Exercise 5: Some things about weights and representations.

(1) Let g be a finite-dimensional complex semisimple Lie algebra.
(a) Show that if L(\) and L(u) are highest weight modules (of weights A and p), show that
L(A\) ® L(p) has L(A + p) as a submodule with multiplicity 1. (Think about primitive
elements)

Proof. In a highest weight module L(u), the spanning set of {yv:[ ly =y -y €
0_o, } 1s a weight spanning set, where the weight of yv:[ is p — >, mijoy;. So the set
{yoy @y'vt [y =y -y y =y -y} is a weight spanning set for L(A\) @ L(y),

where the weight of v}” ® vl is

(/\ — anaz) + (M - Zmzaz) =A+pu— Z(nl + TrLZ)OzZ

So the multiplicity of the weight space or weight A\ + p is one, and is generated by
vy ® vf. Further, vy ® v is primitive. So L(A 4 p) is a submodule of L(\) ® L(x)
with multiplicity 1.

O

(b) Show that 0 is a weight of highest weight module L()) if and only if A is a sum of
roots.

Proof. The weights of L()) are of the form v = A — >°_ cpy locr with £y € Z>p. So
v = 0 exactly when A = Y i Lo, i.e. when A is the sum of roots. O

(2) Type A, stuff. Analyze the standard representation of sls.

(a) What are the primitive elements?

(b) What is/are the weight/weights of the action of h on the primitive elements (in terms
of w; and we)?

(c) What is the standard representation isomorphic to (in terms of highest weight mod-
ules)?

(d) Draw a picture of the weights and verify that the dimension is correct.

(e) What is the standard representation (in terms of highest weight modules) of sl,; in
general?

In the standard representation of sls,

1 0 0 1 0 0
hi=heyey=[0 -1 0 and  hg=he =0 -1 0],
0 0 0 0 0 0
So the standard basis v; = (1,0,0),vs = (0,1,0),v3 = (0,0,1), of V = C3? is a weight basis.

Further,
T T T
Loy = EL2 =Y_a11Tag = E2,3 = Y_ay and Lai+oag = E173 =Y_ai—az

and so the primitive elements are those simultaneously annihilated by E1 2, Es 3, and Fq 2.
Thus vy is the unique (up to scaling) primitive element of V.

To calculate the weight \ of the action of h on v™, note that the action of h on v = vy is
generated by hjv™ = v (so that A(hy) = 1) and hov™ = 0 (so A(hg) = 0.) The fundamental
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weights of sl3 are given by wy = &1 — %(51 +e9+¢e3) and wg = 1 + €9 — %(51 + 9 + €3).
Write A = ajw; + aswo so that

)\(hl) = <€1 — E9,a1wW1 + a2w2> =a

and
A(h2) = (g2 — €3, a1w1 + agwz) = az
so that a; = 1 and as = 0, and X = w;.
So V = L(wy).
For the picture, note that wy is on a hyperplane, so that Ww; has only three points. Also,

these points are single root shifts of each other, so there are no other weights in L(w;). So
since dim(V; (y)) = dim(V)) = 1, we have dim(L(w1)) = 3 as desired:

bs,
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For general r, the standard basis is still a weight basis, and v; is the unique (up to
scaling) element which is simultaneously annihilated by {E;; | 1 <i < j <r+1},s0V is
simple and v; = v is the primitive element generating V. The action of h on v is given
by hyvt = 61 v, so again v* has weight wy. So V = L(wy).

(3) Type C, stuff.
(a) Give a base for the set of roots of type C,, and calculate the corresponding simple
co-roots and fundamental weights.

For type C,, the roots are given by R = {£2¢,£(g; £ ¢5) | 1 < k,i < j < r} with
h* = CR = C" with orthonormal basis {e1, ..., e, } with respect to the form induced by
trace form on the standard representation. So one base for Ris B={f; |i=1,...,r},
with

B, = 2¢, and Bi=¢€;i—¢eip1 fori=1,...,r—1.
Then Rt ={ey,ei+e; | 1<k,i<j<r} Forl<i<r-—1,(6;,8)=2,s0 8 =p.
For i =7, (B, 0r) =4, s0 BY = %BT = &,. So the fundamental weights are given by

wi=¢e1+--+¢g fori=1,...,7
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(b) Give two examples of highest weight modules for Co for which every weight space has
multiplicity 1 (and justify how you know every weight space has multiplicity 1).

The trivial representation L(0) is one-dimensional by definition. Just as in part (2),
the representations L(wi) is a 4-dimensional modulel whose weights are the W-orbit
of the highest weight, and so the weight spaces all have the same multiplicity as the
top weight, namely, 1.

Note that L(wg) = L(e1 +e2) has 0 as a non-trivial weight (since 1 4¢3 is also a root),
so L(w2) does not work here.



