in[1:= Needs [" Conbi natorica "]

m  Graph theory routines
in21= "Substitutes for defunct routines in the Conbinatorica package";
in@:= makegraph[n_, nbrfn_]:=Table[lf [nbrfn[i, j], 1, 01, {i, n}, {j, n}]
in4= "Breadth-first search";

bfs[g_, a_] : = Mdul e[{n, scan, queue, i},
n =Length[gl;
scan = {a};
queue = {a};
Wi | e[queue # {},
i =queue[[1]];
Do[lf[g[[i, j]] =1&&Not [MenberQ[scan, j]],
scan = Append[scan, j ];
gueue = Append[queue, j ]
1

(.1 n

1

queue = Drop[queue, 1]
1
scan

1
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m  General Definitions

= DrumNor [d_, i_, s_]1:=d[[s, i]];
DrumAdj acent [d_, i _, j_1:=
DrumNor [d, i, 1] =] || DrunNbr[d, i, 2] =j || DrunNor [d, i, 3] =j;

DrumG aph[d_] : = makegraph[Length[d[[1]]], DrumAdj acent [d, #1, #2] &];

DrumDomain[d_, t_, start_]:=

Modul e[ {n = Length[d[[1]]], scanorder, regions, i, j, k, side}, regions = Table[{}, {n}];
regions[[start]] =t;

scanorder = bfs[DrunGraph[d], start];

Do[i = scanorder [[k]];
j =DrumNbr [d, i, side];
If[regions[[i]] # {}&&regions[[j1] = {}, regions[[j]1] =Flip[regions[[i]], side]],
{k, 1, Length[scanorder]}, {side, 1, 3}1;

{d, regions}i;

Triangle[a_, b_, c_]:=Mdule[{X, vy, 2z}, x=Pi /2 (b+c-a)/ (a+b+c);
y=Pi /2 (a+c-b)/ (a+b+c);
z=Pi /2 (@a+b-c)/ (a+b+c);
Map [N[{Cos [#], Sin[#]}] & {-z, Pi +z, Pi /2+Xx-Yy}11;

Flip[f{a_, b_, c_}]:=Mdule[{x=a-c, y=b-c}, {C+ (-1)Xx+2 (X.y)/ (Yy.y)Y, b, c}1;
Flip[t_, n_]:=RotateLeft [Flip[RotateLeft [t, n-1]], -(n-1)1;

Drunti deStyl e0 = Modul e[{i nt = Absol ut eThi ckness[.5], ext = Absol ut eThi ckness[3],
si del = Absol ut eDashi ng[{}], side2 = Absol uteDashi ng[{}], si de3 = Absol utebDashing[{}]1},
{{{int, sidel}, {int, side2}, {int, side3}}, {{ext, sidel}, {ext, side2}, {ext, side3}}}];
Drunti deStyl el = Modul e[{i nt = Absol ut eThi ckness[.5], ext = Absol ut eThi ckness[3], sidel =
Absol ut eDashi ng[{1, 5}], side2 = Absol uteDashing[{10, 10}], side3 = Absol uteDashing[{}]},
{{{int, sidel}, {int, side2}, {int, side3}}, {{ext, sidel}, {ext, side2}, {ext, side3}}}];
Drunti deStyl e = Drunfsi deStyl el;

Drumiriangl e[t _, | abel _, exterior_]:=
{GayLevel [1.], Polygon[t], GayLevel [0], Text [l abel, (t[[1]]1+t[[2]] +t[[31]) /31,
DrunSi deStyle[[If [exterior [[1]], 2, 11, 1]1]~Join~{Line[{t[[2]1], t[[311}1},
DruntSi deStyle[[If [exterior [[2]], 2, 11, 2]]1~Join~{Line[{t [[11], t[[311}1},
DrunSi deStyle[[If [exterior [[3]], 2, 1], 31]1~Join~{Line[{t [[11], t [[211}1}};

Dr umDomai nGraphics[{d_, regions_}, label _]:=
Modul e[{i, s}, Graphics[Tabl e[Drunlri angl e[regions[[i]], |abel [i -117,
Tabl e[DrumNbr [d, i, s] =i, {s, 3}11, {i, Length[regions]}], AspectRati o - Automaticl]l];

