s (3 Emm

EVCLVTIO
FORMVLAE INTEGRALI?
fox(s=+ 1=
A TERMINO x=—o VSQVE AD »x =1
A EXTENSAE‘_" | '

. Auéore
L. EVLERO

e

Conuent.” e:‘cbib.' die ’29' F elw."_i‘ijjéi. -

R
If’ct formula integralis eo magls eft notatu digna, ‘quod ‘eius
valorem .oftendi conuenire cum €0, quem praebet ifta expres-
fio: 14-i-+35+73% 4. .‘; .. ——1—-3——111, fi numerns # fu-
matur infinite magnus; et quem per approumqtlonem olim in-
veni effe —= o, 5472156640015325 , cuius- valorem nullo ad-
huc modo ad menfuras tranfcendentes iam cognpitas redigere
potui ; vnde haud inutile erit refolutionem huius formulae pro-
pofitaec pluribus modis tentare Ac prlmo quidem , quonnm
dusbus conftat partibus f et f2%, manifeftum eft prioris.

partis valorem —/ (1 —x), poﬁto x=1x, fore —Io ideo-
que —oo; tum Vero etiam facile peripicitur, Poﬁeuons par=
tis valorem quoque’efle infinitum, fed figno contrario affec-
tum, ita vt haud difficulter intelligatur aggrevatum earum pai-
tium finitum habere” valorem.
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Euolutio prima geometrica.

§ 2. Primo igitur hanc formulam per quadraturas exe
hibeamus, confiderando lineam curuam, ¢uins abfciffie ¥ ree
fpondeat applicata y =t >, tum vero eius area [y dx
abfciffac x infiftens ipfum valorem quaefitum repraefentabit ,
quamobrem formam huius curuae accuratius perpendamus. Ac
primo quidem enidens eft, hanc curuam neutiguam in regio-
nem abfciffarum negativarum porrigi, fed a termino ¥ —= o in-
cipere. Pofito autem x = o ‘manifefto fit y —1, ob Ix=co;
at exiftente x ‘infinite paruo fiet y — 1 +x—+ 5, vbi facile

- perfpicitur poftremum membrum L effe negatiuum et quafi in-

Tab, I
Fi-g_. 1.

lx

finities maius quam x, ita vt fiat y = 1 — i &, exiftente i nu-
mero maximo;: vnde patet, i curnam ad axem A O refera-
mus in eoque abiciffas x a- pun@o- A -capiamus, in ipfo punéto
A applicatam fore AC =1, et curuam in C hanc applicatam
A C tangere, propterea quod ‘decrementum applicatae infinities
fuperat incrementum. abfciffae. = Curna igitur originem ducet
ab ipfo puncte C, hincque continuo propius ad axem inflee-
tur, quem tandem in diftantid infinita aftinget. Pofito enim
¥ == o0 ﬁtj’:--—é-—i—-lé; vbi notétur prius membrum Z
prae altero eunanefcere, ita vt ifte valor fit pofitivus, ynde pa-
tet, hanc curuum a pundto C ad axem continuo propius efle
acceffuram, | |

§. 3. Confideremus nunc abfciffam A B ~— 1, vbi fume
to ¥ == 1 fit y —5-+3, vnde nihil plane concludere liceret,
hanc ob cauflam flatnamus & == 1 — w, vt fiat y == 1 - ﬁTI“‘_m) .
Tam /(1 — ) in feriem euoluendo fiet
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pumeratore loco 1y feribamus, ]Jl‘Odlbltqll-E

y = —j(r—xy—i(r—a) — (1 —x) —ete.
- (1 —x)lx |
atque hinc
.'y_*-éfl—x)-——(Imx)" 2 (1 —x)*— etc.
= . ; )
¥

Linc lgltur per partes integrando valor quaefitus erit’
— (1—-x]3x__ (1—xPdx (I.—-x)aax
[ydx=—3fB=ElRE — 5 [ E et —4f etc.
quae formulae ﬁngulae facﬂe ad formulam illam gﬁneralcm xe-
ducuntur, qua oftendi effe
a™— x" m -t~ 1
x /__—t ()
I x n—-.1
Hinc enmim flatim erit [E—=2122 — 3, et quia eft
(r—x)==1 ——x—(x—xx), exit
JREEaXib By EES F S

Simili modo facile patebit fore
f[;-——x)sax____lr 33 ; )

n34
f(:-——x}‘*ax—lrfsﬁs.
12 2%, 4 7
f(z-—-::c)sax _Z:[.’s"J 53,
106’
(1—2)9dx -— 13’5 515.7 .
[ = Z—gﬂz—o"&a 5 etc.

