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1. Basics

The material in these notes is stolen primarily from [WO93]; however, somebits
(and some corrections) were taken from [Mur90] and [Bla86].

One of the signi�cant impediments for the beginner to the subject of noncom-
mutative K -theory is that the theory is considerably more straightforward for the
category of unital C � -algebras with unital homomorphisms. However, it is in-
evitable that we will want to consider nonunital algebras | at the very least, o ne
often wants to stabilize by tensoring with K(H), the compact operators on a sepa-
rable in�nite-dimensional Hilbert space. Therefore we will constantly be \adjoini ng
an identity" to C � -algebras which don't already have one (see [Arv76, Ex 1.1.H]).
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2 DANA P. WILLIAMS

We'll follow the treatment and notation of [RW98, x2.3]. Thus eA will denote the
subalgebra of M (A) generated by A and the identity. Thus eA = A if 1 2 A,
and � -isomorphic to the vector spacedirect sum A1 := A + C otherwise. Even if
1 2 A, the notation A1 will denote A + C with the obvious � -algebraic structure. If
1 =2 A, then A1 has aC � -norm coming from the isomorphism with eA. If 1 2 A, then
a+ � 7! (a+ � 1; � ) is a � -isomorphism ofA1 onto the C � -algebra direct sum1 A � C.
Again, A1 inherits a C � -norm. Therefore we always have a split exact sequence of
C � -algebras

(1.1) 0 //A
j //A1 � //C //

�

cc 0;

where j (a) := a + 0, � (a + � ) := � , and �(� ) := 0 + � . We will use this notation in
conjunction with A1 throughout these notes.

The basic building block for K -theory is the projection. Since the sum of projec-
tions is only a projection when the projections are orthogonal, we will constantly
be putting our projections into matrix algebras where \there is enough room to
make them orthogonal." We will also need some notation for matrix algebras over
a C � -algebraA. If n � 1, then M n (A) will denote the C � -algebra ofn � n-matrices
with entries from A. If a 2 M n (A) and b 2 M m (A), then a� b will denote the block
diagonal matrix diag(a; b) =

�
a 0
0 b

�
in M n + m (A). We shall let ' n be the inclusion

of M n (A) into M n +1 (A) sending a to a � 0, and we shall write M 1 (A) for the
algebraic direct limit of f M n (A); ' n ) g (Remark A.5). This is mere formalism, and
merely allows us to identify a and a � 0n for all n.2

De�nition 1.1. We let P[A] = f p 2 M 1 (A) : p = p� = p2 g. We say that p � q
if there is a u 2 M 1 (A) such that p = u� u and q = uu� . (We say that p and q are
Murray-von Neumann equivalent.)

Remark 1.2. If p � q, we can assume thatp, q, and u are in M n (A) for some
n. Thus u is a partial isometry (see [Mur90, Theorem 2.3.3]). In particular u =
uu� u = qu = up. It is easily checked that � is an equivalence relation onP[A]. The
set of equivalence classes in denoted byV(A), and we write [p] for the equivalence
class ofp.

Theorem 1.3. Suppose thatp; q; r; s 2 P[A].

(a) If p � r and q � s, then p � q � r � s.
(b) p � q � q � p.
(c) If p; q 2 M n (A) and pq = 0 , then p + q � p � q in M 1 (A).

Proof. Supposep = u� u and r = uu� while q = v� v and s = vv� . Then w :=
�

u 0
0 v

�

su�ces to prove (a).
To prove (b), use u :=

� 0 q
p 0

�
. To prove (c), let u :=

� p q
0n 0n

�
, then recalling that

pq = 0, it is easy to check that u implements an equivalence between (p + q) � 0n

and p � q. �

1I have written elements of the vector space direct sum as simp ly a + � , and reserved the
notation ( a; � ) for elements of the algebraic direct sum.

2More precisely, if a 2 M k (A ), then a � 0n = ' k;k + n (a), and it follows that ' k (a) = ' k + n (a �
0n . Since the ' k are injections in this case, there is no danger in dropping th em.
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Corollary 1.4. The binary operation

[p] + [ q] := [ p � q]

makesV(A) into an abelian semigroup with identity equal to the class ofthe zero
projection.

Example 1.5. Since two projections in M n are equivalent if and only if they have
the same rank, we see thatV (C) �= (N; +). Since M n (M m ) �= M nm , we also
have V(M m ) �= (N; +). In fact, if H is an in�nite-dimensional Hilbert space, then
V

�
K(H)

�
is also isomorphic to (N; +). On the other hand, since any two in�nite

rank projections in B (H) are equivalent, V
�
B (H)

� �= (N[f 1 g ; +). However, since
all nonzero projections have norm one, and since a projection inC0(Rk ; M n ) �=
M n

�
C0(Rk )

�
must be a projection-valued function on Rk vanishing at in�nity, it

follows that V
�
C0(Rk )

�
= f 0g.

Remark 1.6. Notice that V
�
K(H)

�
is a cancellative semigroup:x + r = y+ r implies

that x = y. On the other hand, V
�
B (H)

�
is not: x + 1 = y + 1 for all x and y.

D

De�nition 1.7. We let K 00(A) denote the Grothendieck group G
�
V (A)

�
. As is

standard, we abuse notations slightly, and denote the class of
�
[p]; [q]

�
in K 00(A)

by [p] � [q]. The natural map of V (A) into K 00(A) sending [p] to [p] � 0 is denoted
by �A .

Example 1.8. We have K 00
�
K(H))

� �= Z. If H is in�nite dimensional, then
K 00

�
B (H)

�
= f 0g. In particular, the natural map �A : V (A) ! K 00(A) need not

be injective.

Remark 1.9. Our notation for elements in K 00(A) can be misleading. Because
D

V(A) need not be cancellative, [p] � [q] = 0 need not imply that [ p] = [ q] in V (A)
(consider B (H)). But if A = C, for example, then it is true that [ p] � [q] = 0 if and
only if p � q.

If � : A ! B is a � -homomorphism, then (aij ) 7!
�
� (aij )

�
is a � -homomorphism

from M n (A) to M n (B ). Although this map is more properly denoted � n or � 
 id,3

notational convenience dictates that we usually denote this homomorphism with the
same symbol� . In any event, � induces a well-de�ned semigroup homomorphism
V(� ) : V (A) ! V (B ) de�ned by V(� )

�
[p]

�
= [ � (p)]. The induced homomorphism

G
�
V (� )

�
from K 00(A) to K 00(B ) is denoted by K 00(� ).

Proposition 1.10. Both V and K 00 are covariant functors from the category ofC � -
algebras (and� -homomorphisms) to the category of abelian groups. If� : A ! B
is a � -homomorphism, then

V(A)
V ( � ) //

� A

��

V (B )

� B

��
K 00(A)

K 00 ( � )
//K 00(B )

commutes.

3The latter notation comes from identifying M n (A ) with A 
 M n .
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Remark 1.11. The notations V (� ) and K 00(� ) quickly become burdensome to many,
and it is standard to use � � for both maps, and to hope the meaning is clear from
context.

The notation K 00 indicates that K 00(A) is nearly what we want. As we shall
see, it is exactly the right thing when 1 2 A. Unfortunately, simply using K 00( eA)
will not have good functorial properties. The solution is given in the following
de�nition. At least to me, it is a good deal more subtle than �rst impressions
might indicate.

De�nition 1.12. Suppose thatA is a C � -algebra. Let � : A1 ! C be the natural
map (see (1.1)), andK 00(� ) : K 00(A1) ! Z the induced map. Then we de�ne
K 0(A) = ker K 00(� ).

Remark 1.13. In view of Remark 1.9, the elements ofK 0(A) are exactly those
classes [p] � [q] 2 K 00(A1) for which � (p) � � (q).

Proposition 1.14. K 0 is a covariant functor from the category of C � -algebras to
abelian groups. If � : A ! B is a � -homomorphism, thenK 0(� ) := K 00(� 1)jK 0 (A ) ,
where � 1 : A1 ! B 1 is de�ned by � 1(a + � ) := � (a) + � . Of course, K 0(� ) is also
often written � � .

Proof. The only slightly nonstandard thing to check is that K 0(� )
�
K 0(A)

�
�

K 0(B ) = ker K 00(� B ). But this follows from the functorality of K 00 applied to
� B � � 1 = � A . �

Let j : A ! A1 be the obvious map (as in (1.1)), and note that K 00(j ) maps
K 00(A) into K 0(A). Viewing this as a map into K 0(A), we get what is called the
natural homomorphism j A : K 00(A) ! K 0(A). It is natural in that

K 00(A)
K 00 ( � )//

j A

��

K 00(B )

j B

��
K 0(A)

K 0 ( � ) //K 0(B )

commutes for all � -homomorphisms� : A ! B . Although the proof of the following
proposition should be easier, it does at least justify the assertion that our de�nition
of K 0 does not \mess things up" when 12 A.

Proposition 1.15. If 1 2 A, then the natural homomorphism j A : K 00(A) !
K 0(A) is an isomorphism.

Proof. We let  denote the compression ofA1 onto the corner determined by 12 A;
thus,  (a+ � ) = a+ � 1 + 0. Since  � j = id A , we haveK 00( ) � K 00(j ) = id K 00 (A ) .
Formally, if we let � be the restriction of K 00( ) to K 0(A), then

� � j A = id K 00 (A ) :

On the other hand, let � : C ! A1 be given by �(� ) = 0 + � , and let � : C ! A1 be
given by � (� ) = � 1 + 0. Notice that

idA 1 = j �  � � � � + � � �:

In particular, if [ p] � [q] 2 K 0(A), then � (p) � � (q) (Remark 1.13). Thus � � � (p) �
� � � (q) and � � � (p) � � � � (q). Therefore

[p] � [q] = [ j �  (p)] � [j �  (q)]:
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This implies
j A � � = id K 0 (A ) :

Thus � is a two-sided inverse forj A and the result follows. �

For future reference, we introduce the �rst of two additional equivalence relations
in V (A). Although we use the multiplier algebra M (A) in the de�nition, it will
su�ce here to remark only that A is an essential ideal in the unital C � -algebra
M (A) and that eA � M (A), while M n ( eA) � M

�
M n (A)

�
.

De�nition 1.16. If p and q are projections in A, then we say the p is unitarily
equivalent to q, written p � q, if there is a unitary w 2 M (A) such that q = wpw� .
We can extend� to an equivalence relation onP[A] in the obvious way.

Lemma 1.17. Suppose thatp and q are projections in A. If p � q, then p � q.
On the other hand, if p � q, then p � 0 � q � 0 in M 2(A)e. In particular, V (A) is
also the set of� equivalence classes inP[A].

Proof. Suppose thatw is a unitary such that q = wpw� . Then v = wp is a partial
isometry satisfying p = v� v and q = vv� .

Let v be a partial isometry with initial projection p and �nal projection q as
above. If we are happy to �nd a unitary in M 2( eA), then u =

� v 1� q
1� p v �

�
is a unitary

in M 2( eA) such that
�

q 0
0 0

�
= u

�
p 0
0 0

�
u� .

To get a unitary in M 2(A)e, we can follow [Bla86]. Let

u :=
�

1 � q v
v� 1 � p

� �
1 � p p

p 1 � p

�
:

Then u 2 M 2(A)e. Notice that
�

1 � p p
p 1 � p

� 2

=
�

12 �
�

p p
p p

� � 2
= 1 2;

while �
1 � q � v

v� 1 � p

� 2

=
�

12 �
�

q v
v� p

� � 2
= 1 2:

It follows that u� u = uu� = 1 2, and u is indeed unitary. Now compute that on the
one hand, �

1 � p p
p 1 � p

� �
p 0
0 0

� �
1 � p p

p 1 � p

�
=

�
0 0
0 p

�
;

and using vp = v and qv = v,
�

1 � q v
v� 1 � p

� �
0 0
0 p

� �
1 � q v

v� 1 � p

�
=

�
q 0
0 0

�
:

Thus u(p � 0)u� = q � 0. �

Remark 1.18. We let pn represent the class of 1n in M 1 (A1). This is convenient
in that we can view pn as a projection in M n + k (A) without having to put up with
1n � 0k . This notation is unfortunate, but seems to be used frequently in, for
example, [Bla86] and [WO93]. Even this notation is abused, andpn can also be
used to denote the corresponding projection inM 1 (A) when 1 2 A; thus, we also
usepn to describe the corresponding projection inM n + k .

This brings to what Wegge-Olsen calls the \Portrait of K 0".
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Proposition 1.19. Let A be aC � -algebra.
(a) Every element in K 0(A) has a representative of the form[p] � [q], where for

somer 2 Z+ , p and q are projections in M r (A1) such that p � q 2 M r (A).
If 1 2 A, then p and q can be chosen inM r (A).

(b) One can takeq = pn in part (a) for some n � r .
(c) If [p] � [q] = 0 in K 0(A) and p; q 2 M r (A1), then there is a m 2 Z+ and a

k � m + r such that p � pm � q � pm in M k (A1).
If 1 2 A, then (b) and (c) hold with pn in M 1 (A) (see Remark 1.18).

We need the following. We use the notation from (1.1) and Remark 1.18.

Lemma 1.20. If p is a projection in M r (A1) and n = rank � (p), then there is a
projection q 2 M r (A1) such that q � p and q � pn 2 M r (A).

Proof. Choose a unitary u 2 M r such that u� (p)u� = pn . Let q := �(u)p�(u) � . �

Proof of Proposition 1.19. By de�nition each x 2 K 0(A) is of the form [p0] � [q0]
with p0 and q0 projections in M k (A1) such that � (p0) � � (q0). Lemma 1.20 implies
there is a n � k and projections p � p0 and q � q0 such that both p � pn and
q � pn belong to M k (A). Thus x = [ p] � [q], and p � q 2 M k (A). This proves the
�rst part of (a). If 1 2 A, the assertion follows from the surjectivity of the natural
isomorphism j A (Proposition 1.15).

(b) Now let x = [ r ] � [s] for r; s 2 P[A1]. For large enoughn, s � pn . Thus
pn � s 2 P[A1]. Moving far enough down the diagonal, there isr 1 2 P[A1] such that
r 1 � r and r 1pn = 0. Since r 1, pn � s, and s are pairwise orthogonal, Theorem 1.3(c)
implies

[r 1 � (pn � s)] � [pn ] = [ r 1] + [ pn � s] + [ s] � [s] � [pn ]

= [ r 1] + [ pn ] � [s] � [pn ]

= [ r 1] � [s] = [ r ] � [s]

= x:

Sincex 2 K 0(A), the projection � (r 1 � pn � s) is equivalent to � (pn ), and therefore
has rank n. Using Lemma 1.20 again, there is ap 2 P[A1] such that p � r 1 � pn � s
and p � pn 2 P[A]. Sincex = [ p] � [pn ], this proves (b).

(c) Now suppose that [p] � [q] = 0 in K 0(A). The de�nition of equivalence in
G

�
V (A1)

�
implies that there is an r 2 P[A1] such that

[p] + [ r ] = [ q] + [ r ]:

For somem, r � pm , and by Theorem 1.3

p � pm = p � (r + pm � r )

� p � r � (pm � r )

� q � r � (pm � r )

� q � pm :

Now (c) follows from Lemma 1.17.4

If 1 2 A, the arguments in parts (b) and (c) can be repeated withpn replaced
with the obvious projection in P[A]. �

4We can also put � in (c), and I should say so somewhere.
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Remark 1.21. In Murphy's treatment [Mur90], he de�nes p and q in V ( eA) to
be stably equivalent if for some m, p � pm � q � pm . Writing p ' q for stable
equivalence, Murphy proves that ' is an equivalence relation and thatMV ( eA) :=
P[ eA]= ' is a cancellative semigroup with identity. He then de�nes K M

0 ( eA) to
be the Grothendieck group of MV ( eA). Part (c) of the previous result implies
K M

0 ( eA) �= K 00( eA), which is isomorphic to K 0( eA) by Proposition 1.15. Murphy's
approach has the advantage of starting from a cancellative semigroup. But this
approach is not common elsewhere in the literature.

We will need some rather detailed information about projections inC � -algebras
in order to uncover some basic facts aboutK 0. For example, we'll want to see that
K 0(A) is always countable if A is separable (Remark 2.2).

2. Projections in C � -algebras

Lemma 2.1. Suppose thatp and q are projections in A such that kp � qk < 1.
Then there is a unitary u 2 eA such that q = upu� . We can also arrange that
k1 � uk �

p
2kp � qk.

Proof. Let v = 1 � p � q + 2qp, and compute that

v� v = 1 � (p � q)2 = vv� :

In particular, v is normal. Recall that jvj := ( v� v)
1
2 .

Sincekp � qk < 1, we havek(p � q)2k < 1, and v� v is invertible in eA. Sincev is
normal, this forces v to be invertible too. Thus u := vjvj � 1 is invertible, and

u� u = jvj � 1v� vjvj � 1 = 1;

and u is a unitary. Furthermore

vp = (1 � p � q + 2qp)p = qp while qv = q(1 � p � q + 2qp) = qp:

It follows that

vp = qv and pv� = v� q which implies that pv� v = v� qv = v� vp:

Thus p commutes with jvj � 1. Therefore

up = vjvj � 1p = vpjvj � 1 = qvjvj1 = qu;

and q = upu� as desired.
To get the norm estimate, notice that Re(v) := ( v+ v� )=2 = 1 � (p� q)2 = v� v =

jvj2. Sincev, v� , and jvj � 1 all commute, it follows that Re( u) = Re( v)jvj � 1 = jvj.
Now compute

k1 � uk2 = k(1 � u� )(1 � u)k = k2 � 1 � u � u� k(2.1)

= 2k1 � Re(u)k

= 2k1 � j vjk(2.2)

But v� v = 1 � (p � q)2 is a positive operator of norm at most one, so the same is
true of jvj. Since (1� t) � 1 � t2 on [0; 1], the functional calculus implies that (2.2)
is less than or equal to

2k1 � j vj2k = 2k(p � q)2k = 2kp � qk2:

It follows that (2.1) is bounded by 2kp � qk2 as required. �
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Corollary 2.2. If A is separable, thenV(A), K 00(A), and K 0(A) are countable.

We can also use the functional calculus to prove that a self-adjoint element which
is nearly idempotent, is close to a projection.

Lemma 2.3. Supposea = a� in A and that ka2 � ak < 1
4 . Then there is a projection

p 2 A such that ka � pk < 1
2 .

Proof. We may replaceA with the subalgebra C � (f ag) generated bya. Recall that
the spectral theorem implies that

C � (f ag) �= C0
�
� (a)

�
:= f f 2 C

�
� (a)

�
: f (0) = 0 g:

The norm condition on a implies that if � 2 � (a), then � 6= 1
2 , and j� j < 3

2 . Thus

S := f � 2 � (a) : j� j >
1
2

g = f � 2 � (a) : j� j �
1
2

g

is clopen in � (a). Therefore characteristic function IS is a projection in C0
�
� (a)

�
,

and

j� � IS (� )j <
1
2

for all � 2 � (a).

Thus k id � ISk1 < 1
2 and there is a projection p 2 A such that ka � pk < 1

2 . �

The next lemma says that two projections that are approximately equivalent are
actually equivalent provided the element implementing the equivalent looks enough
like an partial isometry. Despite this awkward hypothesis, the lemma will play a
crucial rôle in Theorem 2.5.

Lemma 2.4. Suppose thatp and q are projections in A. Let u 2 A be such that

kp � u� uk < 1; kq � uu� k < 1; and u = qup:

Then p � q.

Proof. Using u = qup, we see thatu� u belongs to the unital C � -algebra pAp. The
�rst equation implies that u� u is invertible in pAp. Similarly, uu� in invertible in
qAq. Let z = juj � 1 in pAp, and set w := uz. Then w� w = zu� uz = p.

On the other hand, ww� 2 qAq, and

uu� ww� = uu� uz2u� = ujuj2z2u�

= upu� = qup3u� q

= uu� :

Sinceuu� is invertible in qAq, we haveww� = q. �

Now we want to look see how projections in direct limits ofC � -algebras behave.
For the basics and notations for direct limits, see Appendix A.4.

Theorem 2.5. Suppose that(A; ' n ) = lim
�!

(An ; ' n ).

