Math 128: Lecture 16

May 2, 2014



Last time: Existence of bases
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Bi =€ — €i41 B1=¢e3—e1,02=¢1
R = {£p1,£82, (b1 + B2)} R = {£p1,£5o,

+(B1+ B2), £(B1 +262)}
R*(v) = {51, B2, b1 + P2} RY(vy) = {B1, B2, b1 + B2, B1 + 22}
Bt () = {51, B2} Bt (y) = {b1, B2}



Fix a fundamental chamber C, and therefore a base B and positive set of
roots RT. With B = {f1,..., 5.}, let s; = sg,.
Let W be the group generated by {s, | @ € R}.
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Lemma

1. The Weyl group W is finite. v

2. The form (,) on by is W-invariant, i.e.
(w(a), B) = {a,w™1(B)), foralla,f e R,weW.
3. Foralla € R, w € W, we have wsaw™! = Sw(a)-
Also, w(a") = w(a)¥. Vv

4. The reflection associated to a simple root 3 setwise fixes RT™ — {3}

and R— —{-p}. V

5. Ifw =548, -5;,_, sends (3;, to a negative root, then
WSi, = Siy *** Sipy_ 1 Sip iy " Sig_, for some 1 <m < /(.

6. If w=s; 8,8, with{ minimal, then w(B;,) < 0.
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Aside: Let p = 3 Z Q.
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Big theorem on Weyl groups

Theorem

1. W acts transitively on Weyl chambers.

2. Fix a base B. For all & € R there is some w € W with
w(a) € B.

3. For any base B, W is generated by simple reflections
(reflections associated to simple roots).

4. W acts simply transitively on bases B of R.



