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1. Basics

The material in these notes is stolen primarily from [WO93]; however, somédits
(and some corrections) were taken from [Mur90] and [Bla86].

One of the signi cant impediments for the beginner to the subject of noncom-
mutative K -theory is that the theory is considerably more straightforward for the
category of unital C -algebras with unital homomorphisms. However, it is in-
evitable that we will want to consider nonunital algebras | at the very least, o ne
often wants to stabilize by tensoring with K(H), the compact operators on a sepa-
rable in nite-dimensional Hilbert space. Therefore we will constantly be \adjoini ng
an identity" to C -algebras which don't already have one (see [Arv76, Ex 1.1.H])).

Date: 11 July 2007 | 16:38 | Preliminary Version.
1



2 DANA P. WILLIAMS

We'll follow the treatment and notation of [RW98, x2.3]. Thus & will denote the
subalgebra of M (A) generated by A and the identity. Thus & = A if 1 2 A,
and -isomorphic to the vector spacedirect sum A! := A + C otherwise. Even if
12 A, the notation A! will denote A + C with the obvious -algebraic structure. If
12 A, then A® has aC -norm coming from the isomorphism with &. If 1 2 A, then
a+ 7! (a+ 1; )isa -isomorphism ofA® onto the C -algebra direct sum' A C.
Again, Al inherits a C -norm. Therefore we always have a split exact sequence of
C -algebras

(1.1) 0—h ——Ipt eI —Ib

wherej(a):= a+0, (a+ ):= ,and ( ):=0+ . We will use this notation in
conjunction with A! throughout these notes

The basic building block for K -theory is the projection. Since the sum of projec-
tions is only a projection when the projections are orthogonal, we will constatly
be putting our projections into matrix algebras where \there is enough room to
make them orthogonal." We will also need some notation for matrix algebas over
aC -algebraA. If n 1, then M, (A) will denote the C -algebra ofn n-matrices
with entries from A. If a2 M,(A)and b2 M, (A), then a bwill denote the block
diagonal matrix diag(a;b) = 32 in My+m(A). We shall let ' , be the inclusion
of M,(A) into Mp+1 (A) sendingato a 0, and we shall write M3 (A) for the
algebraicdirect limit of f M,(A);"' ) g (Remark A.5). This is mere formalism, and
merely allows us to identify aanda 0, for all n.?

Denition 1.1. Welet P[A]=fp2 My (A):p=p = p?g. Wesaythatp q
if there isau 2 My (A) such that p= u uand q= uu . (We say that p and q are
Murray-von Neumann equivalent.)

Remark 1.2. If p g, we can assume thatp, g, and u are in M, (A) for some
n. Thus u is a partial isometry (see [Mur90, Theorem 2.3.3]). In particularu =

uu u= gqu= up. lItis easily checked that is an equivalence relation orP[A]. The
set of equivalence classes in denoted by (A), and we write [p] for the equivalence
class ofp.

Theorem 1.3. Suppose thatp; q;r;s2 P[A].
(@ Ifp randq s,thenp q r s

(b)p a aq p
(c) If p;g2 M,(A) andpg=0,thenp+q p qin My (A).

Proof. Supposep=u uandr = uu whileg=v vands=vv.Thenw:= Y0
su ces to prove (a).

To prove (b), useu := 88 . To prove (c), let u := 0’; an , then recalling that
pg =0, it is easy to check that u implements an equivalence betweeng+ q) 0,

andp g

1| have written elements of the vector space direct sum as simp ly a+ , and reserved the
notation ( a; ) for elements of the algebraic direct sum.

2More precisely, if a2 My (A), then @ On = ' 1k + n (@), and it follows that ' ¥(a)= ' k*"(a
On. Since the ' ¥ are injections in this case, there is no danger in dropping th em.
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Corollary 1.4. The binary operation
[Pl +[ad:=[p d

makesV (A) into an abelian semigroup with identity equal to the class othe zero
projection.

Example 1.5. Since two projections in M, are equivalent if and only if they have
the same rank, we see thatV(C) = (N;+). Since M (M) = My, we also
have V(M) = (N;+). In fact, if H is an in nite-dimensional Hilbert space, then
V K(H) is also isomorphic to (N;+). On the other hand, since any two in nite
rank projections in B (H) are equivalent,V B(H) = (N[f1g ;+). However, since
all nonzero projections have norm one, and since a projection itCo(RK;Mp) =
M, Co(R¥) must be a projection-valued function on R¥ vanishing at in nity, it
follows that V. Co(R¥) = f 0g.

Remark 1.6. Notice that V K(H) is a cancellative semigroup:x+r = y+r implies
that x = y. On the other hand,V B(H) isnot: x+ 1 =y+ 1 forall x andy.