StretchQut [s1_, s2 1 :={s1[[1]], s1[[1]1] +Max[s1[[2]]-s1[[1]1]1, s2[[2]1]1-s2[[1]111};
StretchCQut [{al_, a2_}, {bl_, b2_3}]:= Mdul e[{border =.02, size},
size = Max[a2 -al, b2 -bl];
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{al - border xsize, al +size +border %size}
1
StretchRange[rl_, r2_]:= {StretchQut [r1[[1]], r2[[1]]], StretchQut [r1[[2]], r2[[2]]1]1}
ExpandRange[gl_, g2_1] : = StretchRange[Ful | Opti ons[gl, Pl ot Range], Full Opti ons[g2, Pl ot Range]]

DrumLabel O[i _]1 :="";

DrumLabel 1[i _]1:=1;

Drunmiabel 2[i ] :=1f[i =0, "0", ""1I;
DrunmLabel = Druniabel 0;

Drunmiabel Left : = DrunlLabel ;
DrunLabel Ri ght : = DrumlLabel ;

DrunPai r G aphics[dd_, t_, {startl_, start2_}] := Mdule[{gl, 92, gg, glnew, g2new, p},
gl = DrunDorai nGraphi cs [DrunDomai n[dd[[1]], t, startl+1], Druniabel Left ];
g2 = DrunDonai nGr aphi cs [DrunDomai n[dd[[2]], t, start2 +1], DrunlLabel Ri ght];
glnew = Show[gl, Pl ot Range -» ExpandRange[gl, g2], Di spl ayFunction » Identity];
g2new = Show[g2, Pl ot Range -» ExpandRange[g2, gl1], Di splayFunction » Identity];
{Ful | Options[g2, Pl otRange], Full Options[g2new, Pl otRange]};
G aphi csArray [{glnew, g2new}]];

DrumPair[dd_, a_, b_, c_, start_: {0, 0}] : = DrunPai r G aphi cs[dd, Triangle[a, b, c], start];

ShowDrunPair [dd_, a_, b_, ¢c_, start_] :=Show[DrunPair [dd, a, b, c, start]];
ShowDrunPair [dd_, a_, b_, ¢c_] :=ShowDrunPair [dd, a, b, c, {0, 0}];

ShowDr unPai r [dd_, start_] : = ShowDrunPair [dd, 60, 60, 60, start];

ShowDr unPai r [dd_] : = ShowDr unPai r [dd, 60, 60, 60, {0, 0}1;

ShowLabel [g_, | abel _]: =
Show[G aphi cs[{Rect angl e[{0, O}, {1, 1}, g], Text [l abel, {.5, -.1}], Text["", {.5, -.2}]}11;

FromCycl esNum[cyc_List, n_Integer] : = Mdul e[{p = Range[n], pos}, Scan[ (pos = Last [#];
Scan[Function[c, pos = p[[pos]] =c], #]) & cyc];
pl;

Conj ugat ePernutation[p_?Pernutati onQ g_?PernutationQ] : = Permute[q, Pernute[p, ql];
Conj = Conj ugat ePer nut ati on;

Conj ugat ePernutati on2[p_, g_] : = Thread[Conj ugat ePernut ati on[p, ql1;
Conj 2 = Conj ugat ePer nut at i on2;

C2[a_, b_] :=ConjugatePermutation2[a, b];
Cla_, b, c_]1:=C2[a, C[b, c17;

Cla_, b_,c_,d 1:=Q[a, CIb, c, d]1;
Qla_, b ,c_,d, e ]:=Cla, CQ[b, c, d, e]];

LeftBraid[{a_, b_, c_}]:= {ConjugatePermutation[b, a], a, c};
RightBraid[{a_, b_, c_}]:={a, c, ConjugatePermutation[b, c]};
UnLeftBraid[{a_, b_, ¢c_}]:= {b, ConjugatePernutation[a, b], c};
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UnRightBraid[{a_, b_, c_}]:= {a, ConjugatePernutation[c, b], b};

DrumLeft [d_] := Map[LeftBraid, dJ;
DrunRi ght [d_] : = Map[Ri ghtBrai d, di;
DrumnLeft [d_] : = Map[UnLeftBraid, dj;
DrumUnRi ght [d_] : = Map[UnRi ght Brai d, dl;

Prep[l _, n_]:=FronmCycl esNum[l +1, ni;
DrumR[a_, b_, c_]:=Transpose[{a, b, c}];

