u) (a3*u)/(1+b3*u);
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-X(4,:)*f3(X(2,:))-d2*X(3,:);...
           X(4,:)*f3(X(3,:))-d3*X(4,:)];
y0=[.8,.17,9.8,1]';
tmax=925;
s=ode45(f, [0,tmax], y0, odeset('abstol',1e-10));
s2=ode45(f, [0,tmax], y0+[0,0,0,1e-8]', odeset('abstol',1e-10));
ts = 0:1:tmax;
F = deval(s, ts)';   % equally-spaced time data
F2 = deval(s2, ts)';   % equally-spaced time data
%ts = s.x; F = s.y';  % unequal spaced time data
figure; semilogy(ts, abs(F-F2), '+');
%[ts,F]=ode45(f, [0,2000], y0);
%?plot4(F(:,1), F(:,2), F(:,3));
%xlabel('x');ylabel('y');zlabel('z');
xlabel('time');ylabel('log');
figure;
subplot(4,1,1);
plot(ts,F(:,1));
xlabel('time');ylabel('x');
subplot(4,1,2);
plot(ts,F(:,2));
xlabel('time');ylabel('y');
subplot(4,1,3);
plot(ts,F(:,3));
xlabel('time');ylabel('z');
subplot(4,1,4);
plot(ts,F(:,4));
xlabel('time');ylabel('D');
Code for Cyclic Population Model

a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
a3=.5;
b3=1.5;
e1=.75;
e2=.55;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
f3= @(u) (a3*u)/(1+b3*u);
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:))+X(1,:)*f3(X(2,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-d2*X(3,:);...
           e1*d1*X(2,:)+ e2*d2*X(3,:)-X(1,:)*f3(X(2,:))];
y0=[.8,.17,9.8,1]';
tmax=2000;
s=ode45(f, [0,tmax], y0, odeset('abstol',1e-10));
s2=ode45(f, [0,tmax], y0+[0,0,0,1e-8]', odeset('abstol',1e-10));
ts = 0:1:tmax;
F = deval(s, ts)';   % equally-spaced time data
F2 = deval(s2, ts)';   % equally-spaced time data
%ts = s.x; F = s.y';  % unequal spaced time data
figure; semilogy(ts, abs(F-F2), '+');
%[ts,F]=ode45(f, [0,2000], y0);
%?plot4(F(:,1), F(:,2), F(:,3));
%xlabel('x');ylabel('y');zlabel('z');
xlabel('time');ylabel('log');
figure;
subplot(4,1,1);
plot(ts,F(:,1));
xlabel('time');ylabel('x');
subplot(4,1,2);
plot(ts,F(:,2));
xlabel('time');ylabel('y');
subplot(4,1,3);
plot(ts,F(:,3));
xlabel('time');ylabel('z');
subplot(4,1,4);
plot(ts,F(:,4));
xlabel('time');ylabel('D');
Code for Closed Cyclic Model
a1=5;
b1=3;
a2=.1;
b2=2;
d1=.4;
d2=.01;
a3=.5;
b3=1.5;
e1=.75;
e2=.55;
f1= @(u) (a1*u)/(1+b1*u);
f2= @(u) (a2*u)/(1+b2*u);
f3= @(u) (a3*u)/(1+b3*u);
f= @(t,X) [X(1,:)*(1-X(1,:))-X(2,:)*f1(X(1,:))+X(1,:)*f3(X(2,:));...
           X(2,:)*f1(X(1,:))-X(3,:)*f2(X(2,:))-d1*X(2,:);...
           X(3,:)*f2(X(2,:))-d2*X(3,:);...
           e1*d1*X(2,:)+ e2*d2*X(3,:)-X(1,:)*f3(X(2,:))];
y0=[.8,.17,9.8,1]';
tmax=2000;
s=ode45(f, [0,tmax], y0, odeset('abstol',1e-10));
s2=ode45(f, [0,tmax], y0+[0,0,0,1e-8]', odeset('abstol',1e-10));
ts = 0:1:tmax;
F = deval(s, ts)';   % equally-spaced time data
F2 = deval(s2, ts)';   % equally-spaced time data
%ts = s.x; F = s.y';  % unequal spaced time data
figure; semilogy(ts, abs(F-F2), '+');
%[ts,F]=ode45(f, [0,2000], y0);
%?plot4(F(:,1), F(:,2), F(:,3));
%xlabel('x');ylabel('y');zlabel('z');
xlabel('time');ylabel('log');
figure;
subplot(4,1,1);
plot(ts,F(:,1));
xlabel('time');ylabel('x');
subplot(4,1,2);
plot(ts,F(:,2));
xlabel('time');ylabel('y');
subplot(4,1,3);
plot(ts,F(:,3));
xlabel('time');ylabel('z');
subplot(4,1,4);
plot(ts,F(:,4));
xlabel('time');ylabel('D');