(a) If p is a projection in A, then there is a n 2 Z+ and a projection q 2 An

such that p � ' n (q).
(b) If p and q are projections in An , and if ' n (p) � ' n (q) in A, then there is

a m � n such that ' nm (p) � ' nm (q) in Am .
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Proof. Fix a projection p 2 A. We can �nd ak 2 An k such that ' n k (ak ) ! p. Since
p = p� , we can replaceak by (ak + a�

k )=2 and assume thatak = a�
k . Sincep = p2,

we also have' n k (a2
k ) ! p. Thus, ' n k (a2

k � ak ) ! 0. Thus we can choosem and
a 2 Am such that a = a� and

k' m (a) � pk <
1
2

and k' m (a) � ' m (a2)k <
1
4

:

By Theorem A.3, there is a n � m such that

k' mn (a) � ' mn (a2)k <
1
4

:

Using the functional calculus (Lemma 2.3), there is a projectionq 2 An such that
k' mn (a) � qk < 1

2 . Therefore

kp � ' n (q)k � k p � ' m (a)k + k' m (a) � ' n (q)k

= kp � ' m (a)k + k' n (' mn (a) � q)k

<
1
2

+
1
2

= 1 :

More functional calculus (Lemma 2.1) implies that p � ' n (q); this proves (a).
Now suppose that ' n (p) � ' n (q) in A. Let u be a partial isometry such that

' n (p) = u� u and ' n (q) = uu� . Notice that

u = uu� u = u' n (p) = ' n (q)u:

Let vk 2 An k be such that ' n k (vk ) ! u. We can replacevk with ' nn k (q)vk ' nn k (p),
so that we can assume' n k (vk ) ! u and ' nn k (q)vk ' nn k (p) = vk . Since we have

' n (p) = lim
k

' n k (v�
k vk ) and ' n (q) = lim

k
' n k (vk v�

k );

we can �nd k � n and v 2 Ak such that

v = ' nk (q)v' nk (p);

k' n (p) � ' k (v� v)k = k' k (' nk (p) � v� v)k < 1; and

k' n (q) � ' k (vv� )k = k' k (' nk (q) � vv� )k < 1:

Since

k' k (' nk (p) � v� v)k = lim
r

k' kr (' nk (p) � v� v)k = lim
r

k' nr (p) � ' kr (v) � ' kr (v)k;

we can �nd a m � k and w = ' km (v) such that

k' nm (p) � w� wk < 1 and k' nm (q) � ww� k < 1;

and

w = ' km (v) = ' km
�
' nk (q)v' nk (p)

�
= ' nm (q)w' nm (p):

Now the clever computations in Lemma 2.4 imply that ' nm (p) � ' nm (q) in Am .
This completes the proof. �
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3. The continuity of K 0

One of the most important functorial properties of K 0 is that it respects direct
limits of C � -algebras | this is what is meant by the phrase \ K 0 is continuous". To
make this precise we will need to de�ne both direct limits of sequences of semigroups
and groups. A direct limit in any category is de�ned as follows. Let f Gn g1

n =1 be
a sequence of objects, and� n : Gn ! Gn +1 morphisms. A family of morphisms
hn : Gn ! H is called compatible if

(3.1) Gn
� n //

hn   BB
BB

BB
BB

Gn +1

hn +1||yy
yy

yy
yy

H

commutes for all n. Notice that if, for m � n, we de�ne � nm = � m � 1 � � � � � � n +1 � � n

and � nn = id Gn , then (3.1) is equivalent to hm � � nm = hn for all m � n. An object
G together with compatible homomorphisms � n : Gn ! G is called a direct limit
of f Gn ; � n g if whenever hn : Gn ! H are a compatible family of morphisms, then
there is a unique morphismh : G ! H such that

G

h

��

Gn

� n
>>||||||||

hn   BB
BB

BB
BB

H

commutes. A direct limit, if it exists, is unique up to isomorphism.
In the category of sets, where the morphisms are just functions, we can form a

direct limit as follows. Let
1a

n =1

Gn = f (n; x ) : x 2 Gn g

be the disjoint union. Then there is a smallest equivalence relation on
`

Gn such
that ( n; x ) � (n + 1 ; � n (x)). It is not hard to see that

(n; x ) � (m; y) () there is a k � maxf m; n g such that � nk (x) = � mk (y).

Let G be the quotient space
`

Gn =� , and let [n; x ] be the class of (n; x ) in G, then
we can de�ne � n : Gn ! G by � n (x) = [ n; x ]. To see that (G; � n ) is an inductive
limit, let hn : Gn ! Y be a compatible family of functions. Notice that if n � m,
then � n (x) = � m (x0) if and only if x0 = � nm (x). Thus we can de�ne h : G ! Y by
h

�
� n (x)

�
= hn (x). Thus inductive limits exist in the category of sets and maps.5

Lemma 3.1. Every direct systemf Gn ; � n g of abelian groups (semigroups) has a
direct limit (G; � n ) := lim

�!
(Gn ; � n ), which is unique up to isomorphism.

5Inductive limits also exist in the category of topological s paces and continuous maps. We
simply equip G with the topology where V is open in G if and only if ( � n ) � 1 (V ) is open in Gn

for all n. Then the maps constructed above are all continuous.
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Sketch of Proof. Let (G; � n ) the direct limit of f Gn ; � n g as sets. If eachGn is a
semigroup, then we can de�ne an associative operation onG as follows:

[n; x ] + [ m; y] := [ k; � nk (x) + � mk (y)];

where k � maxf n; m g. The maps � n are clearly additive. If each Gn is a group,
then G is a group with identity equal to [ n; 0] and � [n; x ] = [ n; � x]. That G has
the appropriate universal property is checked as above. �

In the category of groups, there is another proof.

Sketch of Alternate Proof. Let

G1 = f (x i ) 2
Y

Gi : � n (xn ) = xn +1 for all su�ciently large n g:

Let F = f (x i ) 2 G1 : xn = 0 for all su�ciently large n g. Then we can set
G = G1=F with � n : Gn ! G de�ned by

� n (x)(m) =

(
� nm (x) if m � n, and
0 otherwise.

The rest is routine. �

Remark 3.2. Note that we have G =
S

n � n (Gn ) and that � n (a) = � m (b) if and
only if there is a k � maxf n; m g such that � nk (a) = � mk (b).

Example 3.3. Let Gn = Z for all n, and let � n (m) := s(n)m, where s : Z+ ! Z+ is
a given function. Let s!(n) := s(1)s(2) � � � s(n), and de�ne

Z(s) := f m=s!(n) : m 2 Z and n 2 Z+ g

= f m=pn 1
1 pn 2

2 � � � pn k
k : m 2 Z and pj a prime

such that pn j
j j s!(n) for some n g:

If � n (m) := m=s!(n), then (Z(s); � n ) equal to lim
�!

(Gn ; � n ).

Proof. We just have to see that Z(s) has the right universal property! So, let
hn : Z ! H be a family of compatible homomorphisms. Thus ifk � n we have

hn (m) = hk
�
� nk (m)

�
= hk

� s!(k)
s!(n)

m
�

:

In other words, if m=s!(n) = m0=s!(k), then hn (m) = hk (m0), Thus we can de�ne
h : G ! H by

h
� m

s!(n)

�
= hn (m): �

The universal property approach can be quite helpful.

Example 3.4. Suppose that (G; � n ) = lim
�!

(Gn ; � n ). Suppose that hn : Gn ! H is

a family of compatible homomorphisms, and that h : G ! H is the corresponding
homomorphism. Notice that � n (ker hn ) � ker hn +1 , and � n (ker hn ) � ker h. Then

(ker h; � n ) = lim
�!

(ker hn ; � n ):

Proof. Suppose that � n : ker hn ! K are compatible homomorphisms. Note that
ker h =

S
� n (ker hn ). If m � n and � n (a) = � m (b), then Remark 3.2 implies there

is a k � n such that � nk (a) = � mk (b). Thus, � n (a) = � m (b), and we can de�ne
� : ker h ! K by �

�
� n (a)

�
= � n (a). �
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Example 3.5. Suppose that f Vn ; � n g is direct sequence of semigroups with identi-
ties. Let (V; � n ) = lim

�!
(Vn ; � n ). Then

�
G(V ); G(� n )

�
= lim

�!

�
G(Vn ); G(� n )

�
:

Proof. Suppose that we have compatible group homomorphismshn : G(Vn ) ! H .
De�ne h0

n : hn � �Vn . Then the h0
n are compatible with the � n :

Vn h0
n

��

� V n

$$JJJJJ

� n

��

G(Vn )

G(� n )

���
�
�
�
�
�
�

hn

##HHHHH

H

G(Vn +1 )
hn +1

;;vvvvv

Vn +1

hn +1

::uuuuu
h0

n +1

LL

Therefore, there is a semigroup homomorphismh : V ! H such that h� � n = h0
n for

all n. I claim that G(h) : G(V ) ! H has the right property: namely, G(h) �G(� n ) =
hn . However, this follows from chasing around the following diagram:6

G(G)
G(h) //H

V

� V

bbF
F

F
F

h
>>~

~
~

~

Vn

� n

OO�
�
�

� V n

||y
y

y
y

h0
n

GG�
�

�
�

�
�

�
�

G(Vn )

G(� n )

OO

hn

PP

�

These observations about direct limits, now allow us to prove the following result
which is what is meant by the continuity of K 0.

Theorem 3.6. Suppose that(A; ' n ) is the direct limit of f An ; ' n g. Then
�
K 0(A); K 0(' n )

�
= lim

�!

�
K 0(An ); K 0(' n )

�
:(3.2)

6Of course, it is also a direct consequence of the fact that G is a functor from semigroups to
groups and that G(h0

n ) = hn .
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The same is true for V and K 00:
�
V (A); V (' n )

�
= lim

�!

�
V (An ); V (' n )

�
(3.3)

�
K 00(A); K 00(' n )

�
= lim

�!

�
K 00(An ); K 00(' n )

�
:(3.4)

We need a preliminary result before we give the proof of the \of course it's true"
variety. Recall that if ' : A ! B is a � -homomorphism, then ' 1 : A1 ! B 1 is
de�ned by ' 1(a + � ) := ' (a) + � .

Lemma 3.7. Suppose that (A; ' n ) is the C � -direct limit of f An ; ' n g. Then
(A1; (' n )1) is the direct limit of f A1

n ; ' 1
n g.

Proof. We just have to show that (A1; (' n )1) has the right universal property. So,
suppose that � n : A1

n ! B are � -homomorphisms which are compatible with the
' 1

n 's: that is, � n = � n +1 � ' 1
n for all n. It follows that the � n are compatible with

the ' n 's; thus the universal property of A implies that there is a � -homomorphism
' : A ! B such that � n = ' � ' n . Since� n (0+1) = � m (0+1) for all n and m, we can
denote the common value byb; note that b is a projection. Furthermore, b acts as
the identity on

S
n � n (An ) = '

� S
n ' n (An )

�
. It follows that bacts as the identity on

' (A). Thus, we can de�ne a� -homomorphism ~' : A1 ! B by ~' (a+ � ) := ' (a)+ �b .
Thus ~' � (' n )1(a+ �

�
= '

�
(' n (a)

�
+ �b = � n (a)+ �b = � n (a+ � ), as required. Note

that ~' is uniquely determined since
S

' n (An ) dense inA, which forces
S

(' n )1(A1
n )

to be dense inA1. �

Proof of Theorem 3.6. I claim it will su�ce to prove (3.3). If (3.3) holds, then
Example 3.5 implies that K 00 is continuous (i.e., (3.4) holds). In particular, we can
combine this with Lemma 3.7 to conclude that

�
K 00(A1); K 00(( ' n )1)

�
= lim

�!

�
K 00(A1

n ); K 00(' 1
n )

�
:

Let � n : A1
n ! C be the natural map. The mapsK 00(� n ) are compatible with the

K 00(' 1
n ), and so there is a unique map� : K 00(A1) ! Z such that � � K 00(( ' n )1) =

K 00(� n ). If � : A1 ! C is the natural map, then � � (' n )1 = � n ; thus, we have
� = K 00(� ). Since K 0(A) = ker K 00(� ) and K 0(An ) = ker K 00(� n ), the su�ciency
of the claim is given by Example 3.4.

To prove (3.3), let (H;  i ) be the direct limit semigroup of f V (A i ); V (' i ) g. The
functorality of V implies that V (' i ) : V (A i ) ! V (A) are compatible with the
V(' i ). The universal property of H implies that there is a semigroup homomor-
phism � : H ! V (A) such that

(3.5) H

�

��

V (A i )

 i

::uuuuuuuuu

V ( ' i ) ##HHH
HHH

HHH

V(A)

commutes. It su�ces to prove that � is a bijection. To do this, we will apply
Theorem 2.5 to M n (A) = lim

�! k
M n (Ak ).
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Let p be a projection in M n (A). Theorem 2.5 allows us to �nd a projection
q 2 M n (Ak ) such that p � ' k (q). Thus,

[p] = [ ' k (q)] = V (' k )
�
[q]

�
= �

�
 k ([q])

�
;

and it follows that � is surjective.
Now suppose thatx; y 2 H satisfy �( x) = �( y). We can assume that there are

projections p and q in M n (A j ) such that

x =  j
�
[p]

�
and y =  j

�
[q]

�
:

The commutativity of (3.5) implies that ' j (p) and ' j (q) de�ne the same class in
V (A). Increasing n if necessary, we can assume that' j (p) � ' j (q) in M n (A).
Thus, Theorem 2.5 implies that there existsm � j such that

' jm (p) � ' jm (q) in M n (Am ).

Thus [' jm (p)] = [ ' jm (q)] in V (Am ). Therefore,

x =  j
�
[p]

�
=  m � V (' jm )

�
[p]

�
=  m

�
[' jm (p)]

�

=  m
�
[' jm (q)]

�
=  j

�
[q]

�

= y:

Thus � is injective. This completes the proof. �

Now we can give one of the \basic" examples in the subject. I would be interested
to �nd a proof of this corollary which did not require the overhead of Theorem 3.6.

Corollary 3.8. K 0
�
K(H)

� �= Z.

First Proof. The only content is when dimH = 1 . Let ' n : M n ! M n +1 be given
by ' n (a) := a � 0. Then K(H) = lim

�!
(M n ; ' n ). Since V (' n )

�
[en

11]
�

= [ en +1
11 ], it

follows that K 00(' n ) = id Z . Now the result is immediate from Theorem 3.6. �

Since K 00(A) is much more tractable than K 0(A), the following corollary of
Theorem 3.6 is particularly nice.7 Notice that if A is the inductive limit of unital
C � -algebras, for example anAF -algebra, then A need not be unital itself. But
A will have an approximate identity f qn g1

n =1 consisting of projections. To see
this, just let qn = ' n (1n ) where 1n is the identity in An . If f qn g1

n =1 is such
an approximate identity, then the de�nition of approximate identity requires tha t
qn � qn +1 as positive elements, but in fact it is an exercise to see thatqn � qn +1

as projections; that is, qn +1 qn = qn .8

Corollary 3.9. Suppose thatA has a countable approximate identityf qn g consist-
ing of projections. Then the natural map j A : K 00(A) ! K 0(A) is an isomorphism.

Proof. We have A =
S

qn Aqn and qn +1 � qn implies that qn Aqn � qn +1 Aqn +1 .
Thus (A; ' n ) = lim

�!
(An ; ' n ), where the ' n and ' n are the appropriate inclusion

maps, and An := qn Aqn . Since eachqn Aqn is unital, the natural maps j A n :

7Since Davidson [Dav96] uses K 00 in place of K 0 , this is particularly important for his
treatment.

8Suppose p � q � 0 in A . We may as well assume that A is a subalgebra of B (H ). Then for
any vector h 2 H , we have kqhk2 = ( qh j qh) = ( qh j h) � (ph j h) = kphk2 � k pk. It follows that
qh = h implies that ph = h; this means pq = q.
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K 00(An ) ! K 0(An ) are isomorphisms. Thus, we have the following commutative
(in�nite) diagram:

: : : //K 00(An )
K 00 ( ' n )//

j A n

��

K 00(An +1 )

K 00 ( ' n +1 )
**

//

j A n +1

��

: : : K 00(A)

j A

��
: : : //K 0(An )

K 0 ( ' n )//K 0(An +1 )

K 0 ( ' n +1 )

44
//: : : K 0(A):

Now general nonsense implies thatK 00(' n )(x) 7! K 0(' n )
�
j A n (x)

�
de�nes an iso-

morphism of K 00(A) onto K 0(A) (with inverse K 0(' n )(x) 7! K 00(' n )
�
j � 1

A n
(x)

�
).

Since K 00(' n )
�
j A n (x)

�
= j A

�
K 00(' n )(x)

�
, we conclude this isomorphism isj A :

K 00(A) ! K 0(A), and j A is an isomorphism as claimed. �

Second proof of Corollary 3.8. Since K(H) has an approximate identity of projec-
tions, Corollary 3.9 applies. But K 00(K(H)) is clearly isomorphic to Z. �

Example 3.10. Let s : Z+ ! Z+ be a given function. For convenience, de�ne
s(0) = 1, and let s!(n) := s(1)s(2) : : : s(n). De�ne ' n : M s!( n � 1) ! M s!( n ) by

' n (m) := m � m � � � � � m| {z }
s(n )-times

:

We let M s be the inductive limit of f An ; ' n g, where A1 = C and An = M s!( n � 1) :

C
' 1 //M s!(1)

' 2 //M s!(2)
' 3 //: : : :

Then K 0(' n )
�
[en

11]
�

= s(n) � [en +1
11 ], and K 0(M s) is the direct limit

Z
� s(1) //Z

� s(2) //Z //: : : ;

which is Z(s) as in Example 3.3.

4. Stability

In the this section, we want to consider theC � -tensor product of a C � -algebra
A with the compact operators K on a separable in�nite dimensional Hilbert space.
For the full story, consult Appendix B of [RW98]. The basic idea is as follows. We
may as well assume thatA is a C � -subalgebra ofB (V) for some Hilbert spaceV, and
that K is the algebra of compact operators on a Hilbert spaceH with orthonormal
basis f hi g1

i =1 . If T 2 B (V) and S 2 B (H), then

T 
 S(v 
 h) := T v 
 Sh

de�nes a bounded operatorT 
 S in on the Hilbert space tensor product V 
 H .
It can be shown that kT 
 Sk = kTkkSk [RW98, Lemma B.2]. Furthermore, the
map (T; S) 7! T 
 S induces an injective map of the algebraic tensor product
B (V) � B (H) into B (V 
 H ) [RW98, Lemma B.3]. If eij := hj 
 �hi is the usual
matrix unit in B (H) (i.e., the rank-one operator from the span ofhj to the span of
hi ), then (aij ) 7!

P
aij 
 eij de�nes a � -isomorphism of M n (A) onto a subalgebra
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of B (V 
 H ) which, for the purposes of this discussion, we de�ne to beA 
 M n .
Note that A 
 M n � A 
 M n +1 . We de�ne

A 
 K =
[

A 
 M n ;

thus
(A 
 K ; ' n ) = lim

�!
(An 
 M n ; ' n );

where the ' n and the ' n are just the inclusion maps.9 Let � n : A ! A 
 M n

be de�ned by � n (a) := a 
 e11. We get a map10 � : A ! A 
 K de�ned by
� (a) = a 
 e11.

Theorem 4.1. The map � : A ! A 
 K sending a to a 
 e11 induces a natural
isomorphism K 0(� ) : K 0(A) ! K 0(A 
 K )

The proof relies on the following \�nite dimensional version". This comment
merely re
ects the facts that M r is the compact operators on ar -dimensional space,
and that M r (A) is isomorphic to A 
 M r , and the natural isomorphism intertwines
� r and � r , where � r is de�ned below.

Proposition 4.2. Let r � 2. De�ne � r : A ! M r (A) by � r (a) := a � 0r � 1. Then
K 0(� r ) : K 0(A) ! K 0

�
M r (A)

�
is an isomorphism.

Proof. Fix n 2 Z+ and let � : M n
�
M r (A1)

�
! M nr (A1) be the \obvious" isomor-

phism ([RW98, Example B.19]). Let � 1
r : A1 ! M r (A)1 be the natural extension

and note that if p is a projection in M n (A1), then11

(4.1) �
�
� 1

r (p)
�

� p � (r � 1) � �
�
� (p)

�
;

where the unitary implementing the equivalence is the permutation matrix associ-
ated to�

1 2 : : : r r + 1 r + 2 : : : 2r (n � 1)r + 1 ( n � 1)r + 2 : : : nr
1 r + 1 : : : (n � 1)r + 1 2 r + 2 : : : (n � 1)r + 2 r 2r : : : nr

�
:

Now we want to see that K 0(� r ) is bijective. (Keep in mind that K 0(� r ) is the
restriction of K 00(� 1

r ).) Suppose that K 0(� r )
�
[p] � [q]

�
= 0 in K 0

�
M r (A)

�
. Then

we may assume (Proposition 1.19) thatp; q 2 M n (A1) and that there exists m such
that

� 1
r (p � 1m ) = � 1

r (p) � 1m � � 1
r (q) � 1m = � 1

r (q � 1m ):

Since� is a isomorphism, (4.1) implies that

(4.2) p � 1m � (r � 1) � �
�
� (p) � 1m

�
� q � 1m � (r � 1) � �

�
� (q) � 1m

�
:

9It is not obvious that our construction of A 
 K is independent of how we represent A
as operators on Hilbert space. None the less, it is independe nt, and this follows from [RW98,
Theorem B.9]. In our case, it is not so di�cult to see that A 
 K as de�ned above is the direct
limit of the M n (A ), and so is uniquely de�ned.

10This map is not \natural": it depends on the choice of h1 .
11To see where (4.1) comes from consider that case n = r = 2. Then � 1

2 maps

�
a + � b + �
c + 
 d + �

�
7!

0

B
B
@

a + � 0 b+ � 0
0 � 0 �

c + 
 0 d + � 0
0 
 0 �

1

C
C
A �

0

B
B
@

a + � b + � 0 0
c + 
 d + � 0 0

0 0 � �
0 0 
 �

1

C
C
A
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Since [p]� [q] 2 K 0(A), we have� (p) � � (q), and it follows from (4.2) that [ p]� [q] =
0 in K 0(A). Thus K 0(� r ) is injective.

But surjectivity is easy. If p is a projection in M n
�
M r (A)

�
, then

�
�
� 1

r (� (p))
�

� � (p) � (r � 1) � �
�
� (� (p))

�
:

Then, since� � 1
�
�
�
� (� (p))

��
= �

�
� (p)

�
,

� 1
r

�
� (p)

�
� p � (r � 1) � � � 1�

�
�
� (z(p))

��

� p � (r � 1) � �
�
� (p)

�

Consequently, if [p] � [q] 2 K 0
�
M r (A)

�
, then � (p) � � (q), and it follows that

K 0(� r )
�
[� (p)] � [� (q)]

�
= [ � 1

r (� (p))] � [� 1
r (� (q))] = [ p] � [q] �

Proof of Theorem 4.1. Since the diagram

//A 
 M n
' n //A 
 M n +1 //

' n +1

**
: : : A 
 K

//A

� n

OO

id //A

� n +1

OO

//

id

55: : : A

�

OO

commutes, the continuity of K 0 (Theorem 3.6) and the isomorphism ofM r (A) and
A 
 M r implies that we obtain a commutative diagram

//K 0(A 
 M n )
K 0 ( ' n )//K 0(A 
 M n +1 ) //

K 0 ( ' n +1 )
,,

: : : K 0(A 
 K )

//K 0(A)

K 0 ( � n )

OO

id //K 0(A)

K 0 ( � n +1 )

OO

//

id

33: : : K 0(A)

K 0 ( � )

OO

Since eachK 0(� n ) is an isomorphism by Proposition 4.2, it follows that K 0(� ) is
too.

