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The purpose of calculus is twofold:

• to find the slope of a curve at a point;

• and to find the area lying under a curve and above an interval of
the x-axis.
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The Area of a Circle

• We all know the formula A for the area of a circle:

A = πr2,

where r is the radius and is the irrational number whose decimal
expansion to 20 decimal places begins 3.14159265358979323846.

• What exactly is the area of a circle?

• What is its definition?

• How do we compute the area of a circle?
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• It is composed of six congruent isoseles triangles, each with a
60(= 360/6) degree central angle.

• The base angles of each triangle are also 60 degrees, and the third
side has the same length as the other two.

• The area of one of the isoseles triangles is
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• The formula we have just derived tells us that the area of the
hexagon is √

3
3

√
3s2,

or approximately 2.598.
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• This does not give a very good approximation to the area of the
circle.

• We could replace the hexagon with more completely filling shapes
whose areas we can still calculate.

• One of the best ways to do this is to double the number of edges
of the hexagon, thereby obtaining a regular 12-gon; and then to
continue doubling repeatedly to obtain in succession a 24-gon, a
48-gon, a 96-gon, and so on.
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The area of the 12-gon

• The area of the 12-gon equals the area of the hexagon plus 12
times the area of a little triangle:
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What is the Area of a Circle?

• It is reasonable to define the area of a unit circle to be the limit
of the areas of the inscribed regular polygons that come from
starting with a hexagon and doubling the number of sides at each
successive stage.

• What is so special about these geometrical figures?

• Why not use any collection of shapes that are contained in the
circle and fill it in the limit?

13



Another Calculation of the Area of a Circle

• We divide the interval [0, 1] into n subintervals of equal length
h = 1/n.

• The circle is the graph of the function

f(x) =
√

1− x2.
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The Method of Accumulations

• The process of passing to the limit not only provides a calculational
tool, but it gives a way to define what is meant by the area under
the curve.
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The Circumference of a Circle
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The Volume of Water in a River
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