§. 6. Bx h1s igitur valor noftrae formulae [y 3 x per
{feriem logauthmlcqm prorﬁls ﬁnoulmem fequenti modo ex-

primetur : ‘
dx=%l2-+3} lﬂ"—k J2oa g1t
I.533 1.99, 5 -
5 ID 6 g, 420 46 )
+ 6 ] Z 3‘10 55 + l 2315 5,65 + etc.

Vb1

A

- {*) Hoc integrale duplici modo ab Il huins differtationis Auctore fmt in
veatumn in Tomo XI1X. Nouomm Commentariorm pag, 70 €t 79. ’
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Vbi probe potandum  elt _omnes logaritlujnos capi debere hy-
facile autem intelligitur, terminos huius ferict con~
nores , neque tamen hanc {eriem tantopere
ea valor quaefitus commode computari pofit.

pcrbolijr.-os H i
tinno prodire M1
conuergere, vt ex

Euolutio tertia. |
§. 7. Viamur eadem refolutione logarithmi x in feri-
em infinitam, ac ponamius brenitatis gratia 1 —x =17, Vi {it

Jy——t—3ti—3"F — % 1# — etc.. eritque
I L =1 .
Jx  s(r—ir—+3ii+30 3 # — etc.)
. ’ I . .
Tam fractionem conuertamus more folito

13t +3t¢-1 et
in feriem recurrentem, quae ft . "
1—i—az—q—ﬁzt—%—yt“——l—az*-k—st5—1—£;’z5-'|— etc.
+bi cotfficientes a, P, 7 0. €tC. ita cruat comparati, vt fit

a--j==o, . hincque a==—3,

'ﬁ+“§0ﬁ+§205 B——1s

'Y_}_%B,"i"_;a."‘l"%:'oﬂ . | ‘]/:—5139

.‘5—1—5’)/-!—%@4{—‘%“'1—%:09 © d==—hs
| etc, o ete.

yade hanc feriem tanguam cognitam fpedtare licet.

§. 8 Hoc igitur valore fubflituto erit
A= g —Br—iry 1 b3 I —g P etCey
quare cum fit —— =, erit

y= —a—ﬁt—yzi;ﬁf’—sﬁm ete. ‘ﬁu‘c
y=—a—p{r—x)—7y(z --‘-xj“-—-—'-ﬁ(l‘-—x)s‘——- etc.
: ' Cum




Cum nunc in genere fit

fE).av.(I——-x)“:(}-—-—(’Imx‘>n+I —_ I __(_f_':’_"z‘

—

-1 a1 e’
pofito ¥ ==, quemadmodum aflumfimus, erit
Jox (T —x) = _= -

?L—{--{n
Hinc igitur fingulis integralibus collecs reperietus
Jror=—f—8—Y—T—t _ e,
vide per valores ante euolutos fiet

Jyox =5+ F &+ 22 et
quae feries vtique parum eft conuergens,

Euolutio quarta.-

§. 9. Cum habeamus y=AEi—r. quemadmodum

' ! ‘D - » - --_ - - »

_ante partem /x in feriem infinitam refolnimus, ita nunc vie
cifim ipfam quantitatem in feriem per logarithmos ipfius x

procedentem euoluamus, Quia enim eft x == ¢ 5 Crit
X T= 14 lx 1 Cxy 2 x) & (I x)t 4 ete.

vbi loco 7 x brevitatis ergo feribamus #,y atque hanc feriem
tantum in numeratorem introducamus, vt fiar

——éuu,——% #® — oy Ut — s

S = (1 —x)