If ' : A ! B is a homomorphism, then the maps' : M n (A) ! M n (B ) induce a
homomorphism ' 
 id : A 
 K ! B 
 K such that the diagram

A
' //

� A

��

B

� B

��
A 
 K

' 
 id //B 
 K

commutes. The naturality of K 0(� ) then follows by functorality:

K 0(A)
K 0 ( ' ) //

K 0 ( � A )

��

K 0(B )

K 0 ( � B )

��
K 0(A 
 K )

K 0 ( ' 
 id)//K 0(B 
 K ) �
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5. Homotopy

De�nition 5.1. Two projections p and q in a C � -algebraA are homotopic if there
is a continuous projection-valued function r : [0; 1] ! A such that r 0 = r and
r 1 = q. In this case we write p � q.

Our �rst task is to see that homotopic projections are necessarily unitary equiv-
alent. This requires a bit of overhead which will be of use latter on.

Lemma 5.2. Suppose thatp is a projection in a C � -algebraA. Let

N := f q 2 A : q = q� = q2 and kq � pk < 1g:

Then there is a continuous mapq 7! uq from N to the unitaries in eA such that

(5.1) up = 1 and q = uqpu�
q:

If A = M n (B 1) and � (p) = pm for some m � n, then we can assume� (uq) = 1 n

whenever� (q) = pm .

Proof. For each q 2 N , let vq := 2q � 1 and zq := vqvp + 1. Note that vq is a
self-adjoint unitary (aka a symmetry). A straightforward calculation reveals that

(5.2) qzq = zqp:

And

kzq � 2k = kvqvp � 1k = kvq(vp � vq)k

� k vp � vqk

= 2kq � pk:

Sincekq� pk < 1 if q 2 N , this implies that zq is invertible in eA, and (5.2) implies
that q = zqpz� 1

q . Then uq := zqjzqj � 1 is a unitary, and it is not hard to check that
q = uqpu�

q [WO93, Lemma 5.2.4].
Notice that kzq � zr k = kvqvp � vr vpk � k vq � vr k = 2kq � r k. Thus q 7! zq is

continuous. Sincez 7! zjzj � 1 is continuous12 on on the invertible elements of eA,
(5.1) follows.

To prove the �nal assertion, notice that � (vq) = 1 m �� 1n � m . Thus, � (zq) = 2 �1n

and � (uq) = 1 n as required. �

Corollary 5.3. Suppose thatt 7! r t is a continuous projection-valued function
from [0; 1] to A. Then there is a continuous unitary-valued function u from [0; 1]
to eA such that u0 = 1 and r t = ut r 0u�

t . If A = M n (B 1) and � (r t ) = pm for some
m � n and all t, then we can assume that� (ut ) = 1 n for all t.

Proof. If kr 0 � r t k < 1 for all t, then the result follows immediately from Lemma 5.2.
Otherwise, we can choose 0 =t0 < t 1 < � � � < t n = 1 such that kr t i � 1 � r t k < 1
if t 2 [t i � 1; t i ] and such that there is a continuous unitary-valued function ui from
[t i � 1; t i ] to eA such that ui

t i � 1
= 1 and r t = ui

t r t i � 1 (ui
t )

� for t 2 [t i � 1; t i ]. The result
follows by gluing together the ui :

ut := ui
t u

i � 1
t i � 1

� � � u1
t 1

if t 2 [t i � 1; t i ]: �

12If f 2 C0 (R), then the map a 7! f (a) is easily seen to be continuous from the self-adjoint
elements in A to A .
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Proposition 5.4. Suppose thatp and q are projections in A. If p � q, then p � q.
On the other hand, if p � q, then p � 0 � q � 0 in M 2(A). In particular, V (A) is
also the set of� equivalence classes inP[A].

Sincer 0 � r 1 in Corollary 5.3, the �rst assertion in Proposition 5.4 follows. The
second assertion requires some results about unitaries which will also be quite useful
when we turn to the de�nition of K 1.

First we need some notation from [WO93]. We let U(A) be the group of unitary
elements in eA, and GL(A) the group of invertible elements in eA. Then we also use

GLn (A) := GL
�
M n ( eA)

�

Un (A) := U
�
M n ( eA)

�

M 1
n (A) := f a 2 M n (A1) : � (a) = 1 n g

GL1
n (A) := f a 2 GLn (A1) : � (a) = 1 n g

U1
n (A) := f u 2 Un (A1) : � (u) = 1 n g:

In particular, U 1(A) = U( A). Elements of M 1
n (A), GL 1

n (A), and U1
n (A) are called

normalized. Notice that if n � 2, then M n (A1) ! M n (A)1. However, we do always
have GL1

n (A) = GL 1
1

�
M n (A)

�
and U1

n (A) = U 1
1

�
M n (A)

�
.

Notice that M 1
n (A) is not an algebra | or even a vector space! It is a semigroup

and both GL1
n (A) and U1

n (A) are subgroups.

Lemma 5.5. Suppose thatA is a C � -algebra.

(a) GL 1
n (A) is open in M 1

n (A), as well as locally convex and locally path con-
nected.

(b) U 1
n (A) is a deformation retract of GL1

n (A).
(c) U1

n (A) is locally path connected.

Similar statements hold for GLn (A) and Un (A).

Remark 5.6. It follows that the connected components and path components of
Un (A) (U1

n (A), GL n (A), or GL 1
n (A)) coincide. The notation Un (A)0 (U1

n (A)0,
GLn (A)0, or GL1

n (A)0) is used to denote the connected component of the identity.

Proof. Let B be a unital C � -algebra | I have in mind M n (A1). Suppose that
x 2 GL(B ) and kak < kx � 1k� 1. Then

k1n � (1n � x � 1a)k < 1;

thus 1n � x � 1a 2 GL(B ). Therefore x � a 2 GL(B ). It follows that if kx � yk <
kx � 1k� 1 and t 2 [0; 1], then we havex � t(y � x) 2 GL(B ). If x; y 2 GL1

n (A), then
so isx � t(y � x). This proves (a).

We now want to de�ne F : GL(B ) � [0; 1] ! GL(B ) such that

F (z;1) = z for all z 2 GL(B );

F (z;0) 2 U(B ) for all z 2 GL(B ), and

F (u; t) = u for all u 2 U(B ) and t 2 [0; 1]:

If z 2 GL(B ), then so is z� z and z 7! j zj � 1 is continuous. Furthermore, u = zjzj � 1

is unitary: it is certainly invertible and

u� 1 = jzjz� 1 = jzj � 1jzj2z� 1 = jzj � 1z� zz� 1 = jzj � 1z� = u� :
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Sincejzj � 0 and 0 =2 � (jzj), we can de�ne

F (z; t) = zjzj � 1 exp
�
t log jzj

�

If B = M n (A1) and � (z) = 1 n , then �
�
F (z; t)

�
= � (z)j� (z)j � 1 exp

�
t log j� (z)j

�
=

1n .
This proves (b), and (c) follows from (b). �

Remark 5.7. One can improve on (c) above. Ifu; v 2 U(A) satisfy ku � vk < 2,
then u and v are homotopic in U(A).

Proof. Sinceuv� 2 U(A), � (uv� ) � T. Sinceku� vk = kuv� � 1k < 2, � 1 =2 � (uv� ).
Therefore loguv� is well-de�ned in eA, and we can de�ne

ut := exp
�
t loguv� �

v:

Since 1 = exp(t logz) exp(t logz) if z 2 T, it follows that each ut is unitary. This
su�ces as u0 = v and u1 = u. Furthermore, if u and v are normalized, so isut . �

Remark 5.8. Thus two unitaries can fail to be homotopic only when they are max-
imally far apart: ku � vk = 2. If eA is closed under Borel functional calculus, then
the above proof shows that U(A) is path connected. This means, as we shall see,
that K 1(A) �= f 0g for all von Neumann algebras.

Remark 5.9. If u and v are unitaries in eA which are homotopic in GL(A), then
they are homotopic in U(A).

Proof. Apply the retraction to the homotopy. �

Recall that an elementary row operation on a matrix M 2 M n (A) consists of
one of the following:

(a) Multiply a row by any element in GL( A)0.
(b) Add a multiple of one row of M to a di�erent row of M .
(c) Interchange two rows of M .

Of course, there is a corresponding notion ofelementary column operations. A
matrix E 2 M n (A) is called anelementary matrix if it is obtained from the identity
1n via one of the elementary row operations above. A crucial observation is thatif
E is an elementary matrix, then EM is the matrix obtained from M via the same
elementary row operation as that which de�nesE.

Theorem 5.10. Suppose thatx and y are elements ofGLn (A), and that y can
be obtained fromx via a �nite sequence of elementary row and column operations.
Then x and y are homotopic in GLn (A). In particular, if u and v are invertible
(resp., unitary) in eA, then the 2 � 2-matrices

�
uv 0
0 1

� �
vu 0
0 1

� �
u 0
0 v

�
and

�
v 0
0 u

�

are mutually homotopic in GL2(A) (resp., U2(A)). If u and v are normalized, then
these matrices are mutually homotopic inGL1

2(A) (resp., U1
2(A)).

Proof. It su�ces to see that any elementary matrix is homotopic to the identity.
This is straightforward. For example, to see that

�
0 1
1 0

�
is homotopic to

�
1 0
0 1

�
,

consider

ut :=
�

cos
�

�
2 t

�
sin

�
�
2 t

�

sin
�

�
2 t

�
cos

�
�
2 t

�
�
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To establish the statement about normalized homotopies, we have to write down
explicit ones. To do this, let wt := ( u� 1)�ut �(v� 1)�u�

t and zt := ut �(u� v)�u�
t . Then

w is a homotopy between
�

u 0
0 v

�
and

�
uv 0
0 1

�
. Similarly, z is a homotopy between�

v 0
0 u

�
and

�
u 0
0 v

�
. If u and v are normalized, then� (wt ) = � (ut u�

t ) = 1 2 = � (zt ). �

We will invoke the above result mostly via the following corollary.

Corollary 5.11. If u 2 U(A), then
�

u 0
0 u�

�
is homotopic to the identity in U2(A).

If u is normalized, then the homotopy can be taken inU1
2(A).

Proof of Proposition 5.4. We only have to verify the last statement. So, suppose
u 2 U(A) satis�es q = upu� . By Corollary 5.11, we can choose a unitary homotopy
wt from

�
u 0
0 u �

�
to 12. Then pt := wt (p � 0)w�

t is a continuous path of projections
in M 2(A) connecting p � 0 and q � 0. �

If A and B are C � -algebras and
 : A ! C
�
[0; 1]; B

�
is a homomorphism, then

we'll write � t : C
�
[0; 1]; B

�
! B for the evaluation map and 
 t for the composition

� t � 
 .

De�nition 5.12. We say that two homomorphisms� : A ! B and � : A ! B are
homotopic if there is a homomorphism
 : A ! C

�
[0; 1]; B

�
such that 
 0 = � and


 1 = � . In this case we write � � h 
 . We say that � : A ! B is an equivalence if
there exists a homomorphism� : B ! A such that � � � � h idB and � � � � h idA .
We say that � is a deformation if there exists � such that � � � � h idA and
� � � = id B . In this event, we say that B is a deformation retract of A. Finally, we
say that A is contractible if id A � h 0.

Example 5.13. Note that C is not contractible as a C � -algebra; this will follow
from Corollary 5.16. If X is a compact contractible space, thenD is a deformation
retract of C(X; D ). In particular, C is a deformation retract of C(X ).

Proof. Fix x0 2 X and let ' : [0; 1] � X ! X be a continuous function such
that ' (0; x) = x and ' (1; x) = x0 for all x 2 X . De�ne � : C(X; D ) ! D by
� (f ) := f (x0) and � : D ! C(X; D ) by sending d to the constant function x 7! d.
Clearly, � � � = id D . If 
 : C(X; D ) ! C

�
[0; 1]; C(X; D )

�
is de�ned by


 t (f )(x) = f
�
' (t; x )

�
;

then 
 0 = id C (X;D ) while 
 1 = � � � . �

Remark 5.14. If X is a locally compact contractible space which is not compact,
then � will not map into C0(X; D ). In fact, C0(X; D ) will, in general, not retract
onto D . As we shall see in due course,C can not be a deformation retract of
C0(R) = C0(R; C) �= C0

�
(0; 1)

�
.13

D

Theorem 5.15. Suppose that� and � are homomorphisms fromA to B . If � � h � ,
then K 0(� ) = K 0(� ).

Proof. Suppose that x = [ p] � [q] in K 0(A), and let 
 t be a homotopy from �
to � . Then 
 1

1 is a homotopy from � 1 to � 1. In particular, � 1(p) � � 1(p) and

13Ref needed
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� 1(q) � � 1(q). Thus

K 0(� )(x) = [ � 1(p)] � [� 1(q)] = [ � 1(p)] � [� 1(q)]

= K 0(� )(x): �

Corollary 5.16. If � : A ! B is a homotopy equivalence, thenK 0(� ) is an iso-
morphism of K 0(A) onto K 0(B ). In particular, K 0(A) = f 0g if A is contractible.

Proof. The zero map clearly induces the zero map onK -theory. �

Before concluding this section, I want to recall the connections between invertible
elements inA and exponentials in A. If a 2 A, then even if a is not normal (so that
the usual functional calculus does not apply),

exp(a) := 1 + a +
a2

2!
+ � � � =

1X

n = o

an

n!

converges in eA to an element in GL(A). Of course, if a is normal, then this is the
same element de�ned by the functional calculus, so there is no harm in using the
same notation. Then exp(A) is de�ned to be the subgroup of GL(A) generated be
f exp(a) : a 2 A g.14 It isn't obvious that this group is closed in GL( A), but in

D

fact it is open.15 Proving this requires the holomorphic functional calculus (see, for
example, [Rud73]). Let z0 = exp( a1) � � � exp(an ) and suppose that

kz � z0k < kz� 1
0 k� 1:

Let z0 = zz� 1
0 . Then kz0 � 1k � k z � z0kkz� 1

0 k < 1, so � (z0 � 1) � B1(0) and
� (z0) � f � 2 C : Re(� ) < 0g. In particular, there is an a0 := log( z0) such that
exp(a0) = z0 [Rud73, Theorem 10.30]. Thus,

z = z0z0 = exp( a0) exp(a1) � � � exp(an ) 2 exp(A):

Lemma 5.17. For any C � -algebra, exp(A) = GL( A)0.

Proof. Since exp(A) is both closed and open, it su�ces to see that exp(A) �
GL(A)0. But if z = exp( a1) � � � exp(an ), then zt := exp( ta1) � � � exp(tan ) is a homo-
topy connecting z to 1 in GL( A). �

Corollary 5.18. Suppose that� : A ! B is a surjective, unital, � -homomorphism.
If x 2 GL(B )0 (resp., U(B )0), then there is an x0 2 GL(A)0 (resp., U(A)0) such
that � (x0) = x.

Proof. Let x = exp( b1) � � � exp(bn ). Choose ai such that � (ai ) = bi for all i . If
x0 := exp( a1) � � � exp(an ), then x0 2 GL(A)0 and maps ontox. If x is unitary, then
we can replacex0 by u0 := x0jx0j � 1. Then u0 is connected tox0 as in the proof of
Lemma 5.5, and thereforeu0 2 GL(A)0. �

Corollary 5.19. Suppose thatJ is an ideal in A and that u 2 U( eA=J ). Then there
is a unitary w 2 U2(A)0 such that � J (w) =

�
u 0
0 u �

�
.

Proof. Since
�

u 0
0 u �

�
2 U2( eA=J )0, the previous corollary applies. �

14Notice that in general, exp( a) exp( b) 6= exp( a + b) unless a and b commute. Thus, the set of
exponentials is not closed under multiplication.

15An open subgroup of a topological group is necessarily close d: H = G n
S

g =2 H gH .



LECTURE NOTES ON K -THEORY 23

Remark 5.20. The holomorphic functional calculus is not to be sneezed at. Even
when A = M n , it allows us to conclude that GLn (C)0 = GL n (C) | since the
spectrum of a matrix is always �nite, it can't separate 0 and 1 . (Notice that one
can show Un (C)0 = U n (C) using ordinary spectral theory from Linear Algebra.)

6. Half Exactness

We can now prove that an exact sequence ofC � -algebras induces what is called
a half-exact sequence of the correspondingK -groups. In this section, we will start
to adopt the standard notation � � for the induced group homomorphismK 0(� )
corresponding to a� -homomorphism � .

Theorem 6.1. Suppose that

(6.1) 0 //A
� //B

� //C //0

is an exact sequence ofC � -algebras. Then

(6.2) K 0(A)
� � //K 0(B )

� � //K 0(C)

is exact.

D It de�nitely is not the case that � � need be injective, or that � � need be surjec-
tive. We will give speci�c examples below, but the idea is that there are more

partial isometries to implement equivalences inB than in A (which corresponds to
an ideal in B ), and projections in C may not lift to projections in B .

Proof of Theorem 6.1. Recall that � � = K 0(� ) is the restriction of K 00(� 1) to
K 0(A). If x 2 K 0(A), then Proposition 1.19 implies that we can assumex =
[p] � [pn ] for p 2 M k (A1) and p � pn 2 M k (A) for some k � n. Since� � � = 0, we
must have � 1 � � 1(p) = pn . Thus

� � � � � (x) = [ � 1 � � 1(p)] � [� 1 � � 1(pn )] = [ pn ] � [pn ] = 0 :

Thus im � � � ker � �

Now suppose thaty 2 ker � � � K 0(B ). As above, we can assumey = [ q] � [pn ]
with q 2 M k (B 1), q � pn 2 M k (B ), and k � n. Since

� � (y) = [ � 1(q)] � [� 1(pn )] = [ � 1(q)] � [pn ];

Proposition 1.19 implies that there is a v and m � k + v such that

� 1(q) � pv � pn � pv in M m (C1).

Let u 2 Um (C1) be such that u
�
� 1(q) � pv

�
u� = pn � pv . Corollary 5.19 implies

that there is a w 2 U2m (B 1) such that � 1(w) = u � u� . Let r := w(q � pv � 0n )w�

in M 2m (B 1). Then r is a projection and

� 1(r ) = ( u � u� )
�
� 1(q) � pv � 0n

�
(u� � u) = pn � pv � 0n :

The exactness of (6.1) implies there is as 2 M 2m (A1) such that r = � 1(s). Re-
placing s by (s + s� )=2, we can assume thats = s� . Since � 1 is injective, we can
assume thats = s2, and hence, that s is projection. Since [r ] = [ q � pv ],

y = [ q] � [pn ] = [ q � pv ] � [pn � pv ]

= [ r ] � [pn + v ]

= � � ([s] � [pn + v ]):



24 DANA P. WILLIAMS

Therefore ker� � � im � � . This completes the proof. �

Example 6.2. Consider the exact sequence

0 ! K (H) ! B (H) ! B (H)=K(H) ! 0:

Then we get the exact sequence

Z
� � //f 0g

� �

//K 0
�
B (H)=K(H)

�
;

and � � is certainly not injective. 16 To see that � � need not be surjective, consider
B = C

�
[0; 1]

�
, A = C0

�
(0; 1)

�
, and C = C � C. Then, once17 we establish that

K 0
�
C0(R)

�
= f 0g, the exact sequence

0
� � //Z

� � //Z � Z

forces� � not to be surjective.

Remark 6.3. Note that Theorem 6.1 fails with K 00 in place ofK 0. For example, take
A = C0(R2), B = C(S2) and C = C. The K 00 groups are 0,Z � Z and Z. (Here we
have used that nontrivial facts that K 00(C(S2)) = K 0(C(S2)) �= K 0(S2) �= Z � Z.)

7. Definition of K 1

It should be clear by now that unitaries play a critical rôle in the theory and
computation of K 0. In this chapter we'll get a closer glimpse of why.

Just as K 0(A) is de�ned in terms of equivalence classes of projections in matrix
algebras overA, we want to de�ne K 1(A) in terms of homotopy classes of unitaries
in matrix algebras. We have injections of GL1

n (A) into GL 1
n +1 (A) and U1

n (A) into
U1

n +1 (A) given by x 7! x � 1. We de�ne

GL1
1 (A) := lim

�!
GL1

n (A) and U1
1 (A) := lim

�!
U1

n (A):

We notice that the connecting maps take the connected components GL1n (A)0 and
U1

n (A)0 into GL 1
n +1 (A)0 and U1

n +1 (A)0, respectively. In particular, x 7! x � 1
induces a homomorphism of the quotient U1

n (A)=U1
n (A)0 into U 1

n +1 (A)=U1
n +1 (A)0

and we can de�neK 1(A) as follows.

De�nition 7.1. If A is a C � -algebra, then

K 1(A) := lim
�!

U1
n (A)=U1

n (A)0:

If we de�ne U1
1 (A)0 = lim

�!
U1

n (A)0, then it is not hard to check that

(7.1) K 1(A) = U 1
1 (A)=U1

1 (A)0:

Remark 7.2. If u 2 U1
n (A), then [u] will denote the class ofu in K 1(A). Every

class in K 1(A) has such a representative, and [u] = [ v] if and only if there are
m; n; k 2 Z+ such that u � 1m � h v � 1n in U1

k (A).

16In fact, K 0
�
B (H )=K (H )

�
= f 0 g, but this is, I think, not so easy to see.