Permut ati onMatri x[p_?Pernutati onQ] : = Pernute[ldentityMatrix[Length[p]l], pl;
DrumAdj acencyMatri x[d_List] :=

aPernutationMatri x[d[[1]]] +b Pernutati onMatrix[d[[2]]] +c PernutationMatrix[d[[3]]];
NeumannMatri x[d_List] := (a+b+c) ldentityMatrix[Length[d[[1]]1]] - DrumAdj acencyMatri x[d];
DirichletMatrix[d_List]:=

(a+b+c)ldentityMatrix[Length[d[[1]1]1]] + NegateCOf f Di agonal [DrumAdj acencyMatri x[d]];
O fDiagonal [m]:= (1-IldentityMatrix[Length[m]]) m
Negat eOX f Di agonal [m_] : = m-2 O f Di agonal [m];
NeurmannPol ynom al [d_List] : = CharacteristicPol ynom al [NeumannMatri x[d], X];
Di richl et Pol ynom al [d_List] :=CharacteristicPolynom al [DirichletMtrix[d], X];
DrunPai r Test [p_] : = {NeumannPol ynom al [p[[1]]] === NeumannPol ynom al [p[[2]]],

DirichletPolynom al [p[[1]]] ===DirichletPolynom al [p[[2]1]11};

m Preliminary Definitions
ne3= Modul e[{al, a2, bl, b2, c1, c2, di, d2, el, e2, f1, 2, g1, g2, h1, h2, i1, i2, j1, j2, ki, k2,

1, 12, p1, p2, 91, 92, r1, r2, a, b, ¢, d, e, f, g, h,i,j, k, I, p, g, r, aa, bb, cc,
dd, ee, ff, gg, hh, ii, jj, kk, I'l, pp, qq, rr, eee}, al =Prep[{{0, 1}, {2, 5}}, 7I;

a2 = Prep[{{0, 4}, {2, 3}}, 71;:

bl =Prep[{{0, 2}, {4, 3}}, 71;

b2 = Prep[{{0, 1}, {4, 6}}, 71;

cl =Prep[{{O, 4}, {1, 6}}, 71;:

c2 =Prep[{{0, 2}, {1, 5}}, 71

a = {al, a2};

b = {bl, b2};

c = {cl, c2};

aa = Conj 2[a, cJ;

bb = Conj 2[b, al;

dl =Prep[{{O, 12}, {1, 10}, {3, 5}, {6, 7}}, 131;
d2 = Prep[{{0, 4}, {2, 3}, {6, 8}, {9, 10}}, 1371;
el =Prep[{{0, 10}, {3, 4}, {9, 2}, {5, 8}}, 1331;
e2 =Prep[{{0, 12}, {6, 9}, {5, 11}, {1, 4}3, 1371;
fl=Prep[{{0, 4}, {9, 12}, {1, 6}, {2, 11}}, 137;
f2 =Prep[{{0, 10}, {5, 1}, {2, 7}, {3, 12}}, 137;
d = {d1, d2};

e = {el, e2};

f = {f1, f2};

ee = Conj 2[e, dJ;
dd = Conj 21[d, f1;



ff =Conj2[f, eel;
eee = Conj 2[ee, dd];

gl =Prep[{{0, 2}, {1, 7}, {3, 6}, {5, 10}}, 13];

g2 = Prep[{{O, 7}, {3, 11}, {6, 8}, {9, 12}3}, 1371,

hl=Prep[{{0, 6}, {3, 8}, {9, 5}, {2, 4}}, 137;

h2 = Prep[{{0, 8}, {9, 7}, {5, 11}, {1, 10}}, 131;

il=Prep[{{0, 5}, {9, 11}, {1, 2}, {6, 12}}, 13];

i2=Prep[{{0, 11}, {1, 8}, {2, 7}, {3, 4}}, 1371;

g = {91, g2};

h = {h1, h2};

i ={i1, i2};

hh = Conj 2[h, g1;

gg = Conj 2[g, i 1;

ii =Conj2[i, 99];

j1=Prep[{{0, 14}, {4, 5}, {9, 10}, {1, 123, {7, 11}, {2, 6}}, 15]1;
j2=Prep[{{0, 11}, {1, 5}, {3, 4}, {6, 10}, {8, 9}, {13, 14}}, 15];

ki =Prep[{{4, 6}, {1, 13}, {8, 9}, {2, 7}}, 157;

k2 = Prep[{{0, 10}, {1, 23}, {6, 9}, {12, 14}}, 1571;

|1 =Prep[{{14, 1}, {3, 4}, {12, 2}, {8, 11}}, 157;