— ‘etc,, flue

X X ' I 53 b3
._._Eu__...guu.__..ﬁy '__"'fﬁ'tsﬂ4 L
J = S — —— e¢tc.,
: I.__.x T

ideagque -
v =i i —i itan g resnen

I ~ <

—— 1 fAmla)4 )
725’/‘"1—_‘&—— — C‘tC.
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§ 10, Cum nunc in genere, fumto fcilicet integrali
b x=oad x= 31, fit fox(Ix)l=+1.2.8. 4. 5. ... .¢,
ybi fignum -+ valet quando # eft numerus par, contra vero
fignum —> erit porro

fermrox (I ==+

T.2.83.4.5. + ¢ 00 v A
?zl—i—x ?

ybi fignum — valet fi A fuerit numerus par, inferius vero fi
jmpar. Hinc igitur fingulas noftras formulas per feries inte-
gremus, dum-loco = feriem fcribimus

I~
I+ x - xx - x° - xt 2 - ete
atque hinc primo nancifcemur

SRR — 1 (X A A - Ak e A A etcl)

I e
j‘af_lia;"_::_x.z(x —+ & &
o ; 3——-_-r ) ' -
SELEE = =t 2.3 (T A G- A &+ &+ ete.)
foElell—~y, 2, 3. 4(x 4+ &

I e X
ctc. etc.

His igitur feriebus {ubflitutis reperiemus

JrOox =i(x A+ i+ 54 A+ etc)

— i@ A EF A etc)

IR A A A A+ ete)

—s(T+A+E+ 53 etc)
cuius expreffionis iam nuper oftendi valorem efle nimerum
ilum memorabilem o, 5772156649015325. (%)
o Euo-

(*) V. Differtatio: De nuumerp memorabili in _fummations progreffionis harmonicae
naturalis occurrente. Acta Aced, pro Anno 1781 Pars pofterior, pag.
49. leqq. ‘ F. :

Noua Ac¢ta Acad. Imp. Se, T. 1V, B
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Euolutio quinta.

§ 11. Veamur hic eadem refolutione in feriem ipfins
numeri x, fed eam zlio modo 1dh1bean‘us. Scilicet cum pofito
lx=—=u fit

x:1+u+éuu+§z¢9+g;z¢*m§—3£5u5+ etc. L
erit formulae nofirae ipfa pars prior

I —
I —X Ui uu—]—gu——l-dﬁ — 136 #° €tcC.
I X

" I3 u—-i~uu—i—§;,z43—~|— etc.
Hanc ﬁa&lonem.

—

I
I Ly iuu a5 u° -~ etc.
more folito in feriem recurrentem conuertamus, quae fit
I —Au—{—Buu——'C W#-—Dut— K + e
eritque facta comparatione: '

A—; ergo — i
B:%A — 3 —
C—=:i:B—iA-}+4% C—o
D—=iC—1IB+L£A—& = —
E—=IiD—iC—+5B—d A+ — o.

§. 12. Hac igitur ferie introducta et loco x reftituto
valore ! x, formula noftra - -~ .t —y fequentem induet

formam: ‘
yr=—it+A—Bu+Cuy— Do +etc. +1, fiue
J=A-Bilx+C(xfp—D{x) +E{x)— etc.
vode cum in genere fit

fox
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poftquam (cilicet abfoluta integratione pofitum faerit x — 1,
vbi fignum fuperius valet, quando #z eft numerus par, inferius
vero fi # impar: hoc obferuato nancifcimur valorem quaefitum
[y ox fequei}ti modo expreffums: |
[ydx —A+1B+1.2C+1.2.8D+1.2.3.4E+1....5F~ etc.

quae feries vtique paruim conuergit, ob cofflicientes litterarum
A, B, C, D; verum perpendendum eft, ipfos valores harum
[itterarum  continuo magis decrefcere, quandoquidem certum eff,
{oriei valorem efie debere 0, 5772156640015325, quare ope-=

rae pretium erit harum litterarum feriem accuratius euoluere.

TRANSFORMATIO FRACTIONIS

I
1—|—§u—1—uu+§1u3—}—w+ etc.
IN SERIEM '

1 —Au4-Buyu—Ci® +Du—E o -} etc.