17Well, given that K 0 (C(T)) �= Z, then K 00 (C0 (R)1 ) = K 0 (C(T)) �= Z, and it is not hard to
see that K 00 (A 1 ) �= K 0 (A ) � Z.
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Lemma 7.3. Let u and v be in U1
n (A). If y = �(y0), wherey0 is a unitary matrix in

M n , then yuy� 2 U1
n (A) and is homotopic tou in U1

n (A). In particular, [u] = [ yuy� ]
in K 1(A). Furthermore, if u and v are homotopic in Un (A1) then u and v are
homotopic in U1

n (A). In particular, [u] = [ v] in K 1(A)

Proof. That yuy� 2 U1
n (A) is straightforward. Remark 5.20 implies that y � h 1n

in Un (C). The �rst assertion follows. Now suppose that t 7! at is a homotopy from
u to v in Un (A1). Let yt = �

�
� (a�

t )
�
. Then y0 = y1 = 1 n , and t 7! yt at y�

t is a
homotopy from u to v in U1

n (A). �

Remark 7.4. We still need to see that the groups GL1n (A)=GL1
n (A)0 and

U1
n (A)=U1

n (A)0 are isomorphic for n = 1 ; 2; : : : ; 1 . This allows us to replace U
with GL in the above discussions.

Notice that there is no reason to suspect that U1
n (A)=U1

n (A)0 is abelian. There-
fore the next lemma gives one excuse for passing to the direct limit.

Lemma 7.5. K 1(A) is an abelian group with respect to the operation coming from
the direct limit. The identity is the class of 1 and the inverse of[u] is [u� ].

Proof. If m � n, u 2 U1
m (A), and v 2 U1

n (A), then [u][v] := [( u � 1n � m )v] is the
group operation on the inductive limit K 1. Since Theorem 5.10 implies that

[(u � 1n � m )v] = [( u � 1n � m ) � v] = [ v � (u � 1n � m )] = [ v][u];

the operation is commutative. �

The object of this section is to prove Theorem 7.6 which states thatK 1(A)
is naturally isomorphic to K 0(SA) where SA := A 
 C0(R).18 To explain what
natural means in this context, it is helpful to think of passing to the suspension as
a functor. If � : A ! B is a homomorphism, thenS� : SA ! SB is given by the
restriction of id 
 � to SA. That is, S� (f )(z) := �

�
f (z)

�
, where we have identi�ed

SA = f f 2 C(T; A) : f (1) = 0 g:

Then the word \natural" above simply means that given � : A ! B , then the
diagram

(7.2) K 1(A)
� A //

� �

��

K 0(SA)

S� �

��
K 1(B )

� B

//K 0(SB)

commutes. Then it follows that K 1 enjoys many of the same functorial properties
as K 0. For example, given an exact sequence

0 //A
� //B

� //C //0 ;

of C � -algebras, then it is easy to see that

0 //SA
S� //SB

S� //SC //0

18In some abbreviated treatments, K 1 (A ) is actually de�ned to be K 0 (SA). The naturality of
the isomorphism of Theorem 7.6 means there is little harm in t his.
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is exact. SinceK 0 is half-exact, we can use (7.2) to prove thatK 1 is half-exact.
With a bit more work, one can prove that K 1 preserves direct limits, etc.

It will be helpful to keep in mind that homotopies with values in SA1 are in
one-to-one correspondence with continuous functionsf from [0; 1] � T ! A1 which
are scalar valued on [0; 1] � f 1g and for which z 7! �

�
f (t; z)

�
is constant for all

t 2 [0; 1]. Given such anf , we can de�ne 
 from C
�
[0; 1]; SA1

�
� C

�
[0; 1] � T; A1

�

to SA1 by 
 t (z) = f (t; z), and conversely. (The point is, that elements ofSA1 are
of the form f + � where f 2 SA, and SA1 6= f f : T ! A1 : f (1) 2 C1g.)

Theorem 7.6. There is an isomorphism � A : K 1(A) ! K 0(SA) which is natural
as in (7.2) above.

Proof. Let u be a normalized unitary in U1
n (A). We can apply Corollary 5.11 to

produce a homotopyt 7! wt in U1
2n (A) connecting w0 = 1 2n to u � u� . Using the

notation pn for the class of 1n in V (A), we can de�ne a path of projections by

(7.3) t 7! qt := wt pn w�
t (t 2 [0; 1]):

Since q0 = pn = q1 and � (qt ) = pn for all t, (7.3) de�nes a projection qu;w in
M 2n (SA1).19 Then we can de�ne a class [qu;w ] � [pn ] in K 0(SA). We want to show

D

that this class depends only on the class [u] of u in K 1(A). To do this, we have to
show that � (u) := [ qu;w ] � [pn ] does not depend onw, that � (u) = � (u � 1m ), and
that u � h v implies � (u) = � (v).

To do this, suppose that t 7! at is a homotopy from u to v in U1
n (A), and let

qu;w and qv;z be projections constructed as above. But letx be the map t 7!
wt � (u� at � ua�

t ) � z�
t from [0; 1] to U2n (A1). It is easy to see that x0 = 1 2n = x1,

and that � (x t ) = 1 2n for all t. Thus x de�nes an element of U1
2n (SA). Since

pn = 1 n � 0n ,

xqv;z x � = xzpn z� x � = w � (u� a � ua� ) � pn � (a� u � au� ) � w�

= wpn w�

= qu;w :

Thus the class of � (u) = qu;w does not depend onw or the class of u in
U1

n (A)=U1
n (A)0.

Now we need to consider� (u� 1m ). Let t 7! wt be the path in U1
2n (A) connecting

12n and u � u� as above; thus,� (u) = [ qu;w ] � [pn ]. Choose a scalar permutation
matrix y such that

y � (u � u� � 1m � 1m ) � y� = u � 1m � u� � 1m :

De�ne zt := y � (wt � 12m ) � y� , and check that zt 2 U2n +2 m (A). Furthermore,
z0 = 1 2n +2 m and z1 = u � 1m � u� � 1m . Thus, � (u � 1m ) = [ qu� 1m ;z ] � [pn + m ],
where qu� 1m ;z = zpn + m z� . But

zpn + m z� � (w � 12m ) � y� pn + m y � (w� � 12m )

= (( w � 12m ) � (1n � 0n � 1m � 0m ) � (w� � 12m )

= wpn w� � pm

= qu;w � pm :

(7.4)

19Some care is called for here; qu;w is a matrix of functions on T. The o� diagonal entries
are in SA proper as are n of the diagonal entries. Thus qu;w is a matrix of elements in SA1 .
The other n diagonal entries are of the form f + 1 with f 2 SA. It should be noted that, since
w0 6= w1 , w does not de�ne a unitary in U2n (SA1 ) and qu;w is not necessarily trivial in K 0 (SA).
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Thus � (u � 1m ) = [ qu� 1m ;z ] � [pn + m ] = � (u), and we obtained a well-de�ned map
� A : K 1(A) ! K 0(SA).

To see that � A is a homomorphism, consideru; v 2 U1
n (A). Let w and z be

as above so that � A ([u]) = [ qu;w ] � [pn ] and � A ([v]) = [ qv;z ] � [pn ]. Note that
yp2n y� � pn � pn via a scalar permutation matrix y. Therefore,

� A
�
[uv]

�
= �

�
[u � v]

�
= [ qu� v;w � z ] � [p2n ];

where

qu� v;w � z = y� (w � z)yp2n y� (w� � z� )y

� (w � z)(pn � pn )(w� � z� )

= qu;w � qv;z :

Thus � A
�
[uv]

�
= � A ([u]) + � A ([v]).

Naturality is proved similarly. Suppose � : A ! B is a homomorphism, and
that u 2 U1

n (A). Let � A
�
[u]

�
= [ qu;w ] � [pn ]. Note that � � ([u]) = [ � 1(u)], and that

t 7! � 1(wt ) is a path of unitaries connecting 12n and � 1(u) � � 1(u) � . Thus

� B
�
� � ([u])

�
= [ q� 1 (u ) ;� 1 (w ) ] � [pn ];

where q� 1 (u ) ;� 1 (w ) is given by t 7! � 1(w)pn � 1(wt ) � . Thus

[q� 1 (u ) ;� 1 (w ) ] = S� �
�
[wpn w� ]

�
= S� �

�
[qu;w ]

�
:

Thus � B � � � = S� � � � A .
To prove that � A is injective, we suppose thatu; v 2 U1

n (A) and that

(7.5) � A
�
[u]

�
= � A

�
[v]

�
:

Using the notation above, we let qu;w 0
be the projection in M 2n (SA1) de�ned by

w0pn w0� , where t 7! w0
t is a homotopy in U1

2n (A) from 12n to u � u� . It follows
from (7.5) that for suitable w0 and z0, we have [qu;w 0

] � [qv;z 0
] = 0 in K 0(SA).

Proposition 1.19 implies that there is a m 2 Z+ and k � 2n + 2m such that

(7.6) qu;w 0
� pm � qv;z � pm (in M k (SA1)) :

On the other hand, (7.4) implies that for suitable w and z we have

(7.7) qu� 1m ;w � qu;w 0
� pm and qv� 1m ;z � qv;z 0

� pm (in M 2n +2 m (SA1)) :

(It should be noted that the pm 's which appear in (7.6) and (7.7) are not, technically,
the same. One denotes 1m � 0k � 2n � m and the other 1m � 0m . But this isn't a
serious issue.) Together, (7.6) and (7.7) imply that there is a unitarya 2 Uk (SA1)
such that qv� 1m ;z � 0d = a(qu� 1m ;w + 0 d)a� , where d = k � 2n � m. That is,
zpn + m z� � 0d = a(wpn + m w� � 0d)a� . Thus if we replacepn + m with pn + m � 0d, we
have

(7.8) (z � 1d)pn + m (z� � 1d) = a(w � 1d)pn + m (w � 1d)a� :

Now we view elements ofSA1 as function from [0; 1] into A1 which attain the same
scalar value at 0 and 1. Then we can de�nex t := ( w�

t � 1d)a�
t (zt � 1d) 2 Uk (A1).

Using (7.8), it is not hard to see that x t commutes with pn + m . It follows from
the rules for matrix multiplication, that x t = bt � ct for bt 2 Un + m (A1) and
ct 2 Uk � n � m (A1). Since x0 = b0 � c0 = a�

0, there are unitary matrices y 2 M n + m

and y0 2 M k � n � m such that a�
0 = y � y0 = a�

1. Since

x1 = ( u� � 1m � u � 1m � 1d)(y � y0)(v � 1m � v� � 1m � 1d);
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It follows that t 7! y� bt is a homotopy in Un + m (A1) from 1n + m to y� (u� � 1m )y(v �
1m ). It follows from Lemma 7.3 that

[1] = [ y� (u� � 1m )y(v � 1m )] = [ u� v] = [ u]� 1[v];

and [u] = [ v] in K 1(A) as required.
It remains to show that � A is surjective. So let x 2 K 0(SA). By Proposi-

tion 1.19, we can assumex = [ f ] � [pn ] where f is a projection in M k (SA1) such
that f � pn 2 M k (SA). We can assume thatk � 2n = 2m for m 2 N. Sincet 7! f t is
a path of projections in M k (A1) such that f t � pn 2 M k (A) and f 0 = f 1 = pn , Corol-
lary 5.3 implies there is a patht 7! wt in U1

k (A) such that w0 = 1 k and f t = wt pn w�
t .

Sincew1pn w�
1 = pn , we havew1 = u� ~v for u 2 U1

n (A) and ~v 2 U1
k � n (A). We'd like

to construct a homotopy from ~v to u� � 12m ; however, I don't see any way to do this.
But we can replacek by 2k and wt by wt � u� � v� . (We certainly have 2k � 2n even,
so this causes no harm.) Nowv = ~v � u� � ~v� , and there is a homotopy in U1

n � k (A)
from v to u� � 1n � 2k by Corollary 5.11. Multiplying by v� we get a homotopy
t 7! dt in U1

n � k (A) from 1k � n to v� (u� � 12m ). Let t 7! zt be a homotopy in U1
k (A)

from 1k to u � u� � 12m of the form zt = z0
t � 12m . Then if et := zt pn zt = z0

t pn z0
t , it

follows that � A ([u]) = [ e] � [pm ]. Now let x t := wt (1n � dt )z�
t 2 U1

k (A). Certainly,
x0 = 1 k , and

x1 = ( u � v)(1n � v� (u� � 12m ))( u� � u � 12m )

= uu� � (vv� (u� � 12m )(u � 12m ))

= 1 k :

Thus x 2 U1
k (SA), and

xex � = w(1n � d)z� (zpn z� )z(1 � d� )w�

= wpn w�

= f:

Therefore [e] = [ f ], and � A ([u]) = [ f ] � [pm ] = x as required. �

8. The Long Exact Sequence in K -Theory

For motivation, we recall some basic material about Fredholm operatorson
Hilbert space. Let H be a separable in�nite-dimensional Hilbert space. Then
quotient B (H)=K(H) is called the Calkin Algebra. An operator T 2 B (H) is called
Fredholm if its image q(T) is invertible in the Calkin Algebra. The theory, as
presented in Douglas's book [Dou98] for example, tells us that

j (T) := dim ker T � dim ker T �

is a (�nite) integer which depends only on the class ofq(T) in

GL
�
B (H)=K(H)

�
=GL

�
B (H)=K(H)

�
0

�= U
�
B (H)=K(H)

�
=U

�
B (H)=K(H)

�
0

�= Z

[Dou98, Theorem 5.36]. BecauseB (H) admits polar decompositions, a unitary in
the Calkin algebra lifts to a partial isometry in B (H).20 But if we identify K 0(C)

20Let T be any lift of a unitary u in B (H )=K (H ). Then we can write T = V jT j for a partial

isometry V . Since q(jT j) = q(T � T )
1
2 = 1, q(V ) = u as required.
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with Z, then we havej (V ) = [1 � V � V] � [1 � V V � ]. Note that

W :=
�

V 1 � V V �

1 � V � V V �

�

is a unitary in U 2
�
B (H)

�
covering u � u� in U2

�
B (H)=K(H)

�
. And a little calcu-

lation reveals that
[W (1 � 0)W � ] � [1 � 0] = [V V � � 1 � V � V] � [1 � 0]

= [1 � V � V] � [1 � V V � ]

= j (V ):

(8.1)

If

0 //J
i //A

q //A=J //0

is an exact sequence ofC � -algebras with J an ideal in A, then we want to mimic the
index map from Fredholm theory. Unfortunately, a unitary in U 1

n (A=J ) need not
lift to a partial isometry in M n (A1). But Corollaries 5.11 and 5.18 we can always
�nd a unitary w 2 U1

2n (A) such that q1(w) = u � u� . Then wpn w� � pn 2 M 2n (A)
and belongs to the kernel ofq. Therefore

(8.2) ~@(u; w) := [ wpn w� ] � [pn ]

de�nes a class inK 0(J ).

Theorem 8.1. The class of (8.2) depends only on the class[u] in K 1(A=J ) and
de�nes a homomorphism@: K 1(A=J ) ! K 0(J ) such that

K 1(J )
i � //K 1(A)

q� //K 1(A=J ) @ //K 0(J )
i � //K 0(A)

q� //K 0(A=J )

is exact.

Remark 8.2. Since@coincides with the Fredholm index map whenA = B (H) and
J = K(H), @is called the index map in K -theory.

Proof. The �rst order of business is to show that the right-hand side of (8.2) de-
pends only on the class ofu in K 1(A=J ). Suppose that w1 2 U1

2n (A) is another
lift of u � u� . Then z := w�

1w 2 U1
2n (J ), and implements an equivalence between

wpn w� and w1pn w�
1 in V (J ). Therefore the right-hand side of (8.2) is independent

of the choice of lift w. Now suppose thatu � h v in U1
n (A=J ). Then x := u� v and

ux � u� both belong to U1
n (A=J )0. Corollary 5.18 implies there area; b 2 U1

n (A)0

such that q1(a) = x and q1(b) = ux � u� . But

v � v� = ux � x � u� = ( u � u� )(x � ux � u� );

and this lifts to w(a � b). Since a � b commutes with pn ,

w(a � b)pn (a� � b� )w� = wpn w� ;

and the right-hand side of (8.2) is independent of the homotopy class ofu. To see
that the right-hand side of (8.2) depends only on [u], we have to see what happens
when we replaceu by u � 1m for somem 2 Z+ . Let w be a lift for u � u� and y a
scalar matrix21 such that

q1(y)(u � u� � 12m )q1(y) = u � 1m � u� � 1m :

21The term scalar matrix refers to a matrix of the form � (y0) for some y 2 M k for appropriate
k. Note that q1 (� (y0)) is again a scalar matrix for the same y0.
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Thus y(w � 12m )y� is a lift of u � 1m � u� � 1m . Furthermore,

y(w � 12m )y� pn + m y(w� � 12m )y� � (w � 12m )(pn � pm )(w� � 12m )

= wpn w� � pm :
(8.3)

But [ wpn w� � pm ] � [pn + m ] equals the left-hand side of (8.2) inK 0(J ). Thus @
�
[u]

�

is well-de�ned.
To see that @is a homomorphism, it su�ces to consider u; v 2 U1

n (A=J ). Let
w and z be lifts of u � u� and v � v� , respectively. As above, we can �nd a scalar
matrix y such that y(w � z)y� is a lift of u � v � u� � v� and y� p2n y = pn � pn .
Therefore

@
�
[u][v]

�
= @

�
[uv]

�

= @
�
[u � v]

�

= [ y(w � z)y� p2n y(w� � z� )y� ]

= [( w � z)(pn � pn )(w� � z� )]

= [ wpn w� � zpn z� ] � [pn � pn ]

= @
�
[u]

�
+ @

�
[v]

�
:

Thus @is a homomorphism.

Lemma 8.3. ker @= im q� .

Proof. The image of q� consists of those classes inK 1(A=J ) of the form [q1(v)]
for some v 2 U1

n (A). But then w = v � v� is a lift of q1(v) � q1(v) � , and then
wpn w� = pn . Therefore @

�
[q1(v)]

�
= 0, and im q� � ker @.

Now suppose that [u] 2 ker @for someu 2 U1
n (A=J ). Let w be a lift of u � u� .

Since [wpn w� ] � [pn ] = 0 in K 0(J ), Proposition 1.19 implies that there is a m 2 Z+

and k � 2n + m such that

(8.4) wpn w� � pm � pn � pm

via a unitary in U k (J 1). There is no harm in insisting that k � 2n + 2m. Let y be
a scalar matrix as in (8.3), and let z := y(w � 12m )y� � 1d, where d = k � 2n � 2m.
Then

(8.5) wpn w� � pm � zpn + m z�

via a scalar unitary matrix in U k (J 1). Combining (8.4) and (8.5), there is a unitary
matrix x 2 Uk (J 1) such that

x(zpn + m z� )x � = pn + m :

The scalar matrix a := �
�
� (x)

�
2 Uk (J 1) commutes with pn + m (since z is normal-

ized). Note that q1(a� x) = 1 k = � (a� x). Since J 1 is an ideal in A1, a� xz 2 U1
k (J ),

and q1(a� xz) = q1(z) = u � 1m � u� � 1m � 1d. Sincea� xz commutes with pn + m ,
it must be of the form b� c for b 2 U1

n + m (J ) and c 2 U1
k � n � m (J ). In particular,

q1(b) = u � 1m ; thus [u] = [ u � 1m ] = [ q1(b)] 2 im q� . This completes the proof of
the lemma. �

Lemma 8.4. im @= ker i � .
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Proof. Since [wpn w� ] = [ pn ] in V (A), it is immediate that im @� ker i � . Let
x 2 ker i � . Then we can write x = [ e] � [pn ] for some projection e 2 M k (J 1) with
e � pn 2 M k (J ) and k � n. Since [e] � [pn ] = 0 in K 0(A), we can, by Lemma 1.17
and Proposition 1.19, replacee by e� pm and n by n + m and suppose that there is
a unitary w1 2 U2n (A1) such that w1pn w�

1 = pn . Since� (e) = pn , � (w1) commutes
with pn , and we can replacew1 with �

�
� (w1) �

�
w1 and assume thatw1 is normalized.

Sincew := w1 � w�
1 2 U1

4n (A)0, we can assume thate = wpn w� in M 4n (A1) with
w 2 U1

4n (A)0. Sinceq1(e) = pn , q1(w) commutes with pn , and q1(w) = u1 � u2 with
u1 2 U1

n (A=J ) and u2 2 U1
3n (A=J ). Using u1 � u2 2 U1

4n (A=J )0, it follows that
[u1 � 12n ][u2] = 1 in K 1(A=J ). Thus for somem 2 Z+ , u�

1 � 12n + m and u2 � 1m are
homotopic in U1

3n + m (A=J ). In particular, ( u�
1 � 12n + m )(u�

2 � 1m ) 2 U3n + m (A=J )0

has a lift (Corollary 5.18) v 2 U1
3n + m (A)0. Let

z := (1 n � v)(w � 1m ):

Note that

q1(z) =
�
1n � (u�

1 � 12n + m )(u�
2 � 1m )

�
(u1 � u2 � 1m ) = u1 � u2 � 12n + m :

Furthermore,

zpn z� = (1 n � v)(w � 1m )pn (w� � 1m )(1n � v� )

= (1 n � v)(e+ 0 3n + m )(1n � v� )

= e:

Therefore x = [ e] � [pn ] = [ zpn z� ] � [pn ]. But if z1 is a lift of u1 � u�
1, then

z1 � 12n + m is a lift of u1 � u�
1 � 12n + m and (z1 � 12n + m )z� 2 U1

4n + m (J ). In
particular, [ zpn z� ] = [ z1pn z�

1 ] in V (J ). Thus

x = [ e] � [pn ]

= [ zpn z� ] � [pn ]

= [ z1pn z�
1 ] � [pn ]

= @
�
[u1]

�
: �

Proof of Theorem 8.1 continued. Lemmas 8.3 and 8.4 give us exactness atK 1(A=J )
and K 0(J ). Since K 0 is half-exact by Theorem 6.1 and the half-exactness ofK 1

follows from that of K 0 by Theorem 7.6, the result is proved. �

9. C � -Algebras with Identity

The goal of this section is to establish a number of realizations ofK 0(A) which
closely parallel some classic ones forK 0(X ) �= K 0

�
C(X )

�
. In particular, we want

to show that if A has an identity, then K 0(A) is isomorphic to the Grothendieck
group of the semigroup of isomorphism classes of �nitely generated projectiveA-
modules. We also want to present a result I found in Higson's [Hig90, Theorem 3.31]
which generalizes the result [Ati89, Theorem A1]22 which states that K 0

�
C(X )

�
is

isomorphic to the set of homotopy classes of maps fromX into the set of Fred-
holm operators on a separable in�nite-dimensional Hilbert spaceH. Speci�cally,
we want to show that K 0(A) is isomorphic to the set of homotopy classes of general-
ized Fredholm operators on Hilbert A-modules. (Higson [Hig90] looks at operators

D

22Higson [Hig90] attributes this to Atiyah and Janich
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on all countably generatedA-modules, while Wegge-Olsen [WO93, Chap. 17] con-
siders only operators on Kasparov's universal Hilbert moduleHA .) For most of this
section, we will assume thatA has an identity.