12 =Prep[{{0, 5}, {2, 4}, {6, 7}, {11, 143}, 157;

=41 2y

k = {k1, k23};

I =1, 12},

Il =Conj2[l, j1;

jj =Conj2[j, kI;

kk = Conj 2k, I171;

pl =Prep[{{2, 7}, {3, 11}, {5, 12}, {8, 18}, {13, 14}, {15, 17}, {16, 20}}, 2171;
p2 = Prep[{{0, 1}, {4, 17}, {7, 12}, {9, 16}, {10, 20}, {11, 13}, {15, 19}}, 217;
gl = Prep[{{0, 17}, {3, 8}, {4, 12}, {6, 13}, {9, 193}, {14, 153}, {16, 18}}, 217;
g2 = Prep[{{0, 20}, {3, 16}, {6, 11}, {8, 15}, {9, 19}, {10, 123, {14, 183}, 217;
ri="Prep[{{1, 8}, {2, 16}, {4, 11}, {5, 19}, {7, 14}, {10, 17}, {13, 20}}, 217];
r2=rl;

p = {pl, p2};

q={ql, g2};

r={rl, r2};

D71 = Drun2[a, b, cJ;

D72 = Drun2[a, bb, cJ;

D73 = DrunR[aa, bb, c];

D131 = DrunR[d, e, f1];

D132 = DrunR[d, ee, f1;

D133 = DrunR[dd, ee, f1;

D134 = DrunR[dd, ee, ff];

D135 = DrunR[dd, eee, ff];

D136 = Drun2[g, h, i];

D137 = Drun2[g, hh, i1];

D138 = Drun2[gg, hh, i1;

D139 = Drun[gg, hh, iiJ;

D151 = Drun2[j, k, I17;

D152 = Drun2[j, k, I17];

D153 = DrunR2[jj, k, I171;

planarfig.2010.nb
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D154
D211

DrunR(jj, kk, 117;
Drun2(p, q, r];1]

inje4]:= Cl ear [ShowFi g0, ShowFi g1;

FigO[d_, a, b ,c 1:=

Bl ock [ {DrumLabel = DrunlLabel O, DrunSi deStyl e = Drunti deStyl e0}, DrunPair [d, a, b, c]1;
Figo[d_1:=Fig0O[d, 60, 60, 601;
ShowFi gO[d_, a_, b_, ¢c_]:=Show[FigO[d, a, b, c11;

ShowFi gO[d_] : = Show[Fi gO[d, 60, 60, 60]1];

Fig[d ,a, b ,c 1:=
Bl ock [ {DrumLabel = DrunlLabel 2, DrunSi deStyl e = Drunti deStyl e0}, DrunPair [d, a, b, c]1;
Figrd_1:=Fig[d, 60, 60, 601;

m Figures

in[71:= " Fi gure honophoni c";

Show[Fi g0 [D211, 90, 60, 30]]

out[72]=

in[73):= "Figure propeller"”;

Show[
Bl ock [{Druml_abel = DrunlLabel 1, DrunSi deStyl e = Drunti deStyl el}, DrunPair [D71, 60, 60, 60]111]

.

.
.
.
.
.

6 .

.
— — S EsEEsEssw

out[74]=

LLTTTTTTT
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in7s):= " Fi gure war ped";

Figdlabel 1[i ] := {"0", "1", "2", "3", "4", "5" "6"}[[i +1]1;
Fi g4label 2[i ] := {"1+2+4", "0+3-1", "0+6-2", "1-6-5", "0+5-4", "4-3-6", "2-5-3"}[[i +1]1;

Bl ock [{DrunlLabel Left = Fi g4Label 1, DruniLabel Ri ght = Fi g4Label 2,
Drunti deStyl e = Drunti deStyl el}, Show[DrunPair [D71, 60, 45, 75]1]1

Out[78]=

in[7o]:= " Fi gure exanpl es”;
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In[80]:=