§. 13. Defignet littera s fummam huius feriei, eritque
u #—+
§— ., vnde fit & — ——

_ é-u 1 5 hlncque — ! U""“‘F) — g

ergo differentiando erit

au__.-au-i-—as__ar_i._sau-—-uas
T Tuts R Py R
fine ftatim ponatur s—=p #, vt it u:::ll';‘f’, vynde fit ou ==
—_—_ 07

sy quae exprefio quo feriem praebeat. concinniorem,
fatuamus p —= g — &, vt iam fit 5 = (g —3}) 4, tum vero erit

oq

oy = — ", vnde colligitur haec aequatio:
99— = o
g9 —3%+ ;_j.i il o

W

B 2 § 14
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§. 14. Ex hac igitur aequatione inuefligari debet fe.
ries valorem ipfius 4 exhibens, vbi ante omnia principium hy.
ins feriei inde conflitui oportet, quod pofitc ¥ — o fieri de~
beat s =1 et g =% --3; vnde patet feriei pro ¢ fingendae
primum terminum effe debere I; tum vero facile perfpicitur
in hac ferie poteftates ipfius # tantum impares affumi debere,
Quamobrem fingatur ifta feries:

g=i4au—4-bw~-cu' 4 du + e -~ etc. eritque
gg::ﬁ";q- oad + 264" 4 actt+ o dut 4+ 2 gyt 2 fu™ —+ etc,
~+aa 4-2ab-+2ac+2ad-+2aqe —+ ete,
b0 + b+ 2bd + etc,

| —+-cc
?ﬁ— =4 a~4-86 4~ 5¢ + 9d 4+ oe—'11f - etc.

harum ergo ferierum fumma debet efle 3 iy, vade deducuntur
fequentes determinationes:

ot

3a8>==3 ergo a4 == &
5b4-aa—o b — —2¢
S 5
we-—t2a2b—o £ —=2%5
7 -
9d-4-2ac+bb—o | = .—28c—3%8
g
1Tet-2gd-+2be—o e— —2tl—nobs
13f42ae+2bd+cec=o0 — . —2ze—ehd—cc
Sf"r— ¢ f——- 3
ere. etc.

£X qmbus formulis valores numerici litterarom e, %, ¢, 4,
computari poterunt. |

§ 15. His autem litteris a, &, ¢, 4, etc. definitis
ipfa feries pro s quaefita eric

O
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:
i
b
i

et (fa) P —

fm L — i g Ut bt ot - AUt e U + fut 4 gut -+ etG

quare cum fupra pofuerimus |

= ;o Au+Buy—Co*+Dut—E &+ F 34— G o+ Hu' —etc.
alores harum litterarum maiuscularum per minusculas fequenti
modo definicntur: -
A=i,B=a, Czo, Dzé, Ezo, Fze, Gzo, H =d, etc.
ficque poteftatum imparium co&fficientes pet {e euanefcunt. E-
videns autem eft ope formularum hic inuentarum valores lit=
terarum @, b, ¢, 4, etc. multo facilius et promptius affignari
pofle quam per. relationes fupra allatas, - fcilicét erit A —i,
B—a—4%, C=o0, D=—4, E==0, F — sy ©LC

§. 16. Quoniam hoc modo calcnlus. iftarum littera-
rum mox ad numeros vehementer magnos deduceret, loco lit-
terarum @, b, ¢, 4, etc; quaeramus alias % B, €,:D, etc.
quarum figna iam. alternentur . et quarum valozes ad illos fe-
quenti modo referantur:

ar

oy e € By & et

jta vt iam fit noftra feries : , _
e Ty Yun__ Hut_y Cut . D ' '
s —iu- 2 B 2 — S5 e et
atque iftae nouze litterae U, D, €, D fequenti modo deter-
minabuntur: '

A= 1 Ny HEEBT,
g
»— 1% e 2UDA2BE
=% € o= 2URaBE
=22 %’5:2?’1@‘*“91?9*@@, etc.

qui valores nunc haud difficulter in pumeris eunluentur ac re-
perientur : - ' ‘

J— —— —_ .__ <] — — 1382
3[__.17 %-——év — 359 gw‘fﬂa @—'5,5759 %—i:*s's'f?n cic.