9.1. Projective modules. Projective modules arise naturally in the theory. As
you know, K 0(A) is generated by projections in matrix algebras overA. Since
a idempotent in a C � -algebra must be similar to a projection, it should not be
surprising that we could also build K 0(A) out of idempotents in matrix algebras
over A. So before proceeding with the formal de�nitions, I'll brie
y outline how
�nitely generated projective A-modules are related to such idempotents. First, lets
recall that if A is a ring with identity, then a right A-module23 X is �nitely generated
if it has a �nite spanning set f x1; : : : ; xn g. Such a module is calledfree if it has
a basis | that is, a spanning set which is also linearly independent in the obvious
sense. This is equivalent to saying thatX �= An for some n. An A-module P is
called projective if every homomorphism out ofP into a quotient module lifts. Thus
given a surjective homomorphismq : E ! F and a homomorphismf : P ! F, there
is a homomorphismh : P ! E such that

E

q
����

P

h
??�

�
�

�
f

//F

commutes. It is pretty easy to see that free modules are projective.
Now suppose thatP is projective with generators f x1; : : : ; xn g. Then we have

a surjection q : An ! P and a map c such that

(9.1) An

q
����

P

c
>>}

}
}

}
id

//P

commutes. In particular, c is injective, and we can identify P with c(P) so that
An �= P� ker q. This P is (isomorphic to) a direct summand of a free module. Note
that in this case, we can viewq as a module map fromAn to itself and that q2 = q.
Since A has an identity, module maps from An to itself are in natural one-to-one
correspondence with matrices inM n (A), and we can view q as an idempotent in
the matrix ring M n (A). Finally, notice that given an idempotent q, the A-module
P := q(An ) is projective. To see this, note that An is also projective, given a
surjection g and a map f as below, we get a maph such that

E

g
����

An

h
22

s
q

n l j h f

q
//q(An )

h0

<<

f
//F

commutes. But then h0 := hjq(A n ) satis�es

g
�
h0� q(a)

��
= f

�
q2(a)

�
= f

�
q(a)

�
;

23We should say unitary module as we are assuming that x � 1R = x for all x 2 X. Note that
if 1 2 A , then any Hilbert A -module is unitary (because x � 1 � x has length zero).
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and q(An ) is projective. Thus �nitely generated projective modules correspond
naturally to idempotents in matrix rings over A.

With that algebra safely behind us, we now assume thatA is a C � -algebra with
identity 1 A . One point of confusion best dealt with early is the following. A (right)
Hilbert A-module X is countably generatedif there is a countable subsetD such
that

(9.2) X = D � A := spanf a � d : d 2 D and a 2 A g:

Naturally then, a Hilbert module should be �nitely generated when we can takeD
�nite above. Thus we will have to say that X is algebraically �nitely generated to
indicate that X is �nitely generated as a module over the ringA. For de�niteness,
we'll say that X is topologically generated when we want to refer to (9.2).

A remarkable theorem of Kasparov [RW98, Theorem 5.49] implies that all the
modules we want to consider are complemented submodules (as Hilbert modules24)

D

of a universal Hilbert A-module HA . We recall from [RW98, Proposition 2.15] that

HA := f (ai ) 2
1Y

i =1

A :
X

a�
i ai converges inA g:

Alternatively, HA can be realize as the external tensor productA 
 `2 [RW98,
Lemma 3.43]. (Of course,̀ 2 could be replaced by any separable in�nite-dimensional
Hilbert space H.) Then Kasparov's theorem implies that any countably generated
Hilbert A-module X is isomorphic to a Hilbert module direct summand of HA ;
alternatively, X � HA

�= HA .
It should be kept in mind that, although Hilbert modules are natural and

straightforward generalizations of Hilbert spaces, there are a number of proper-
ties which we take for granted in Hilbert space that often do not hold for Hilbert
modules. For example, a Hilbert module will often fail to beself-dual: we say that
X is self-dual if given aboundedA-linear map ' : X ! AA , then there exists y 2 X
such that ' (x) = hy ; xi

A
for all x 2 X. But if 1 2 A, then AA , and thereforeAn are

easily seen to be self-dual.25 Note also, that if X is self-dual, then the usual Hilbert
space proof shows that the set of boundedA-linear operatorsBA (X) on X coincides
with L (X). Our interest in self-dual modules is due to the following lemma which
will be crucial in establishing the uniqueness assertion in Theorem 9.8.

Lemma 9.1. Suppose thatE is an orthogonal direct summand ofAn and that F is
a Hilbert A-module which is isomorphic toE as an A-module. Then E and F are
isomorphic as Hilbert A-modules.26

For the proof of the lemma, we'll need to grapple with yet another defect27 of
Hilbert modules: operators need not have polar decompositions. We pause here to

24I am emphasizing that \direct summand" is taken in the catego ry of Hilbert modules. This
is logically distinct from being simply an A-module direct summand. In Hilbert space, this is
the distinction between being an orthogonal direct summand , and simply a vector space or skew
summand. Consequently, the terms \orthogonal summand" or \ orthogonal direct sum" will also
be used to make this distinction.

25A result of Frank [Fra90] shows that HA can be self-dual only when A is �nite dimensional.
26Two Hilbert A -modules E and F are isomorphic as A-modules if there is a merely a bijective

module map u : E ! F. If they in addition u preserves inner-products, then we say that E and F
are isomorphic as Hilbert A -modules or that E and F are unitarily equivalent. Note that u � 1 is
an adjoint for u so that u is necessarily a unitary in L (E; F).

27In computer science, this would be a \feature".
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give a rather longer discussion than required to prove Lemma 9.1 since we'll need
polar decompositions in Section 9.3.

De�nition 9.2. Let X and Y be Hilbert A-modules. An operatorT 2 L (X; Y) has
a polar decomposition if there is a partial isometryV 2 L (X; Y) such that T = V jT j
and

ker V = ker T ker V � = ker T �

RangeV = T(X) RangeV � = jT j(X):

Recall that if T : H 1 ! H 2 is a bounded operator between HilbertspacesH i ,
then the business of polar decomposition goes fairly easily. Then map sending
jT jh 2 H 1 to T h 2 H 2 is both well-de�ned and isometric. This gives a isometryu
of jT j(H 1) onto T(H 1) in H 2. We get an operatorv := u � 0 : H 1 ! H 2, by simply
setting v to be zero onjT j(H 1)? . Then T = vjT j is our polar decomposition. This
proof breaks down forT 2 L (X; Y) becausejT j(X) may not be complemented.28 It
can also break down becausev may not be adjointable as an operator fromY to X.

Example 9.3 (Noncomplemented submodule). Let X = C
�
[0; 1]

�
viewed a right

Hilbert module over itself. Let Y = f f 2 C
�
[0; 1]

�
: f (0) = 0 g. Then Y is a

closed submodule ofX and it is easily checked that Y? = f 0g. Thus Y is not
complemented inX.

Lemma 9.4. Suppose thatX and Y are Hilbert A-modules and thatT 2 L (X; Y).
Then T has a polar decomposition if and only ifT(X) is complementable inY and
jT j(X) is complementable inX.

Proof. If T = V jT j is a polar decomposition forT, then I X = ( I X � V � V) � V � V
and I Y = ( I Y � V V � ) � V V � give the required decompositions ofX and Y.

Since kerT = ker jT j, elementary considerations show thatjT j(X)? = ker T and
T(X)? = ker T � . Thus if the ranges ofT and jT j are complementable, then

Y = T(X) � ker T �

X = jT j(X) � ker T:

Thus, as in the Hilbert space case, we can de�neV = U � 0 : X ! Y such that
T = V jT j. Then W 0 := U � 1 � 0 (relative to T(X) � ker T � ) is easily seen to be an
adjoint for V . The rest is straightforward. �

Example 9.5 (Operator without Polar Decomposition). Let X := C
�
[0; 1]

�
and Y

be as in Example 9.3. De�neg 2 X, by g(t) = t for all t 2 [0; 1]. De�ne T : X ! X
by T(f ) = gf . Then it is easily checked that T 2 L (X) with T � = T. Furthermore,
ker T = f 0g. Thus if T had a polar decomposition, thenT(X) would have to be
dense. But T(X) � Y is certainly not dense.

Fortunately, the following will be enough for our purposes.

28We say that a closed submodule E of X is complemented if X = E � E? . Since E? ? always
contains E, E fails to be complementable when E? ? is strictly larger than E. For example, in a
Hilbert module, one can have E? = f 0 g without E being dense.
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Theorem 9.6 ([WO93, Theorem 15.3.8]). Suppose thatX and Y are Hilbert A-
modules, and thatT 2 L (X; Y) has closed range. Then both T � and jT j also have
closed range. In fact, the ranges ofT, jT j, and T � are complementable and we have

X = ker jT j � j T j(X) = ker T � T � (Y) and Y = ker T � � T(X):

In particular, T has a polar decomposition= V jT j.

Proof. Suppose that T(X) is closed. Then U : jT j(X) ! T(X) is isometric and
surjective. SinceT(X ) is complete, so isjT j(X); hence jT j(X) is closed. Since we
can approximate jT j

1
2 by polynomials in jT j without constant term,

jT j(X) = jT j
1
2 jT j

1
2 (X) � j T j

1
2 (X) � jT j(X) = jT j(X); and

ker jT j � ker jT j
1
2 � ker jT j

1
2 jT j

1
2 = ker jT j:

Thus jT j(X) = jT j
1
2 (X) and ker jT j

1
2 = ker jT j. Now if x 2 X, then jT j

1
2 x = jT jy for

somey 2 X and x = ( x � j T j
1
2 y) + jT j

1
2 y. That is, x 2 ker jT j

1
2 � j T j

1
2 (X). We have

shown that

X = ker jT j
1
2 � j T j

1
2 (X)

= ker jT j � j T j(X)(9.3)

= ker T � j T j(X):(9.4)

Therefore jT j(X) is complemented.
To show that T(X ) is complemented, we'll show thatT � (Y) is closed and comple-

mented. Then we can repeat the proof withT � in place ofT and conclude thatT(X)
is complemented. First, note that T � T(X) = jT j2(X) � j T j(X). If x 2 j T j(X), then
x = jT jy for somey 2 X. By (9.3), we can write y = y1 + y2 with y1 2 ker jT j and
y2 = jT jz for somez 2 X. Then x = jT jy = jT j(y1 + y2) = jT j2z = T � T z 2 T � (Y).
This shows that jT j(X) = T � T(X). By (9.4),

(9.5) X = ker T � T � T(X):

Since

T � T(X) � T � (Y) � (ker T)? = T � T(X);

we see thatT � (Y) = T � T(X) = (ker T)? is closed and

X = ker T � T � (Y)

as required. �

Proof of Lemma 9.1. Let T : E ! F be an A-module isomorphism. SinceAn is
self-dual, it is not hard to see that E is also self-dual in its inherited structure.
Furthermore, a sequencef ak := ( ak

i ) g in E converges toa := ( ai ) if and only if
ak

i ! ai in A for each i = 1 ; 2; : : : ; n. But if P is the projection of An onto E and
f ei gn

i =1 is the usual basis forAn , then

T
�
(ai )

�
= T

�
P

�
(ai )

��

=
nX

i =1

T
�
P(ei )

�
� ai :
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In particular, T is continuous and therefore bounded. SinceE is self-dual, T is
adjointable. Since T is surjective (and therefore certainly has closed range), The-
orem 9.6 implies that jT j is also surjective.29 Therefore jT jx 7! T x is a unitary
transformation U of E onto F as required. �

Example 9.7 (Nonclosed �nitely generated submodule). Consider the operatorT 2
L (X) de�ned in Example 9.5. The range of T is the submodule ofX generated by
the identity function g. SinceT doesn't have a polar decomposition, Theorem 9.6
implies T can't have closed range. ThereforeT(X) is a �nitely generated submodule
of X which is not closed.

We'll write f ei g for the usual basis forHA and identify An with the subspace
spanned byf e1; : : : ; en g. We'll also write pn for the projection of HA onto An .

Theorem 9.8 ([WO93, Theorem 15.4.2]). Let A be aC � -algebra with identity and
suppose thatE is a right A-module. Then the following conditions are equivalent.

(a) E is a �nitely generated projective A-module.
(b) E is isomorphic to an algebraic direct summand inAn for some n 2 Z+ .
(c) E is isomorphic to a Hilbert module direct summand inAn for somen 2 Z+ .
(d) E is isomorphic to a closed �nitely generated submodule ofHA .
(e) There is a q 2 K (HA ) such that E is isomorphic to q(HA ).
(f) There is a q 2 K (HA ) with q � pn such that E is isomorphic to q(HA ).

In particular, every �nitely generated projective A-module admits a Hilbert A-
module structure which is self-dual and unique up to unitary isomorphism. With
respect to this structure, the isomorphisms in(c){ (f) can be taken to be unitary.

Note that the hypothesis in part (d) is not redundant in view of Example 9.7.
For the proof, we'll want the following lemma which follows almost immediately
from lemmas 2.3 and 2.1.

Lemma 9.9. Let A be a C � -algebra with identity. If q 2 K (HA ) is a projection,
then for su�ciently large n 2 Z+ , there is a unitary u 2 L (HA ) such thatuqu� � pn .

Proof. It is straightforward to check that f pn g is an approximate unit for K(HA ).
Then for large n, we can assume thatkq � pn qpn k < 1

12 . If qn := pn qpn , then qn is
self-adjoint and kqn k � 1. Furthermore,

kq2
n � qn k � k qn (qn � q)k + k(qn � q)qk + kq � qn k <

1
4

:

Since qn is self-adjoint, a little functional calculus (Lemma 2.3) implies there is a
projection q0 2 K (HA ) such that kq0 � qn k < 1

2 . Then kq � q0k < 1, and q and q0

are unitarily equivalent in L (HA ) by Lemma 2.1.
Thus, it will su�ce to see that q0 is majorized by pn . A quick look at the proof of

Lemma 2.3 reveals thatq0 is constructed via the functional calculusq0 = f (qn ) for
a function f vanishing at 0. This means we can approximatef with polynomials
in qn without constant terms. It follows that pn q0 = q0pn = q0; that is q0 � pn . �

Proof of Theorem 9.8. (a) () (b): follows almost by de�nition (cf., (9.1) and
following discussion).

(b) =) (d): Let An = F� E. (Here, � denotes an algebraic or skew direct sum.)
Let P be the skew projection ofAn onto E. Then P is an A-module map and is

29We don't really need the full power of Theorem 9.6; we only nee d (9.4).
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given by a matrix in M n (A). In particular, P is continuous and E = P(An ) is
closed inAn . Since we have identi�ed An with its image in HA , this su�ces.

(d) =) (e): Let f f 1; : : : ; f k g � E � HA be a set of generators forE. Then � f i ;ei

belongs toK(HA ) as does

K :=
kX

i =1

� f i ;ei :

We clearly haveK (HA ) � E. But if f a1; : : : ; ak g � A, then a =
P k

i =1 ei � ai 2 HA ,
and K (a) =

P
f i �ai , soK (HA ) = E = K (Ak ). Thus K has closed range and we can

apply Theorem 9.6 to conclude thatK = V jK j, where V is a partial isometry with
support projection V � V equal to the orthogonal complement of kerV or RangeK � .
Since K � =

P
i � ei ;f i , this implies that V � V � pk . It follows that V � V = V � V pk

is compact. SinceV = V V � V, it follows that V is compact, and so is the range
projection Q := V V � . Again by Theorem 9.6,

RangeQ = Range V = Range K = E:

(e) =) (f ): In view of Lemma 9.9, we can assume there is a compact projection
q0 such that q0 � pn and that there is a unitary u 2 L (HA ) such that uq = q0u.
Then u : HA ! HA is an inner-product preserving A-module map taking q(HA )
into q0(HA ) with inverse u� = u� 1.

(f ) =) (c): Viewing An as the closed submodulepn (HA ), we can decompose
An as

q(HA ) � (pn � q)(HA ):
And (c) =) (b) is trivial.
Thus if E is a �nitely generated projective module, then (c) implies that E inherits

a self-dual Hilbert A-module structure as an orthogonal summand inAn . Now the
uniqueness and other assertions follow from Lemma 9.1. �

If we start with a Hilbert module, then we can add two more characterizations
to the list in Theorem 9.8.

Corollary 9.10. Suppose that1 2 A and that E is a algebraically �nitely generated
Hilbert A-module. Then E is projective.

Proof. The Kasparov Stablization Theorem allows us to assume thatE is a closed
submodule ofHA . (The projection Q of HA onto E is an A-linear operator which
is self-adjoint and therefore bounded.) Thus the result follows immediately from
Theorem 9.8. �

Corollary 9.11. Suppose thatE is a Hilbert A-module. ThenE is �nitely generated
and projective if and only if 1E 2 K (E). Moreover, if 1E 2 K (E), then there is a
n 2 Z+ and elementsf x i ; yi gn

i =1 � E such that

1E =
nX

i =1

� x i ;y i :

Proof. If E is �nitely generated and projective, then Theorem 9.8 implies that we
may as well assume thatE = q(HA ) for some compact projectionq. But then q is
an identity for K

�
q(HA )

�
, and if

P
i � x i ;y i is close toq, then so is

q
� X

i

� x i ;y i

�
q =

X

i

� qx i ;qy i 2 K
�
q(HA )

�
:
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Thus, q 2 K
�
q(HA )

�
.

Now assume thatK(E) has an identity. Then [RW98, Proposition 5.50] implies
that E is countably generated. Thus we can assume (by Kasparov's result) thatE
is a orthogonal direct summand ofHA . Since 12 K (E), it is not hard to see that
the projection Q onto E is the norm limit of operators � x;y with x; y 2 E. Thus,
Q 2 K (HA ), and E is �nitely generated and projective by Theorem 9.8.

The ideal of \�nite-rank" operators span f � x;y : x; y 2 Eg is dense inK(E). If
1E 2 K (E), then the invertibles are open in K(E), and 1E must be �nite-rank. �

9.2. Alternate realizations of K 0 (A ). Now recall from Lemma 1.17 that we can
view V(A) as the semigroup ofeither Murray-von Neumann or unitary equivalence
classes of projectionsP(A) in M 1 (A) where [p] + [ q] := [ p � q]. Let V1(A) be
the semigroup ofA-module isomorphism classes of algebraically �nitely generated
projective A-modules where [E] + [ F] := [ E � F]. Here, we have some 
exibility
in the underlying set for V1(A) (thanks to Theorem 9.8). In particular, we can
restrict ourselves to algebraically �nitely generated Hilbert A-modules (so that
E � F means orthogonal direct sum), or even to algebraically �nitely generated
closed submodules ofHA . Also, we de�ne V2(A) to be the collection of Murray-von
Neumann equivalence classes30 of projections in K(HA ). With a little work, you
can verify that V2(A) is a semigroup with respect to the operation

[p] + [ q] := [ p0+ q0] where [p] = [ p0], [q] = [ q0], and p0 ? q0:

(The existence of suchp0 and q0 can be deduced from Lemma 9.9 which allows us
to assume that p; q � pn ; now simply \shift" q so that p ? q.)

Theorem 9.12 ([WO93, Exercise 15.K]). Let A be aC � -algebra with identity. The
map sending a projectionp 2 M n (A) to the A-module p(An ) induces a semigroup
isomorphism ' : V (A) ! V1(A). Similarly, the map sending a compact projection
q 2 K (HA ) to the A-module q(HA ) induces a semigroup isomorphism : V2(A) !
V1(A). Thus the Grothendieck groupsG

�
V1(A)

�
and G

�
V2(A)

�
are both naturally

isomorphic to K 0(A).

Proof. Given ' and  , G(' ) and G(' )�G( ) provide isomorphisms of bothG
�
V1(A)

�

and G
�
V2(A)

�
with G

�
V (A)

�
:= K 00(A), which, since 12 A, is naturally isomorphic

to K 0(A) by Proposition 1.15. Thus, we just have to verify the assertions about '
and  .

