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Quick comment on bases of the classicals

Answers to Exercise 1 are up.
Basis of Ar :

{Eii − Ei+1,i+1 | i = 1, . . . , r} t {Eij , Eij | 1 ≤ i < j ≤ r + 1}.

Basis of Br :

{Ei+1,j+1 − Ej+1+r,i+1+r | 1 ≤ i, j ≤ n}

t {Ei+1,r+j − Ej,r+i, Er+i,j − Er+j,i | 1 ≤ i < j ≤ r}

t {E1,r+i+1 − Ei+1,1, E1,i+1 − Er+i+1,1 | i = 1, . . . , r}.

Basis of Cr :

{Eij − Ej+r,i+r | 1 ≤ i, j ≤ r} t {Ei,r+j + Ej,r+i, Er+i,j + Er+j,i | 1 ≤ i ≤ j ≤ r}.

Basis of Dr :

{Eij − Ej+r,i+r | 1 ≤ i, j ≤ r} t {Ei,r+j − Ej,r+i, Er+i,j − Er+j,i | 1 ≤ i < j ≤ r}.

Note that inner product on Cn (i.e. J = I) is also symmetric!
Then son ∼= {x ∈ sln | 〈xu, v〉 = −〈u, xv〉} = {x ∈ sln | xT = −x},
which has basis given by {Eij − Eji | 1 ≤ i < j ≤ n}.

Advantage: Way easier to calculate.
Disadvantage: What’s the Cartan?
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Last time:

A Cartan subalgebra of g is a maximal abelian subalgebra h ⊂ g
consisting of semisimple elements. They are non-trivial, are unique up to
inner automorphisms, and are their own centralizers.

The weights of a Cartan h is the dual set h∗ = {µ : h→ C}.
The restriction of the Killing form to h is non-degenerate, and so the map

h −→ h∗ defined by h 7→ 〈h, ·〉

is an isomorphism. Let hµ be the unique element of h such that
〈hµ, h〉 = µ(h) for all h ∈ h.

and define 〈, 〉 : h∗ ⊗ h∗ → C by 〈µ, λ〉 = 〈hµ, hλ〉.

With gα = {x ∈ g | adh(x) = α(h)x}, the set of weights

R = {α ∈ h∗ | α 6= 0, gα 6= 0}

is called the set of roots of g.
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Some facts about roots
For α ∈ R, gα = {x ∈ g | adh(x) = α(h)x} 6= 0.
Let 〈, 〉 be the Killing form. Recall, invariant means 〈[x, y], z〉 = −〈y, [x, z]〉.

1. The adjoint action of gα sends gβ to gα+β:

for xα ∈ gα, adx : gα → gα+β.

In particular, [gα, g−α] ⊆ h.

2. If xα ∈ gα (α 6= 0), then xα is nilpotent.

3. If α 6= −β, then 〈gα, gβ〉 = 0.

4. The set of roots R is symmetric, i.e. if α ∈ R, then −α ∈ R.

5. The set {hα | α ∈ R} spans h, and so R spans h∗.

6. If xα ∈ gα and yα ∈ g−α then [xα, yα] = 〈xα, yα〉hα. So
[gα, g−α] = Chα.

7. For all α ∈ R, 〈hα, hα〉 6= 0.

8. Every non-zero xα ∈ gα is part of an sl2-triple,

sα = 〈xα, yα, hα∨〉, with yα ∈ g−α and hα∨ =
2hα
〈hα, hα〉

.
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