B 3 O §or
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“ o & iy, Introducamus igitur iftas nouas litteras 9f, B,

‘ €. ©. etc. in feriem §. r2. pro 0 & inuentam. eritque ;
K / 5’ P -y q !
| fyax__.z—i—’f:‘l ‘Ii‘ﬁfs‘"""La'i;:'sm_r_”';2;"70"*"EE(:. :
hanc autem feriem non fatis conuergere iam fupra obferus-
vimus. ' )
TRANSFORMATIO FRACTIONIS
. . T . , ’
1+ t-—i— tr+ z3+ * - etc

IN SERIEM
:+at+ﬁ”—~|~yﬁ+§z4—1—s¢5+é’z6+ etc.)

= 7 Ad hanc tlansf'ounauonem perduftl fumub fu—
pra ‘in §. 9. wbi euolutio litterarum a, @3, v, 3, etc. mox
Sebat nimis molefta. Nunc igitur fimili modo vtamur quo
- . - - o2 — - _— E——
ante, pofitaque-hac ferie quam quaerimus =, erit 5= —;

ideoque Z(I — )= —%, ergo differentiando — 2= 27,

feu 2 2w -1_- 25 r == 0,.cul hanc formam tribuamus:
dw ____ —_—
e (r —1)=o,
ex qua aequatione feries idonea pro @ elici debet,
3 Lol -
§. 18. Cum igitur pofito 7 == o flat s == 1, hoc caft
eﬁ'e debcblt v:%, guamobrem fingamus iftam feriem:
ay__r+a—i—br—{—czz+dr+ez*+ eLc.

qui valor fequenti modo fubflituatur




v — T;?_,_#q-b—e— 2ot~ 3dtt—+ 468+ 5fit+ 6 g+ ete.
19 o 43— %~ b —20 —35d —4e —5f — etc.
_’_vvz+;§+5§+zb+ 2¢ + ead 4+ 2¢ _—i—zf + 28 + etc.
: +aa+2ab—+ 2ac+2ad-+2ae+ 2af + etc,
bbb+ 2bc+ 2bd+ 2he+ etc.
+ ¢¢ +2¢d 4+ etc.
Hinc igitur prodeunt fequentes detemﬁinatione’s:_
1 2a>=0,
sb—+aa=—o,
4c+2ab—b—=o,
5d—{-2ac/~—2c+lgb.:o,_
6e+2ad4-2bc—gd—o,
7f—+—lzaé—|—‘2‘bd——-—-4.e+cc:o;
quae formuolae’ ob @ = — § contrahuntur in fequentes:

3 b —=—} ergo 4 — -——3
4c—=25b b——4%
sd—=ng¢c~—bb cT- — 5
6¢e—4d—z2bc d = — s
wf—=s5e~—2bd—cc e = — s

8§ £ = 6;)‘"—-- 2be—2¢0  f=— .
§. 19. Hinc igitur erit feries quaefita
S—"1—ati+bticrfdrt - etc.,

quae fupra pofita fuerat
Sm1 -t =Bty B3 et

litterae igitur latinae et graecae prorfus conueniunt, eritque ergo

frox—-—g—t £ ¢ ¢ et

et
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et 'Mlaoubus modo inuentis fub:[‘ututzs

T =Sttt aeT

§. 20, Quo autem calculus harum -~ 11tterarum eXPﬁd1~ ;
fior reddatur, ponamus &= —

e E .
— &, etc. vt fit

-

-—i—- etc.

4 24 .5 120 6. ISO

2y b=—% ¢ =— gy d =—

froax =242+ 5 - 2 e St et
pro his autem litteris habeblmus fequentes detmmmatmms'

A—x, -
—_—
— 3%
—_ abB
a7
) — &c+-8s

vnde colligitur

A—1, B=3g,

— . 8D-—+-2a2g8E
]: — 7

—_— IOE-—!—!.BD-—!—CC,

7

—  I2F—+eRBE~4-200
G= ] )
efc.
T e 39 y
C-—-—-—-a? D-———-——g}s} ,""""'35) etc-

Haec igitur ad calculos fuperiores fubleuandos fufficere

terunt,

,