Sincep(An ) and (p+0 k )(An + k ) are clearly isomorphic, we get a well-de�ned map
' 0 : P(A) ! V1(A). But if [ p] = [ q] in V (A), then we can assume thatp; q 2 M n (A)
and that there exists u 2 Un (A) such that qu = up. Then u : An ! An is a module
isomorphism mapping p(An ) into q(An ). Furthermore u� jq(A n ) is an inverse to
ujp(A n ) . Thus ' 0(p) = ' 0(q), and we obtain a map ' : V (A) ! V1(A) such that
'

�
[p]

�
= [ p(An )]. It is not hard to check that ' is a semigroup homomorphism:

'
�
[p] + [ q]

�
= '

�
[p � q]

�

= [( p � q)An + m ]

= [ p(An )] + [ q(Am )] = '
�
[p]

�
+ '

�
[q]

�
:

30The partial isometry implementing an equivalence between t wo compact projections, must
itself be compact. Thus we can view this as equivalence in L (HA ) or in K (HA ).
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Note that ' is surjective by Theorem 9.8. To see that' is injective, suppose that
'

�
[p]

�
= '

�
[q]

�
. Then we can assumep; q 2 M n (A), and that there is an A-module

isomorphism v : p(An ) ! q(An ). Lemma 9.1 allows us to assume thatv is unitary.
Let w := v � 0 (relative to An = p(An ) � (1 � p)(An )). It is not hard to see that
w is adjointable with adjoint w� = v� � 0 (relative to An = q(An ) � (1 � q)(An )).
Sincew� w = p and ww� = q, it follows that [ p] = [ q] and ' is injective. This shows
that ' is an isomorphism as claimed.

To de�ne  , let p and q be projections in K(HA ) with w 2 L (HA ) such that p =
w� w and q = ww� . (Note that any such w must lie in K(HA ).) Then wjp(HA ) is an
A-module isomorphism ofp(HA ) onto q(HA ). Thus we can de�ne  

�
[p]

�
= [ p(HA )].

This map is surjective by Theorem 9.8 and a homomorphism because

 
�
[p] + [ q]

�
= [( p0+ q0)(HA )]

= [ p0(HA ) � q0(HA )]

=  
�
[p]

�
+  

�
[q]

�
:

The proof that  is injective is similar to that for ' . �

9.3. Generalized Fredholm Operators. If X is a Hilbert module, then the
�nitely generated closed submodules ofX are a reasonable analogue of the �nite
dimensional subspaces of a Hilbert space. (As Example 9.7 shows, the word closed
is not redundant here as it would be for �nitely generated subspaces of Hilbert
spaces.) If � is the quotient map of L (X) onto Q(X) := L (X)=K(X), then the
subsets

F (X) = f T 2 L (X) : � (T) 2 GL
�
Q(X)

�
g

F 00(X) = f T 2 L (X) : T(X) is closed and both

ker T and kerT � are algebraically �nitely generated g

F 0(X) = f T 2 L (X ) : T + K 2 F 00(X) for some K 2 K (X) g

are all reasonable candidates for the set of Fredholm operators onX, and Atkinson's
Theorem [Ped89, Proposition 3.3.11] implies these sets coincide whenA = C. For
general Hilbert modules, the relationship is unclear. WhenX = HA , then we shall
see that that

(9.6) F 00(HA ) $ F 0(HA ) = F (HA ):

This result is part of Mingo's thesis [Min87], which is where much of the material
from [WO93, Chap. 17] comes from.31 In the interests of time and space, the treat-
ment here will diverge from [WO93] (a.k.a. Mingo), and instead focus on Higson's
treatment in [Hig90, x3]. In particular, we make the following de�nition.

De�nition 9.13. If X and Y are Hilbert A-modules, thenT 2 L (X; Y) is a (gener-
alized) Fredholm operator if there is aS 2 L (Y; X) such that 1X � ST 2 K (X) and
1Y � T S 2 K (Y). One calls S a parametrix for F . The set of Fredholm operators
from X to Y is denotedF (X; Y).

31Some of Mingo's results rely quite heavily on earlier work of Kasparov, Mi�s�cenko and
Fromenko, and Pimsner, Popa, and Voiculescu. Some of the arg uments have simpli�ed over
time, but Mingo's treatment is still quite nice and readable .
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Of course, whenX = Y, we simply write F (X) and obtain the same class of
operators as above. In the classical case | that is, X = Y �= `2, every Fredholm
operator T has closed range and one can choose the parametrixS so that 1 � ST
is the projection onto kerT while 1 � T S is the projection onto kerT � [Ped89,
Proposition 3.3.11]. In particular, both 1 � ST and 1 � T S are �nte-rank. Un-
fortunately, not every generalized Fredholm operator need have closed range: the
operator T : X ! X from Example 9.5 is Fredholm, sinceK(X) = L (X). However,
as Exel points out in [Exe93], but does not prove, one can still demand that the
parametrix is an inverse up to generalized �nite-rank operators; that is, operators
in spanf � x;y : x 2 X and y 2 Y g.

Lemma 9.14. Suppose thatT 2 L (X; Y) is Fredholm. Then there is a parametrix
S such that 1X � ST and 1Y � T S are �nite-rank operators.

Proof. Let �( X) denote the �nite-rank operators from X to X. If S is a parametrix
for T, then there is a �nite-rank F 2 �( X) such that k1 � (ST + F )k < 1. In
particular, ST + F is invertible. Let S0 := ( ST + F ) � 1S. Then

S0T = ( ST + F ) � 1ST = ( ST + F ) � 1(ST + F ) + ( ST + F ) � 1F

= 1 X + ( ST + F ) � 1F:

Since �( X) is a (not necessarily closed) two-sided ideal inL (X), 1X � S0T is �nite
rank.

Similarly, we can construct S00 such that 1Y � T S00 is �nite rank. But then
modulo the ideal of �nite-rank operators,

S0 � S0(T S00) � (S0T)S00� S00:

Therefore, 1Y � T S0 = (1 Y � T S00) + T(S00� S0) 2 �( Y). �

If T has closed range, then we can invoke Theorem 9.6 to recover a more complete
analogue of the classical theory.

Lemma 9.15. Let X and Y be Hilbert A-modules. Suppose thatT 2 F (X; Y) has
closed range. Then there is a parametrixS for T such that

(9.7) T = T ST and S = ST S:

In fact, we can chooseS such that 1Y � T S is the (orthogonal) projection onto
ker T � and 1X � ST is the (orthogonal) projection onto ker T. It follows that ker T
and ker T � are algebraically �nitely generated closed (hence projective) submodules
of X and Y, respectively.

Proof. Since the range ofT is closed, Theorem 9.6 implies thatT � (Y) is also closed
and that we have

X = T � (Y) � ker T(9.8)

and

Y = T(X) � ker T � :(9.9)

Then TjT � (Y) is an injective bounded operator fromT � (Y) onto T(X) and must have
a bounded inverseS0. Let S := S0 � 0 relative to (9.8). Similarly, we can de�ne
R0 to be the inverse ofT � jT (X) and get a bounded operatorR = R0 � 0 relative to
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(9.9). Routine computations32 show that R is an adjoint for S and thus S 2 L (Y; X)
as required. Similar calculations show thatS satis�es (9.7). It is immediate that
1X � ST is an idempotent with range kerT. The de�nition of S implies that ST is
the identity on T � (Y). Since X = ker T � T � (Y) by Theorem 9.6, 1X � ST is the
orthogonal projection as claimed. Similarly, 1Y � T S is the projection onto kerT �

(becauseT S is the projection onto the range ofT). Using Lemma 9.14, we can �nd
a parametrix S00such that 1X � S00T and 1Y � T S00are �nite-rank operators. Since

1X � ST = (1 X � S00T)(1X � ST);

it follows that 1 X � ST is �nite-rank: say, 1 X � ST =
P n

i =1 � x i ;y i . Since 1X � ST
is the identity on ker T, it follows that ker T is �nitely generated with generators
f x i g. In particular, ker T is �nitely generated projective by Corollary 9.10. A
similar argument applies to 1Y � T S and kerT � .33 �

Remark 9.16. An operator S 2 L (Y; X) satisfying (9.7) is called a pseudo-inverse
for T. Since (9.7) implies that T S is an idempotent with Range equal to RangeT,
it follows that any operator with a pseudo-inverse has closed range.

Lemma 9.17. Suppose thatT 2 L (HA ) has closed range and that bothker T and
ker T � are �nitely generated (hence projective). Then T 2 F (HA ).

Proof. Theorem 9.6 implies that T has a polar decompositionV jT j. Notice that
1� V � V = P whereP is the projection onto kerT. Then P 2 K (HA ) by Theorem 9.8
as is 1� V V � . This means V 2 F (HA ), and it will su�ce to see that jT j + P is
invertible in L (HA ). But Theorem 9.6 implies that HA = ker jT j � RangejT j;
therefore, it is not hard to see that jT j + P is bijective. Thus, jT j + P is invertible
by the Open Mapping Theorem. �

De�nition 9.18. Let X and Y be countably generated Hilbert modules over a unital
C � -algebra A. Suppose thatT 2 L (X; Y) is Fredholm with closed range. Then the
index of T is the element indT in K 0(A) which is the image of [kerT] � [ker T � ]
under the natural isomorphism of G

�
V1(A)

�
onto K 0(A) given by Theorem 9.12.

Remark 9.19. In the sequel, if E and F are �nitely generated projective modules,
we'll view [E ] � [F ] as an element ofK 0(A) and suppress any mention of the
isomorphism from Theorem 9.12.

Next we want to extend ind to arbitrary Fredholm operators. There are two
paths. The �rst is to work with compact perturbations of operators on HA . This is
Mingo's approach and is treated in detail in [WO93, Chap. 17]. The second follows
Higson [Hig90] and Exel [Exe93]. We will sketch the �rst and look at the second in
more detail.

32Let x 2 X and y 2 Y. Then (9.8) allows us to write

x = T � (y0 ) + x0

with x0 2 ker T = T � (Y)? and y0 2 (ker T � )? = T (X). Similarly,

y = T (x0 ) + y0

with y0 2 ker T � = T (X)? and x0 2 (ker T )? = T � (Y). Then

hSy ; x i
A

= hx0 ; T � y0 i
A

= hT x0 ; y0 i
A

= hT x0 ; Rx i
A

= hy ; Rx i
A

:

33I have not appealed directly to Theorem 9.8 just to avoid havi ng to assume X and Y are
countably generated. I'm not sure why I bothered.
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Lemma 9.20. Suppose thatu is a unitary in Q(HA ) := L (HA )=K(HA ). Then there
is a partial isometry V 2 L (HA ) such that � (V ) = u.

Remark 9.21. If A = C, then HC = `2 and Q(HC) is the Calkin algebra. In this
case, the above result is a straightforward consequence of polar decomposition: if
� (Z ) = u and Z = V jZ j, then

u = � (Z ) = � (V )� (jZ j)

= � (V )
�
� (Z � )� (Z )

� 1
2

= � (V ):

Remark 9.22. Lemma 9.20 is valid whenHA is replaced by anyX for which K(X)
has a approximate identity consisting of projections | note that f pn g is an ap-
proximate unit of projections for K(HA ). This will be the only property of HA used
in the proof. (I believe the word \projection" was omitted from Remark 17. 1.3 of
[WO93].)

Proof of Lemma 9.20. ChooseZ in L (HA ) with � (Z ) = u. Since 1� Z � Z is in
K(HA ), we can �nd a projection P 2 K (HA ) such that

k(1 � P)(1 � Z � Z )(1 � P)k = k(1 � P) � (1 � P)Z � Z (1 � P)k < 1:

This implies that (1 � P)Z � Z (1 � P) is invertible in (1 � P)L (HA )(1 � P) with
inverse

(1 � P) +
1X

k=1

�
(1 � P)Z � Z (1 � P)

� k
:

SinceP is invertible in PL(HA )P with inverse P, we see that

T := P + (1 � P)Z � Z (1 � P)

is invertible in L (HA ) with

T � 1 = I +
1X

k=1

�
(1 � P)Z � Z (1 � P)

� k
� 0:

SinceT � 1 is positive, T � 1
2 is de�ned and is the norm limit of polynomials in T � 1

without constant term. Thus, P T � 1
2 = P = T � 1

2 P.
Now let V := Z (1 � P)T � 1

2 . SinceP is compact and� (T) = � (Z � Z ) = 1,

� (V ) = � (ZT � 1
2 ) � � (ZP T � 1

2 )

= � (Z ) � 0

= u:

All that remains to be shown is that V is a partial isometry. But

V � V = T � 1
2 (1 � P)Z � Z (1 � P)T � 1

2

= T � 1
2 (T � P)T � 1

2

= I � P: �

Lemma 9.23. If F 2 F (HA ), then there is a G 2 F (HA ) with closed range such
that F � G 2 K (HA ).
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Proof. SinceF 2 F (HA ), � (F )� (jF j) � 1 us a unitary in Q(HA ), Lemma 9.20 implies
that there is a partial isometry W in L (HA ) such that � (W ) = � (F )� (jF j) � 1.
SincejF j is positive, log� (jF j) is de�ned and we can chooseH 2 L (HA ) such that
� (H ) = log � (jF j). Now we let G := W exp(H ). Since exp(H ) is invertible,

RangeG = Range W ;

in particular, the range of G is closed. Since

� (G) = � (W )�
�
exp(H )

�

= � (F )� (jF j) � 1 exp
�
� (H )

�

= � (F )� (jF j) � 1 exp
�
log � (jF j)

�

= � (F );

F � G is compact andG 2 F (HA ). �

Remark 9.24. Lemmas 9.15 and 9.17 implies that we always have

(9.60) F 00(X) � F 0(X) � F (X):;

at least when X = HA , and it is not hard to see how to modify the proof of
Lemma 9.17 for generalX. The equality in (9.6) follows from Lemma 9.23; unfor-
tunately, I do not see how to extend the argument to generalX.

Remark 9.25 (Mingo's Approach). From here on we'll switch to Higson's approach.
Mingo's treatment [Min87] is treated in detail in [WO93, Chap. 17], but I'll give
a brief sketch here. Using Lemma 9.23, it is natural to attempt to extend the
de�nition of ind to all Fredholm operators T 2 F (HA ) by setting ind T equal to
ind G, where G is any compact perturbation of T which has closed range. To do
this, we would need to see that indS = ind G whenever S and G are Fredholm
with closed range satisfyingS � G compact. Fortunately this is true, but the proof
due to Kasparov [Kas80] is rather complex. A reasonable exposition of Kasparov's
argument is given in [WO93] (see [WO93, Corollary 17.2.5]).34 With Kasparov's

D

result in hand, we get a well-de�ned map ind : F (HA ) ! K 0(A). More hard
work is required to show that ind T = ind S if and only if T and S are connected
by a continuous path in F (HA ). The \only if" direction requires we know that
the unitaries in L (HA ) are connected. SinceL (HA ) �= M

�
K(HA )

� �= M
�
K(A 


`2)
� �= M (A 
 K ), this follows from Mingo's ([Min87, Theorem 2.5] or [WO93,

Theorem 16.8]) (provided 1 2 A).35 Then one shows that that the set of path
components [F (HA )] in F (HA ) is an abelian group with [S][T] := [ ST], [T ]� 1 the
class of any parametrix forT, and identity the class of any invertible element. Thus
ind : [F (HA )] ! K 0(A) is an isomorphism ([Min87, Proposition 1.13] or [WO93,
Theorem 17.3.11]). More generally, the set of homotopy classes [X; F (HA )] from a
compact Hausdor� space X into F (HA ) is a group isomorphic to K 0

�
C(X ) 
 A

�

[Min87, Theorem 1.13].

Its now time to give Higson's de�nition of homotopy between Fredholm operators
on (possibly) di�erent Hilbert modules. For this, we need the notion of the int ernal
tensor product of a Hilbert B -module X and a Hilbert A-module Y for which there

34On the other hand, we give an alternate proof in Corollary 9.4 5.
35I was surprised to discover that a corollary of the unitaries in M (A 
 K ) being connected if

A is unital or � -unital, is that the unitary group of M (A 
K ) is contractible in the norm topology .
This is a generalization of Kupier result that the unitary gr oup of B (H ) is contractible [Kui65].
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is a homomorphism' : B ! L (Y). Unfortunately, this is slightly more general than
that treated in [RW98, x3.2]. Instead, a good reference is [Lan94, Proposition 4.5],
and I've given a short treatment in Appendix C. There it is shown that

(9.10) hhx1 
 y1 ; x2 
 y2ii
A

:=


y1 ; '

�
hx1 ; x2i

B

�
y2

�
A

is a well de�ned pre-inner product on the algebraic tensor product X � Y as in
[RW98, Lemma 2.16]. Thus [RW98, Lemma 2.16] implies that the completion
X 
 ' Y is a Hilbert A-module. For details, see Proposition C.1 or Appendix C.
One of the more important features of this tensor product is that it is B -balanced
in that x � b
 y and x 
 ' (b)y have the same image inX 
 ' Y. If T 2 L (X; Z) for
some Hilbert A-module Z, then there is an operator T 
 ' 1 2 L (X 
 ' Y; Z 
 ' Y)
characterized by T 
 ' 1(x 
 ' y) = T x 
 ' y (Proposition C.2). We primarily need
this construct when Y = AA , B = C

�
[0; 1]; A

�
and ' is evaluation at t. In these

cases, we'll writeX 
 � t A for the resulting Hilbert A-module.

Remark 9.26. As is customary in the subject we will invoke the isomorphism of the
C � -algebrasC0(X ) 
 A and C0(X; A ) without comment [RW98, Proposition B.16].
There is a similar construction with Hilbert modules. Suppose that Y is a Hilbert
A-module and X a locally compact Hausdor� space. ThenZ := C0(X; Y) carries
an obvious C0(X; A )-valued inner product and the induced norm onZ is

kf kZ = sup
x 2 X

kf (x)kY :

In particular, Z is a Hilbert C0(X; A )-module. Alternatively, we can form the
external tensor product C0(X ) 
 Y [RW98, Proposition 3.36], which is also a Hilbert
C0(X; A ) module (after identifying C0(X; A ) with C0(X ) 
 A as above). The usual
map of C0(X ) � Y into C0(X; Y) extends to a Hilbert module isomorphism of
C0(X ) 
 Y with C0(X; Y). Notice that

K
�
C0(X ) 
 Y

� �= C0(X ) 
 K (Y) �= C0(X; K(Y))

by [RW98, Corollary 3.38].

Example 9.27. Let Y be a Hilbert A-module andC0(X; Y) the corresponding Hilbert
C0(X; A )-module. Then f 
 a 7! f (t) � a extends to a unitary isomorphism

U ( t ) : C0(X; Y) 
 � t A ! Y:

Proof. Just compute

hhf 
 a ; g 
 aii
A

= a� hf ; g i
C ( 0 ( X;A )

(t)b

= a� 

f (t) ; g(t)

�
A

b =


f (t) � a ; g(t) � b

�
A

: �

De�nition 9.28 ([Hig90, De�nition 3.25]) . Two Fredholm operators F0 : E(0)
0 !

E(0)
1 and F1 : E(1)

0 ! E(1)
1 are unitarily equivalent if there are unitaries Ui 2

L(E(0)
i ; E(1)

i ) such that F0 = U �
1 F1U0. That is, the diagram

E(0)
0

F0 //

U0

��

E(0)
1

U1

��
E(1)

0

F1 //E(1)
1

commutes.
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De�nition 9.29. We say that F0 and F1 are homotopic if there are Hilbert C(I; A )-
modules eE0 and eE1 and a Fredholm operator eF : eE0 ! eE1 such that eF 
 � i 1 :
eE0 
 � i A ! eE1 
 � i A and Fi : E( i )

0 ! E( i )
1 are unitarily equivalent for i = 0 ; 1. In

this case we writeF0  h F1.

Thus if F0  h F1 via eF as above, then there are HilbertA-module isomorphisms
(a.k.a. unitaries)

U ( i )
k : eEk 
 � i A ! E( i )

k

such that

eE0 
 � i A
U ( i )

0 //

eF 
 � i 1

��

E( i )
0

F i

��
eE1 
 � i A

U ( i )
1 //E( i )

1

commutes for i = 0 ; 1.
De�nition 9.29 is a bit hard to swallow all at once | at least it was for me. It

is not even obvious that it is re
exive or symmetric, and it (apparently) fail s to be
re
exive, and so it is not an equivalence relation. (Not that this is clear from the
literature { quite the opposite is true.) However, we shall see that it generates a
rather useful equivalence relation. The following example is the usual way in which
one might employ homotopy | a so called operator homotopy | and it serves as
excellent motivation. In the example, the moduleseEi are simply C

�
[0; 1]; Ei

�
as one

would expect. The added 
exibility of Higson's de�nition which employs arbitrary
C

�
[0; 1]; A

�
-modules will be apparent in due course and is crucial to his treatment.

To ease the notational burden in the sequel, it will be convenient to useI in
place of [0; 1] when dealing with homotopies.

Example 9.30 (Operator homotopies). Suppose that for eacht 2 [0; 1], Ft is a
Fredholm operator from E0 to E1, and that t 7! Ft is norm continuous. Then, as
you would hope,F0 and F1 are homotopic. To see this, leteEi := C

�
I; Ei

�
with the

obvious Hilbert C(I; A )-module structure. Then de�ne eF by

( eF x)( t) := Ft
�
x(t)

�
:

Fix t0 2 [0; 1], and let S be a parametrix for Ft 0 . Let � i : L (Ei ) ! Q (Ei ) be
the natural map, and notice that � 0(SFt 0 ) = 1. Thus, � 0(SFt ) is invertible near
t0. A compactness argument allows us to choose operatorsSk 2 L (E1; E0) and a
partition of unity f k 2 C

�
[0; 1]

�
such that S0

t :=
P n

k=1 f k (t)Sk satis�es � 0(S0
t Ft )

invertible for all t 2 [0; 1]. SinceC
�
I; Q(E0)

� �= C
�
I; L (E0)

�
=C

�
I; K(E0)

�
, we can

�nd a lift t 7! Wt of t 7! � 0
�
S0

t Ft
� � 1

and let St := Wt S0
t . Then St Ft � 1E0 is

compact for all t. By a similar argument, we can �nd operators Rt 2 L (E1; E0)
such that t 7! Rt is continuous andFt Rt � 1E1 is compact for all t. Then modulo
compacts

Rt � (St Ft )Rt � St (Ft Rt ) � St :

In particular, Ft St � 1E1 is compact for all t, and t 7! St is a parametrix for eF and
eF is Fredholm.