"1 ndi vi dual

di agrans.";

F71 = ShowLabel [Fi g[D71], Subscripted[7[1]]]

F72 = ShowLabel [Fig[D72], Subscripted[7[2]]]

F73 = ShowLabel [Fi g[D73], Subscripted[7[3]]]

F131

F132

F133

F134

F135

F136

F137

F138

F139

F151

F152

F153

F154

F211

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

= ShowlLabel

[Fi g[D131],
[Fi g[D132],
[Fi g[D133],
[Fi g[D134],
[Fi g[D135],
[Fi g[D136],
[Fi g[D137],
[Fi g[D138],
[Fi g[D139],
[Fi g[D151],
[Fi g[D152],
[Fi g[D153],

[Fi g[D154],

[Fig[D211],

Subscripted[13[1]1]]
Subscripted[13[2]]]
Subscripted[13[3]1]1]
Subscripted[13[4]]1]
Subscripted[13[5]]1]
Subscripted[13[6]1]1]
Subscripted[13[7]]1]
Subscripted[13[8]]1]
Subscripted[13[9]11]
Subscripted[15[1]1]1]
Subscripted[15[2]]1]
Subscripted[15[3]1]1]

Subscripted[15[4]1]1]

Subscripted[21[1]1]]



Out[81]=

7

o

Oout[82]=
0

72
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Out[95]=

Out[96]=
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Out[97]=

21

injos:= " The figure itself.";

Show[Gr aphi csArray [{{F71, F72, F73}, {F131, F132, F133},
{F134, F135, F136}, {F137, F138, F139}, {F151, F152, F153}, {F154, F211}}1]1]
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RSy
A L/ s, ﬁg
71 7 73

N\ /NN
@ @ LN LAAN

2\ \\/\/
13, 135 135

Out[99]=
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inpro0):= " Exanpl es from PSL(3,2).";

F7 = Show[G aphi csArray [{F71, F72, F73}]]

out[101]= /\ /\ VA
AV AVAVA \ /07 y
A2/ Y/ A
7 7, 73
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inpo2):= " Exanpl es from PSL (3, 3).";

F13 = Show[G aphi csArray [{{F131, F132}, {F133, F134}, {F135, F136}}]]

/IN\_/ N\ £ /\_/\
\/\/0\/ \/0\/\/
\/\ /\/
/\/ \/\
13,

\/\/\

Out[103]=
AN AVAY/
\"\/\/\ 2\
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\\\/\/\/
N\ 5
\/

13,

%% \VAVAY A VAVAY/
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inf104):= " Exanpl es from PSL (4, 2).";

F15 = Show[Gr aphi csArray [{{F151, F152}, {F153, F154}}]]

Out[105]=

15, 15,
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in106):= " Exanpl es from PSL(3,4).";

F21 = Show[F211]

21,

inpog):= "Figure special";




In[109]:=

out[110]=

out[111]=

"I ndi vi dual di agrans.";

S1 = ShowFi g0 [D73, 45, 45, 90]
S2 = Showki g0 [D73, 60, 45, 75]
S3 = ShowFi g0 [D71, 60, 45, 75]
S4 = ShowFi g0 [D72, 60, 45, 75]
S5 = Showki g0 [D73, 60, 90, 30]
S6 = ShowFi g0 [D71, 30, 60, 90]
S7 = ShowFi g0 [D138, 60, 30, 90]
S8 = Showki g0 [D211, 90, 60, 30]
S9 = ShowFi g0 [D72, 70, 30, 80]
S10 = ShowFi g0 [D73, 30, 70, 80]
S11 = Showki g0 [D134, 40, 90, 50]
S12 = ShowFi g0 [D135, 110, 30, 40]
S13 = ShowFi g0 [D136, 58, 66, 56]
S14 = ShowFi g0 [D154, 60, 50, 70]

S15 = ShowFi g0 [D73, 40, 30, 110]

planarfig.2010.nb
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Out[114]= % \<
Out[115]= | i &'
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Out[116]=

Out[117]= z ; ’ ;

N % g
out[119]= % ?
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Out[124]=
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inpi2s)= "The figure itself.";

Show[
Graphi csArray [{{Sl, S2, S3}, {S4, S5, S6}, {S7, S8, S9}, {S10, S11, S12}, {S13, Sl14, S15}}]]
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