Furthermore, as in Example 9.27,f 
 a 7! f (i ) � a de�nes a unitary operator

(9.11) U ( i )
k : C(I; Ek ) 
 � i A ! Ek
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Then it is a simple matter to check that

F0 = U (0)
1 ( eF 
 � 0 1)U (0)

0

�
and(9.12)

F1 = U (1)
1 ( eF 
 � 1 1)U (1)

0

�
:(9.13)

For example, to check (9.12), �rst note that U (0)
0

�
mapsx 2 E0 to the class of ~x 
 1

in C(I; E0) 
 � 0 A, where ~x is the constant function ~x(t) = x. Thus, U (0)
1 ( eF 
 � 0

1)U (0)
0

�
(x) = ( eF ~x)(0) = F0(x).

Remark 9.31. Notice that if eF is a Fredholm operator from C(I; E0) to C(I; E1),
then we can de�ne unitaries U ( t )

k : C(I; Ek ) 
 � t A ! Ek as in (9.11). Then one can

show that Ft := U ( t )
1 ( eF 
 � t 1)U ( t )

0

�
is Fredholm from E0 to E1 and that t 7! Ft is

an operator homotopy.

In general, if eF is a Fredholm from eE0 to eE1, then t 7! eF 
 � t 1 is meant to
be a generalized operator homotopy. The dramatic 
exibility of De�nition 9.2 9 is
illustrated by the next result.

Proposition 9.32 ([Hig90, Proposition 3.27]). Let A be aC � -algebra with identity
and let F : E0 ! E1 be a Fredholm operator between HilbertA-modules. If F has
closed range, thenF is homotopic to the zero operator0 : kerF ! ker F � .

For the proof we need a lemma.

Lemma 9.33. Suppose thatE is a �nitely generated Hilbert A-module. Then for
any compact spaceX , C(X; E) is a �nitely generated Hilbert C(X; A )-module.

Proof. The only real issue is to show thatC(X; E) is �nitely generated. We can
assume that E is a complemented submodule ofAn with basis f ei g and that p is
the projection of An onto E. If f 2 C(X; E) � C(X; A n ), then f =

P
i ei � f i where

f i 2 C(X; A ). But then for each t 2 X , f (t) = p
�
f (t)

�
=

P
i p(ei ) � f i (t). Therefore

C(X; E) is generated by the constant functionsFi where Fi (t) = p(ei ). �

Proof of Proposition 9.32. Lemma 9.15 implies that kerF and kerF � are �nitely
generated projective. Then Corollary 9.11 implies that every operator inL (ker F )
and L (ker F � ) is compact. Therefore, 0 : kerF ! ker F � is Fredholm. Furthermore,
F has a polar decompositionF = V jF j by Theorem 9.6. SincetjF j + (1 � t)I is
invertible if t 6= 1, if follows that Ft := V

�
tjF j + (1 � t)I

�
is Fredholm36 for all

t 2 [0; 1]. Thus F is operator homotopic to V , and will su�ce to prove the result
with V in place of F .

Note that 1 � V � V and 1 � V V � are the projections onto kerV and kerV � ,
respectively. Since

eE0 := f f 2 C(I; E0) : f (1) 2 ker V g

and

eE1 := f f 2 C(I; E1) : f (1) 2 ker V � g

36This is not completely trivial. It is easy to see that jF j must be Fredholm. To see that V
is Fredholm, note that if S is a parametrix for F and W a parametrix for jF j, then U := jF jS is
one for V . For example, UV � j F jSV jF jW � 1.
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are closed submodules, they are HilbertC(I; A )-modules, and we can de�ne eV :
eE0 ! eE1 by

( eV f )( t) := V
�
f (t)

�
:

The adjoint of eV is give by the corresponding formula forV � . Then it is easy to
see that 1� eV � eV is the projection onto the submodule

eY0 := f f 2 eE0 : f (t) 2 ker V for all t 2 [0; 1]g �= C(I; ker V );

and 1� eV eV � is the projection onto

eY1 := f f 2 eE0 : f (t) 2 ker V � for all t 2 [0; 1]g �= C(I; ker V � );

Since kerV is �nitely generated, so is Y0. Thus Y0 is projective and 12 K (Y0) by
Corollary 9.11. From this it is not hard to see that 1 � eV � eV is compact. Since a
similar argument shows that 1 � eV eV � is compact, eV is Fredholm. Then we can
de�ne unitary operators

U (0)
k : eEk 
 � 0 A ! Ek (k = 0 ; 1)

by sending the class off 
 a to f (0) � a, as well as

U (1)
0 : eE0 
 � 1 A ! ker V;

and

U (1)
1 : eE1 
 � 1 A ! ker V �

by sending f 
 a to f (1) � a. Then

V = U (0)
1 ( eV 
 � 0 1)U (0)

0

�
and 0 = U (1)

1 ( eV 
 � 1 1)U (1)
0

�
:

Thus eV is the required homotopy betweenV and the zero operator. �

An even more extreme example is the following.

Proposition 9.34 ([Hig90, Proposition 3.28]). Let E0 and E1 be Hilbert mod-
ules over a not necessarily unitalC � -algebra A. If F is an invertible operator in
L (E0; E1), then F is homotopic to the zero operator0 : 0 ! 0 on the trivial Hilbert
A-module.

Proof. De�ne eEi as in the proof of Proposition 9.32 andeF analogously to eV . Then
one sees easily thateF is invertible and hence Fredholm. Then eF gives the desired
homotopy just as above. �

The following lemma is helpful for understanding homotopy, and it will be useful
down the road.

Lemma 9.35. Suppose thatF : E0 ! E1 is Fredholm. If K 2 K (E0; E1) is compact,
then F + K is homotopic to F . If X is any Hilbert A-module, thenF � 1 : E0 � X !
E1 � X is Fredholm and homotopic toF . In particular, F is homotopic to a Fredholm
operator F 0 : HA ! HA .
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Proof. The �rst statement is easy: Ft := F + tK is Fredholm and t 7! Ft is an
operator homotopy from F to F + K . For the second, let S : E1 ! E0 be a
parametrix for F . De�ne

eEk := f (f 1; f 2) 2 C(I; Ek � X) : f 2(0) = 0 g;

as well as eF : eE0 ! eE1 and eS : eE1 ! eE0 by

eF
�
(f 1; f 2)

�
(t) :=

�
F

�
f 1(t)

�
; f 2(t)

�
and eS

�
(g1; g2)

�
(t) :=

�
S

�
g1(t)

�
; g2(t)

�
:

Then eS is a parametrix for eF (see Remark 9.26) andeF is Fredholm. The usual
maps induce unitaries

U (0)
k : eEk 
 � 0 A ! Ek ; and U (1)

k : eEk 
 � 1 A ! Ek � X

such that

F = U (0)
1 ( eF 
 � 0 1)

�
U (0)

0

� �
; and F � 1 = U (1)

1 ( eF 
 � 1 1)U (1)
0

�
:

The second assertion follows from this.
To prove the last assertion, let X = HA in the second assertion. Thus the

Kasparov stabilization theorem implies F � 1 is unitarily equivalent to an operator
on HA . �

Lemma 9.36. Suppose thatF0 : E(0)
0 ! E(0)

1 and F1 : E(1)
0 ! E(1)

1 are Fredholm
operators. Then F0  h F0. If F0  h F1, then we also haveF1  h F0.

Proof. Sincet 7! F is an operator homotopy from F to itself, the �rst assertion is
easy. Suppose thateF : eE0 ! eE1 is a homotopy from F0 to F1 such that

Fk = U (k )
1 ( eF 
 � k 1)U (k )

0

�
:

Let � be the automorphism of C(I; A ) de�ned by � (f )( t) = f (1 � t). Let

eS := eF 
 � 1 : eE0 
 � C(I; A ) ! eE1 
 � C(I; A );

and eU (k )
i := U (k )

i 
 1. Then eS gives a homotopy37 from F1 ! F0. To see this, not
D

that � eEk 
 � C(I; A )
�


 � t A �= eEk 
 � 1 � t A

by the map sending (x 
 � f ) 
 � t a 7! x 
 � 1 � t f (t) � a. Just compute:

hh(x 
 f ) 
 a ; (y 
 g) 
 bii
A

= a� hx 
 � f ; y 
 � gi
C ( I;A )

(t)b

= hhx 
 f (t) � a ; y 
 g(t) � bii
A

: �

De�nition 9.37 ([Hig90, De�nition 3.29]) . Let A be a C � -algebra with identity.
Let � h be the equivalence relation generated by h . Then let K 0(A) be the
set F =� h -homotopy classes of (generalized) Fredholm operatorsF on countably
generated Hilbert A-modules.38

Remark 9.38. In view of Lemma 9.36,F0 � h F1 if and only if there are operators
Fi 2 F such that

(9.14) F0  h F2  h F3  h � � �  h Fn  h F1:

37Needs checking.
38Since any F 2 F is homotopic to an operator F 0 2 F (HA ), K 0(A ) is certainly a set.
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Even Higson admits that in view of Proposition 9.32, it is reasonableto suspect
that K 0(A) is small | even f 0g. However, our goal is to prove that K 0(A) is
naturally isomorphic to K 0(A). The �rst step in this direction is to show that
K 0(A) is an abelian group. It is tedious but straightforward to check that F0  h F1

and S0  h S1 implies that F0 � S0  h F1 � S1. Now if F0 � h F1 and S0 � h S1,
then we conclude that there are operatorsFi and Sj such that (9.14) holds as well
as a similar one for theSj . Since  h is re
exive, we can assume the two chains
have the same length. Thus it follows that F0 � S0 � h F1 � S1, and we can equip
K 0(A) with a binary operation

(9.15) [F0] + [ F1] := [ F0 + F1]

which makesK 0(A) a semigroup with identity equal to the class of the zero operator
0 : 0 ! 0 on the trivial Hilbert A-module. (This class includes all invertible
operators.)

Proposition 9.39. With the binary operation (9.15), K 0(A) is an abelian group.
The inverse of [F ] is given by the class of any parametrixS for F .

Proof. Since F0 � F1 is unitarily equivalent to F1 � F0, K 0(A) is abelian. If F :
E0 ! E1 is Fredholm with parametrix S : E1 ! E0. It su�ces to see that F � S is
homotopic to an invertible operator. For this, it su�ces to see that F � S di�ers
from an invertible operator by a compact operator. But, viewed as an operator on
E0 � E1,

F � S =
�

0 S
F 0

�
;

however, modulo compacts
�

1 S
0 1

� �
1 0

� F 1

� �
� 1 S
0 1

�
=

�
1 � SF (1 � SF)F + S

F 1 � SF

�

�
�

0 S
F 0

�
;

and this su�ces as the left-hand side is invertible:
��

1 S
0 1

� �
1 0

� F 1

� �
� 1 S
0 1

�� � 1

=
�

� 1 S
0 1

� �
1 0
F 1

� �
1 � S
0 1

�
: �

The following is helpful for understanding K 0(A), although we will not make use
of it here.

Proposition 9.40. If F 2 F (E0; E1) and S 2 F (E1; E2), then

[F ] + [ S] = [ S � F ]:

Proof. We can chooseF 0 and S0 in F (HA ) so that [F ] = [ F 0] and [S] = [ S0].
Furthermore, we have F 0 = U1(F � 1)U �

0 where Ui is an isomorphism ofEi � HA

onto HA . Then S0 � F 0 = U2(S � F � 1)U �
0 and [S � F ] = [ S0 � F 0]. Thus, it su�ces

to prove the result when E0 = E1 = E2.
But now let

Ut :=
�

cos �
2 t � sin �

2 t
sin �

2 t cos �
2 t

�
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and,

Wt :=
�

S0 0
0 1

�
Ut

�
F 0 0
0 1

�
U �

t :

Then check that

W1 =
�

S0 0
0 F 0

�
and W0 =

�
S0 � F 0 0

0 1

�
: �

The next order of business is to see thatK 0 is a functor. To do this, we have
produce a homomorphismK 0(f ) : K 0(A) ! K 0(B ) for any homomorphism f : A !
B . But if F 2 F (E0; E1), then we can construct F 
 f 1 : E0 
 f B ! E1 
 f B as
in Proposition C.2. Since K(BB ) = B , it also follows from Proposition C.2 that
K 
 f 1 2 K (Ei 
 f B ) if K 2 K (Ei ) ( i = 0 or 1). Thus F 
 f 1 is Fredholm and if S
is a parametrix for F , then S 
 f 1 is a parametrix for F 
 f 1.

Now suppose that eF : eE0 ! eE1 is a homotopy from F0 : E(0)
0 ! E(0)

1 to F1 :
E(1)

0 ! E(1)
1 . Thus there are unitaries

U (k )
i : E(k )

i 
 � k A ! E(k )
i

such that

F0 = U (0)
1 ( eF 
 � k 1)U (0)

0

�
; and F1 = U (1)

1 ( eF 
 � k 1)U (1)
0

�
:

Then one can show that eF 
 f 1 : eE0 
 f B ! eE1 
 f B is a homotopy from F0 
 f 1
to F1 
 f 1. This allows us to de�ne K 0(f )[F ] := [ F 
 f 1]. SinceF 
 f 1 � S 
 f 1
is unitarily equivalent to ( F � S) 
 f 1, K 0(f ) is a homomorphism. We still need
to see that K 0 preserves compositions. That is, iff : A ! B and G : D ! A are
homomorphisms, then we need to show that

K 0(f � g) = K 0(f )K 0(g):

This means that

[F 
 f � g 1] = [( F 
 g 1) 
 f 1];

and it will su�ce to see that F 
 f � g 1 and (F 
 g 1) 
 f 1 are unitarily equivalent.
But x 
 a 
 b 7! z 
 f (a)b extends to a unitary map39

Uk : Ek 
 g A 
 f B ! Ek 
 f � g B;

and

(F 
 f � g 1)U0 = U1(F 
 g 1 
 f 1):

Thus K 0 is a covariant functor.
Since we are assumingA is unital, each element in K 0(A) is represented by a

formal di�erence [E] � [F] of �nitely generated projective Hilbert A-modules. Thus
0 : E ! F is a Fredholm operator, and we get a map

J : K 0(A) ! K 0(A)

39It is not so obvious that UK is onto. But each element x 2 Ek is of the form z � d for some
d 2 D . Thus each x 
 f � g b equals z 
 f � g f (g(d)) b, which is in the range of Uk .
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de�ned by J
�
[E] � [F]

�
= [0 : E ! F]. Furthermore, this map is natural: given a

unital homomorphism f : A ! B , the diagram

K 0(A)
K 0 ( f ) //

J A

��

K 0(B )

J B

��
K 0(A)

K 0( f )
//K 0(B )

commutes. To see this, note thatK 0(f )
�
[pAn ]

�
= [ f (p)B n ]. So we have to see that

pAn 
 f B is isomorphic to f (p)B n . But I claim

(9.16) (ai ) 
 f b 7!
�
f (ai )b

�

de�nes an isometric mapU : pAn 
 f B ! f (p)B n . To see that U is surjective, note
that U is the restriction of the corresponding map fromAn 
 f B to B n which is
surjective becausef is unital:

P
i ei 
 f bi 7! (bi ).

Remark 9.41. We will make use of the following easily proved assertions regarding
operatorsT 2 L (X1 � X2; Y1 � Y2). Such operators are in one-to-one correspondence
with matrices �

TX1 Y1 TX2 Y1

TX1 Y2 TX2 Y2

�

where TXi Yj 2 L (Xi ; Yj ). Furthermore, T is compact if and only if eachTXi Yj is.
SinceK(X; Y) = L (X; Y) if either X or Y is �nitely generated (hence projective), it
follows that if E is �nitely generated, then T 2 L (X � E; Y � E) is compact if and
only if TXY is compact. In particular, if T and S belong to L (X � E; Y � E) and
TXY � SXY 2 K (X; Y), then T � S is compact. ThusT 2 L (X� E; Y � E) is Fredholm
if and only if TXY is.

As in De�nition 9.18, if M is a �nitely generated Hilbert A-module, then I'll
write [M] for the associated class inK 0(A) via the isomorphism of Theorem 9.12.
If M and N are both �nitely generated, we need conditions which force [M] and [N]
to be equal; equivalently, we want to know when [M] � [N] = 0 in K 0(A). We can
assume that M = pAn and N = qAr . There is no harm is taking n = r . Thus
Proposition 1.19 implies [M] � [N] = 0 if and only if p � 1m � q � 1m in M n + m (A)
(again, increasingn if necessary). In particular, [M] = [ N] implies that for some m,
there is a isomorphism forM � Am onto N � Am . In [Exe93], Exel proves a useful
and powerful converse to this assertion. He �rst makes the following de�nition.

De�nition 9.42 (cf., [Exe93, De�ntion 2.5 and Lemma 2.6]). Hilbert A-modules
X and Y are quasi-stably-isomorphic if there is a countably generated HilbertA-
module Z and an invertible operator T 2 L (X � Z; Y � Z) such that 1Z � TZZ is
compact.

Theorem 9.43. If M and N are �nitely generated Hilbert A-modules which are
quasi-stably-isomorphic, then[M] � [N] = 0 in K 0(A).

Proof. Let X be a countably generated HilbertA-module andT 2 L (M� X; N� X) an
invertible operator with TXX � I X 2 K (X). Replacing T by T � 1HA and X� HA by HA

(via the Kasparov Stabilization Theorem), we can assumeX �= HA . Furthermore,
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we �x an isomorphism ' : X � M ! HA . By Theorem 9.6 we can writeT = V jT j
with V unitary. De�ne F 2 L (HA ) by

HA
' //M � X V //N � X P //X � //M � X

' �

//HA ;

where P and � are the obvious projection and inclusion. ThusF = 'F 0' � , where
F 0 2 L (M � X) has matrix �

0 0
VMX VXX

�
:

Then F � = 'G 0' � , where G0 2 L (M � X) has matrix
�

0 V �
MX

0 V �
XX

�

But

F 0G0F 0 �
�

0 0
VMX VXX

� �
0 V �

MX
0 V �

XX

� �
0 0

VMX VXX

�

=
�

0 0
VMX VXX

� ��
V �

MN V �
MX

V �
XN V �

XX

� �
0 0

VMX VXX

��

=
��

0 0
VMX VXX

� �
V �

MN V �
MX

V �
XN V �

XX

�� �
0 0

VMX VXX

�

which, sinceV V � = 1,

=
�

0 0
0 1XX

� �
0 0

VMX VXX

�

� F 0

Therefore F = F F � F , and F is a partial isometry. Moreover, 1HA � F � F is the
projection onto ker F , which is isomorphic to N. SinceN is projective, 1 � F � F is
compact, and the class [1� F � F ], viewed as an element ofK 0(A), coincides with
that of [N]. Similarly, 1 � F F � is compact and [1� F F � ] = [ M].

Now let � (F ) be the image ofF in Q(HA ) = L (HA )=K(HA ). By the above, � (F )
is unitary. Let

@: K 1
�
L (HA )=K(HA )

�
! K 0

�
K(HA )

�

be the index map inK -theory as de�ned in Theorem 8.1. NowHA
�= A 
 `2 [RW98,

Lemma 3.43], and soK(HA ) �= A 
K (`2) [RW98, Corollary 3.38]. Thus K 0
�
K(HA )

�

can be identi�ed with K 0(A) via the natural map K 0(� ) : K 0(A) ! K 0
�
K(HA )

�
of

Theorem 4.1. Thus, we will view @as a map into K 0(A).40 I intend to show that
D

@
�
[� (F )]

�
= [ N] � [M] on the one hand, and that @

�
[� (F )]

�
= 0 on the other hand.

This will su�ce.
But, since � (F ) has a lift to a partial isometry | namely F | we can compute

@
�
[� (F )]

�
just as we did in the caseA = C and HA = H in the remarks preceding

Theorem 8.1. Let

W :=
�

F 1 � F F �

1 � F � F F �

�
:

40Since every projection in K (HA ) is equivalent to one in M n (A ) (viewed as subalgebra of
K (HA ) �= A 
 K (`2 )), it is not hard to see that our identi�cation of the equival ence class of a
projection in K (HA ) with a class in K 0 (A ) in Theorem 9.12 is the inverse of K 0 (� ). Therefore if p
is a projection in K (HA ), we can identify the class of p in K 0

�
K (HA )

�
and the class it represents

in K 0 (A ).
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Then W is unitary lift of � (F ) � � (F ) � , and proceeding as in (8.1), we have

@
�
[� (F )]

�
= [1 � F � F ] � [1 � F F � ] = [ N] � [M]:

Since T = V jT j is invertible, it is homotopic to V . Thus F 0 is homotopic to T0

given by

M � X T //N � X P //X � //M � X

which is represented by the matrix
�

0 0
TXM TXX

�
:

Since TXX � 1X is compact and M is projective, Remark 9.41 implies that T0 is a
compact perturbation of the identity. Thus � (F ) is homotopic to 1, and@

�
[� (F )]

�
=

@(0) must be zero as required. �

Corollary 9.44 ([Exe93, Theorem 3.6]). If T 2 L (X) is a compact perturbation of
1X and T has closed range, thenT is Fredholm with ind T = 0 .

Proof. Any compact perturbation of the identity is trivially Fredholm. Let S be a
pseudo-inverse forT such that 1X � ST is the projection onto kerT and 1X � T S is
the projection onto ker T � (Lemma 9.15). In particular, ker S = ker T � , and ST is
an idempotent with range Y := Range S. Now de�ne

U : ker T � Y ! ker S � Y

using the matrix �
1X � T S 1X � T S

S S

�
:

Then I claim the inverse of U is given by the operator V : ker S � Y ! ker T � Y
with matrix �

1X � ST (1X � ST)T
ST ST2

�
;

for example, UV has matrix
�

1X � T S (1X � T S)T
S ST

�
;

which is the identity on ker S � Y = ker S � RangeS. Furthermore,

UYY = SjY ;

and
1Y � SjY = ( ST � S)jY = S(T � 1)jY ;

which is compact (because 1X � T is). Therefore kerT and kerS = ker T � are
quasi-stably-isomorphic. Therefore indT = 0 by Theorem 9.43. �

Now we (�nally) come to the crux of the matter.

Corollary 9.45 ([Exe93, Corollary 3.7]). Suppose thatT1 and T2 are Fredholm
operators from X to Y each of which has closed range. IfT1 � T2 is compact, then

ind T1 = ind T2:
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Proof. Let Si be a pseudo-inverse forTi . Let U and R be the operators inL (X � Y)
with matrices

U �
�

1X � S1T1 S1

T1 1Y � T1S1

�
and R �

�
0 S1

T2 0

�
:

Notice that R has closed range, and that indR = ind T2 � ind T1. SinceU2 = 1, U
is invertible and it follows that

ind UR = ind R = ind T2 � ind T1:

But modulo compacts,

UR �
�

S1T2 0
T2 � T1S1T2 T1S1

�

which, sinceT1 � T2 is compact,

�
�

S1T1 0
(1X � T1S1)T2 T1S1

�

and, since 1X � S1T1 is also compact,

�
�

1X 0
0 1Y

�
:

Therefore, indUR = 0 by Corollary 9.44. �

Lemma 9.46 ([Exe93, Lemma 3.8]). Suppose1 2 A, X and Y are Hilbert A-
modules, and thatT 2 F (X; Y). Then for some n 2 Z+ , there is a F 2 F (X �
An ; Y � An ) with closed range and such thatFXY = T.

Proof. Choose a parametrixS 2 L (Y; X) for T such that 1X � ST and 1Y � T S are
�nite rank (Lemma 9.14). Therefore there are x := ( x i ) 2 Xn and y := ( yi ) 2 Yn

such that

1X � ST =
nX

i =1

� x i ;y i :

Let 
 x 2 L (An ; X) be de�ned by 
 x
�
(ai )

�
:=

P n
i =1 x i � ai , and notice that 
 �

x (x) =�
hx i ; xi

A

�
. Then 
 x 
 �

y =
P n

i =1 � x i ;y i . Now de�ne F and G via the matrices

F �
�

T 0

 �

y 0

�
and G �

�
S 
 x

0 0

�
:

Now compute

F GF �
�

T ST + T
 x 
 �
y 0


 �
y ST + 
 �

y 
 x 
 �
y 0

�

=
�

T + T(1X � ST) 0

 �

y (ST + (1 X � ST)) 0

�

� F:

Similarly, GF G = G, and F is Fredholm with closed range such thatFXY = T. �
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Remark 9.47. We call any Fredholm operator F 2 F (X � An ; Y � An ) having
closed range andFXY = T a n-regularization of T. By Remark 9.41, any two
n-regularizations of T di�er by a compact and therefore have the same index by
Corollary 9.45. Furthermore, if F is a n-regularization of T, then F � 1A k is a
(n + k)-regularization of T. Since kerF �= ker(F � 1) (and ker F � �= ker(F � 1)� ),
we have indF = ind( F � 1A k ). Thus if F is a n-regularization of T and G is a
m-regularization of T, then ind F = ind G.

In view of Remark 9.47, we can make the following de�nition for any Fredholm
operator.

De�nition 9.48. Suppose that 12 A and that X and Y are Hilbert A-modules. If
T 2 F (X; Y) the we de�ne ind T to equal indF for any n-regularization of T.

Remark 9.49. Notice that if T 2 F (X; Y) has closed range, thenF = T � 1n is a
regularization, so De�nition 9.48 and De�nition 9.18 associate the same element of
K 0(A) to such operators.

Now having de�ned an index for all Fredholm operators, we still want to see that
we can pass toK 0(A). This will involve a bit of overhead even using the \easy"
hints in [Hig90].

Theorem 9.50. Suppose that for i = 0 ; 1, Fi is a Fredholm operator from E( i )
0

to E( i )
1 . If F0 � h F1, then ind F0 = ind F1. In particular, we get a well-de�ned

homomorphismind : K 0(A) ! K 0(A) de�ned by ind[F ] := ind F .

Proof. In view of Remark 9.38, we can assumeF0  h F1 via a Fredholm operator
eF : eE0 ! eE1. Thus we have unitaries

U ( i )
k : eEk 
 � i A ! E( i )

k

such that

(9.17) F0 = U (0)
1 ( eF 
 � 0 1)U (0)

0

�
and F1 = U (1)

1 ( eF 
 � 1 1)U (1)
0

�
:

By Lemma 9.46 we have an-regularization for eF :

bF : eE0 � C(I; A )n ! eE1 � C(I; A )n :

Let
bS : eE1 � C(I; A )n ! eE0 � C(I; A )n

be a pseudo-inverse forbF . Let V ( t ) : C(I; A )n 
 � t A ! An be the obvious isomor-
phism. Since

� eEk � C(I; A )n �

 � i A and

� eEk 
 � i A
�

�
�
C(I; A )n 
 � i A

�
;

are isomorphic,U ( i )
k � V ( i ) give us unitaries

W ( i )
k :

� eEk � C(I; A )n �

 � i A ! E( i )

k � An :

Therefore can can de�ne Fredholm operators

�Fi := W ( i )
1 ( bF 
 � i 1)W ( i )

0

�
and �Si := W ( i )

0 ( bS 
 � i 1)W ( i )
1

�
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in F (E( i )
0 � An ; E( i )

1 � An ) and F (E( i )
1 � An ; E( i )

0 � An ), respectively. SincebF bS bF = bF ,
we have �Fi �Si �Fi = �Fi . Similarly, �Si �Fi �Si = �Si . Thus �Fi has closed range and to show
it is a n-regularization of Fi , I just have to show that ( �Fi )E( i )

0 E( i )
1

= Fi . Let

 
eF bB
bC bD

!

be the matrix for bF . Then

W ( i )
1 ( bF 
 � i 1)

�
(e; f ) 
 � i a

�
=

�
U ( i )

1

�
( eF e + bBf ) 
 � i a

�
;

V ( i ) � ( bCe+ bDf ) 
 � i a
��

=

 
U ( i )

1 ( eF 
 � i 1)U ( i )
0

�
U ( i )

1 ( bB 
 � i 1)U ( i )
0

�

V ( i ) ( bC 
 � i 1)V ( i ) �
V ( i ) ( bD 
 � i 1)V ( i ) �

!

W ( i )
0

�
(e; f ) 
 � i a

�
:

In view of (9.17), ( �Fi )E( i )
0 E( i )

1
= Fi as claimed.

Now by de�nition

ind F0 = ind �F0 and ind F1 = ind �F1:

Now considerK 0(� t ) : K 0
�
C(I; A )

�
! K 0(A). We want to show that

(9.18) ind �Fi = K 0(� i )(ind bF ):

As in (9.16), we have

K 0(� t )
�
[E]

�
= [ E 
 � t A]:

Since ker �Fi is clearly isomorphic to ker(bF 
 � i 1), (9.18) will follow if we show

ker( bF 
 � i 1) = ker bF 
 � i A:

Since bF has closed range, this follows from Corollary C.4. But� 0 � h � 1 as homo-
morphisms from C(I; A ) to A (see De�nition 5.12 with 
 = id), so

K 0(� 0) = K 0(� 1)

by Theorem 5.15. Therefore ind�F0 = ind �F1, and we're done by (9.18). �

And now, �nally, . . .

Theorem 9.51. The natural map J : K 0(A) ! K 0(A) is an isomorphism.

Proof. The composition

K 0(A) J //K 0(A) ind //K 0(A)

is clearly the identity, and

K 0(A) ind //K 0(A) J //K 0(A)

is the identity by virtue of Proposition 9.32. �
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Appendix A. Direct Limits of C � -Algebras

If A is a � -algebra, then a seminorm� on A is called aC � -seminorm if

(a) � (ab) � � (a)� (b);

(b) � (a� ) = � (a); and

(c) � (a� a) = � (a)2:

Thus (A; � ) is C � -algebra only if � is a norm and (A; � ) is complete. Examples of
such things are provided by� -homomorphisms' : A ! B whereB is a C � -algebra:
� (a) := k' (a)k. A nontrivial example is provided by the left-regular representation
� : L 1(G) ! B

�
L 2(G)

�
.

In general, N = � � 1
�
f 0g

�
is a self-adjoint two sided ideal inA, and ka + N k :=

� (a) is a C � -norm on A=N . The completion B is a C � -algebra called theenveloping
C � -algebra of (A; � ).

As the title of this section suggests, the direct limit C � -algebra is an example of
such an enveloping algebra. However, it will be useful to de�ne direct limits via a
universal property.

De�nition A.1. A direct sequence ofC � -algebras is a collectionf (An ; ' n ) g of
C � -algebrasAn and homomorphisms' n : An ! An +1 . A family f  n : An ! B g
of homomorphisms into aC � -algebra B is said to be compatible if

(A.1) An
' n //

 n   AA
AA

AA
AA

An +1

 n +1||zz
zz

zz
zz

B

commutes for all n. A direct limit of f (An ; ' n ) g is a C � -algebra A together with
compatible homomorphisms' n : An ! A such that given compatible homomor-
phisms  n as in (A.1), then there is a unique homomorphism : A ! B such
that

(A.2) A

 

��

An

' n
>>}}}}}}}}

 n   AA
AA

AA
AA

B

commutes.

Remark A.2. General nonsense implies that the direct limit, if it exists, is unique
up to isomorphism. Therefore we will refer to the direct limit and use the notation
(A; ' n ) = lim

�!
(An ; ' n ). If n � m, then we will use the notation ' mn : Am ! An for

the repeated composition' mn := ' n � 1 � � � � � ' m +1 � ' m , with the understanding
that ' nn := id A n .

Theorem A.3. Suppose thatf An ; ' n g is a direct sequence ofC � -algebras. Then
the direct limit (A; ' n ) = lim

�!
(An ; ' n ) always exists. Furthermore, ' n (An ) �



58 DANA P. WILLIAMS

' n +1 (An +1 ),
S

n ' n (An ) is dense inA, k' n (a)k = lim k k' n;n + k (a)k, and ' n (a) =
' m (b) if and only if for all � > 0 there is a k � maxf m; n g such that

(A.3) k' nk (a) � ' mk (b)k < �:

Proof. Let B =
Q

n An be the C � -direct product, and let

A0 = f a = ( an ) 2 B : ak+1 = ' k (ak ) for all k su�ciently large g:

Then A0 is a � -subalgebra ofB , and if a 2 A0, then we eventually havekak+1 k �
kak k. Thus we can de�ne

� (a) = lim
n

kan k for all a 2 A0:

It is not hard to check that � is a C � -seminorm onA0. We let A be the enveloping
C � -algebra. Furthermore, we can de�ne homomorphisms ^' n : An ! A0 by

�
'̂ n (a)

�
k =

(
' nk (a) if k � n
0 otherwise.

We then get compatible homomorphisms' n by composing with the natural map
of A0 into A (which need not be injective).

Since the remaining assertions are clear, it will su�ce to show that (A; ' n )
have the right universal property. So, suppose that n : An ! B are compatible
homomorphisms. Since (A.2) forces us to have 

�
' n (a)

�
=  n (a), the map  can

exist only if ' n (a) = ' m (b) implies that  n (a) =  m (b). Let � > 0 and assume
that ' n (a) = ' m (b). There is a k such that k' nk (a) � ' mk (b)k < � . And then

k n (a) �  m (b)k � k  k
�
' nk (a) � ' mk (b)

�
k � k ' nk (a) � ' mk (b)k < �:

Since� > 0 was arbitrary, we get a well-de�ned map onC :=
S

n ' n (An ), which is
clearly dense inA. Since

k 
�
' n (a)

�
= k n (a)k

= k n + k
�
' n;n + k (a)

�
k for any k � 1,

� inf
k

k' n;n + k (a)k = lim
k

k' n;n + k (a)k

= k' n (a)k:

Therefore  is norm decreasing and extends to all ofA. We have  � ' n =  n

by construction, and  is uniquely determined on the dense subalgebraC, so  is
unique. �

Example A.4. Suppose that An is a C � -subalgebra ofA for n 2 Z+ , that An �
An +1 , and that

S
n An is dense inA. Let ' n be the inclusion of An in An +1 and

' n the inclusion of An in A. Then (A; ' n ) is the direct limit of ( An ; ' n ).

Remark A.5. We can also form the algebraic direct limit of f An ; ' n g. It has
similar properties to the C � -direct limit, and can be exhibited as the � -algebra
quotient A0=N whereN is the ideal of elements of zero length inA0 in the proof of
Theorem A.3. Of course, in Example A.4, the algebraic direct limit is just

S
n An .
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Appendix B. Grothendieck Group

A more general discussion can be found in the appendices to [WO93]. Here we
consider only an abelian semigroupV . The Grothendieck group G(V ) of V is the
collection of equivalence classes [v; w] in V � V where

(B.1) ( v; w) � (r; s) if and only if there is an x 2 V such that

v + s + x = r + w + x:

Then G(V ) is an abelian group under the operation

[v; w] + [ r; s] := [ v + r; w + s]:

The neutral element is the class of [v; v] (for any v 2 V), and [v; w]� 1 = [ w; v].

Remark B.1. The extra term \ x" in (B.1) is required to make � an equivalence
relation in the event V is not cancellative. Of course, ifV is cancellative, it plays
no rôle and can be omitted.

There is a natural map ' V : V ! G (V ) de�ned by ' (v) := [ v + v; v]. If V has an
identity 0, then ' V (v) = [ v; 0]. If ' : V ! H is a semigroup homomorphism into a
group H , then there is a unique group homomorphismG(' ) : G(V ) ! H such that

V
' //

' V !!DD
DD

DD
DD H

G(V )
G( ' )

<<zzzzzzzz

commutes. In fact, G(' )
�
[v; w]

�
=  (v) (w) � 1. More generally, if ' : V ! S

is a semigroup homomorphism into a semigroupS, then there is a unique group
homomorphism G(' ) such that

V
' //

' V

��

S

' S

��
G(V )

G( ' )
//G(S)

commutes. Here,G(' )
�
[v; w]

�
= [ ' (v); ' (w)]. If S is a group, then G(S) = S and

' S = id S , and this diagram reduces to the previous one.
We will almost always write ' in place of G(' ).

Example B.2. We have G(N; +) �= (Z; +). On the other hand, G(N [ f 1 g ; +) �=
f 0g �= G(N; �). While G(Z+ ; �) �= (Q+ ; �).

Appendix C. The Internal Tensor Product

In [RW98], we only considered a very special case of the internal tensor product
which su�ced for the study of imprimitivity bimodules. Here we want to consider
C � -algebrasA and B together a Hilbert A-module X, a Hilbert B -module Y, and a
homomorphism ' : A ! L (Y). We can view Y as a left A-module | a � y := ' (a)y
| and form the A-balanced module tensor productX� A Y; recall that this is simply
the quotient of the vector space tensor productX � Y by the subspaceN generated
by

f x � a 
 y � x 
 ' (a)y : x 2 X, y 2 Y, and a 2 A g:
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The B -module structure is given by (x 
 A y) � b := x 
 A y � b. Our object here
is to equip X � A Y with a B -valued inner product and use [RW98, Lemma 2.16]
to pass to the completion X 
 ' Y which is a Hilbert B -module called the internal
tensor product. I'll give a minimal treatment here just su�cient for our purposes
in Section 9.3. A more complete treatment can be found in Lance [Lan94]. Here we
take a slight short-cut, and merely equipX � Y with a B -valued pre-inner product.
As it turns out, elements in N all have 0-length, and we can, and do, viewX 
 ' Y
as a completion ofX � A Y.41

Proposition C.1 ([Lan94, Proposition 4.5]). Let X be a Hilbert A-module andY
and Hilbert B -module with a homomorphism' : A ! L (Y). Then there is a unique
B -valued pre-inner product on X � Y such that

(C.1) hhx 
 y ; z 
 wii
B

:=


y ; '

�
hx ; zi

A

�
w

�
B

:

The completion X 
 ' Y is a Hilbert B -module which satis�es

x � a 
 ' y = x 
 ' ' (a)y

for all x 2 X, y 2 Y, and a 2 A.

Proof. As in Propositions 2.64, 3.16, and 3.36 of [RW98], the universal property of
the algebraic tensor product � implies that (C.1) determines a unique sequilinear
form on X � Y. The only real issue is to prove that this form is positive.

So let t :=
P

x i 
 yi . Then

(C.2) hht ; t ii
B

=
X

i;j



yi ; '

�
hx i ; x j i

A

�
yj

�
B

:

But [RW98, Lemma 2.65] implies that M :=
�
hx i ; x j i

A

�
is a positive matrix in

M n (A). Thus there is a matrix D such that M = D � D, and there aredkl 2 A such
that

hx i ; x j i
A

=
X

k

d�
ki dkj :

Thus (C.2) equals
X

i;j;k



yi ; ' (d�

ki dkj )yj
�

B
=

X

i;j;k



' (dki )yi ; ' (dkj )yj

�
B

=
X

k


 � X

i

' (dki )yi )
�

;
� X

i

' (dki )yi )
� �

B

� 0 �

Now we want to see that eachT 2 L (X) determines an operatorT 
 ' 1 on the
internal tensor product X 
 ' Y. In general, T 
 ' 1 can fail to be compact whenT
is unless we also assume that' (A) � K (Y) (see [Lan94, p. 43]).

Proposition C.2 ([Lan94, Proposition 4.7]). Let A, B , X, Y, and ' be as above,
and let Z be a Hilbert A-module. If T 2 L (X; Z), then there is unique operator
T 
 ' 1 2 L (X 
 ' Y; Z 
 ' Y) such that

T 
 ' 1(x 
 ' y) = T x 
 ' y:

If ' (A) � K (Y) and T 2 K (X), then T 
 ' 1 2 K (X 
 ' Y).

41The di�erence is that Lance goes the extra mile and proves tha t the pre-inner product is
actually an inner product (that is, de�nite) on X � A Y.
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Proof. We clearly have a well-de�ned operator T 
 1 on X � Y, and if t 2 X � Y
and s 2 Z � Y, then straightforward calculations reveal that

hh(T 
 1)t ; sii
B

= hht ; (T � 
 1)sii
B

:

Similarly, if S 2 L (Z; X), then on the algebraic tensor products, (T 
 1) � (S 
 1) =
(T S 
 1). Since there is aR 2 L (X ) such that kTk21X � T � T = R� R, for all
t 2 X � Y,

kTk2ktk2
X
 ' Y � k (T 
 1)tk2

X
 ' Y = hhkTk2t ; t ii
B

� hh (T � T 
 1)t ; t ii
B

= hh((kTk21X � T � T) 
 1)t ; t ii
B

= k(R 
 1)tk2
X
 ' Y � 0:

It follows that T 
 1 is bounded, and extends to an operatorT 
 ' 1 2 L (X 
 '

Y; Z 
 ' Y) such that (T 
 ' 1)� = T � 
 ' 1 and kT 
 ' 1k � k Tk. Furthermore, if
Z = X and ' � (T) := T 
 ' 1, then ' � is a homomorphism fromL(X ) into L (X
 ' Y).

For the second assertion, note that ifx 2 X, then

(C.3) y 7! x 
 ' y

is a linear map of Y into X 
 ' Y. Since

khhx 
 ' y ; x 
 ' yii
B

k =


y ; '

�
hx ; x i

A

�
y
�

B
� k xk2

A kyk2
B ;

(C.3) determines an operator� x : Y ! X 
 ' Y with k� x k � k xkA . Since

hh� x (y) ; x 
 wii
B

=


y ; '

�
hx ; zi

A

�
w

�
B

;

� x 2 L (Y; X 
 ' Y) with � �
x (z 
 ' w) = ' (hx ; zi

A
)w. Using this, we compute that

(� x �a;y 
 1)(z 
 ' w) = � x �a;y (z) 
 ' w

= x � ahy ; zi
A


 ' w

= x 
 ' '
�
ahy ; zi

A

�
w

= x 
 ' ' (a)'
�
hy ; zi

A

�
w

= � x
�
' (a)'

�
hy ; zi

A

�
w

�

= � x � ' (a) � � �
y (z 
 ' w):

It follows that if ' (a) 2 K (Y), then � x �a;y 
 1 = � x ' (a)� �
y is compact. Since the

Cohen Factorization Theorem ([RW98, Proposition 2.31] su�ces) implies every x 2
X is of the form z � a for somez 2 X and a 2 A, it follows that ' � (� x;y ) 2 K (X 
 ' Y)
for all x; y 2 X. Since ' � is a homomorphism andK(X) is generated by the � x;y ,
we have' �

�
K(X)

�
� K (X 
 ' Y) as desired �

Remark C.3. In [Lan94, Proposition 4.7], Lance also shows that the homomorphism
' � is injective if ' is, and surjective if ' is.

Corollary C.4. Suppose thatA, B , X, Y, Z, and ' are as in Proposition C.2. If
T 2 L (X; Z) has closed range, then

ker(T 
 ' 1) = ker T 
 ' Y:
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Proof. By Theorem 9.6, X = ker T � (ker T)? . Therefore we can identify X 
 ' Y
with ker T 
 ' Y � (ker T)? 
 ' Y, and it will su�ce to see that T 
 ' 1 restricted
to (ker T)? 
 ' Y is injective. To see this, it su�ces to see that T j(ker T )? 
 ' 1 is
injective as an operator from (kerT)? 
 ' Y to T(X) 
 ' Y. But the open mapping
theorem that T j(ker T )? : (ker T)? ! T(X) has a bounded inverseS, and as in
the proof of Lemma 9.15,T j(ker T )? is adjointable. Then S 
 ' 1 is an inverse for
T j(ker T )? 
 ' 1. �
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