De nition 1.7.  We let Kgo(A) denote the Grothendieck groupG V(A) . As is
standard, we abuse notations slightly, and denote the class of[p];[q] in Kgo(A)
by [p] [d]. The natural map of V(A) into Kgo(A) sending p] to [p] O is denoted
by A -

Example 1.8. We have Koo K(H)) = Z. If H is innite dimensional, then
Koo B(H) = f 0g. In particular, the natural map A : V(A)! Kopo(A) need not
be injective.

Remark 1.9. Our notation for elements in Kgo(A) can be misleading. Because
V (A) need not be cancellative, p] [g] = 0 need not imply that [p] =[q] in V(A)
(considerB (H)). Butif A = C, for example, then it is true that [p] [q] =0 if and

onlyif p .

If :A!l Bisa -homomorphism, then () 7! (a;) isa -homomorphism
from M, (A) to M, (B). Although this map is more properly denoted , or id,®
notational convenience dictates that we usually denote this homomorphism with the
same symbol . In any event, induces a well-de ned semigroup homomorphism
V():V(A)! V(B)denedby V() [p] =[ (p)]- The induced homomorphism
G V() from Kgy(A)to Koo(B) is denoted by Kgo( ).

Proposition 1.10. Both V and Ky are covariant functors from the category ofC -
algebras (and -homomorphisms) to the category of abelian groups. If : A! B
is a -homomorphism, then

v(a) — iy (s)

A B

Koo(A) PP Koo(B)
oo( )
commutes.

3The latter notation comes from identifying Mnp(A) with A M.
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Remark 1.11 The notations V() and K go( ) quickly become burdensome to many,
and it is standard to use  for both maps, and to hope the meaning is clear from
context.

The notation Ko indicates that Kg(A) is nearly what we want. As we shall
see, it is exactly the right thing when 12 A. Unfortunately, simply using K go(X&)
will not have good functorial properties. The solution is given in the following
de nition. At least to me, it is a good deal more subtle than rst impressions
might indicate.

De nition 1.12.  Suppose thatA is aC -algebra. Let :A'! C be the natural
map (see (1.1)), andKgo( ) : Kgo(Al) ! Z the induced map. Then we de ne
Ko(A) = ker Koo( )

Remark 1.13 In view of Remark 1.9, the elements ofK(A) are exactly those
classesf)] [q] 2 Koo(Al) for which (p) ().

Proposition 1.14. Kg is a covariant functor from the category of C -algebras to
abelian groups. If :A! B isa -homomorphism, thenKo( ):= Koo( )ik,(a):
where ':A'! Blisdened by (a+ ):= (a)+ . Of course, Ko( ) is also
often written

Proof. The only slightly nonstandard thing to check is that Kg( ) Kg(A)
Ko(B) = ker Kgo( B). But this follows from the functorality of Koo applied to
B 1= A

Letj : A! A be the obvious map (as in (1.1)), and note thatK go(j ) maps
Koo(A) into Ko(A). Viewing this as a map into Ko(A), we get what is called the
natural homomorphismja : Kgo(A) ! Kg(A). Itis natural in that

Koo(A) KL()/koo(B)

ia is

Ko(A) 21k o(B)

commutes for all -homomorphisms : A! B. Although the proof of the following
proposition should be easier, it does at least justify the assertion that ar de nition
of Ko does not \mess things up" when 12 A.

Proposition 1.15. If 1 2 A, then the natural homomorphismja : Kgo(A) !
Ko(A) is an isomorphism.

Proof. We let denote the compression oA* onto the corner determined by 12 A;
thus, (a+ )= a+ 1+0. Since | =ida,we haveKoo( ) Koo(j) =1id k4 (a)-
Formally, if we let  be the restriction of Kgo( ) to Ko(A), then
ja =idkgay:
On the other hand, let :C! Albegivenby ( )=0+ ,andlet :C! A!be
given by ( )= 1+0. Notice that
ida: = ] + :
In particular, if [ p] [d] 2 Ko(A), then (p) (g) (Remark 1.13). Thus (p)
(9) and (p) (g). Therefore

Pl =0 ® [ (9
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This implies
ia =id Ko(A) -
Thus is a two-sided inverse forj o and the result follows.

For future reference, we introduce the rst of two additional equivalence relations
in V(A). Although we use the multiplier algebra M (A) in the de nition, it will
su ce here to remark only that A is an essential ideal in the unital C -algebra
M (A) and that & M (A), while M, (&) M M,(A) .

De nition 1.16. If p and g are projections in A, then we say the p is unitarily
equivalent to g, written p q, if there is a unitary w 2 M (A) such that g= wpw .
We can extend to an equivalence relation onP[A] in the obvious way.

Lemma 1.17. Suppose thatp and q are projections in A. If p g, thenp q.
On the other hand, ifp g, thenp 0 g 0in M3(A)e In particular, V(A) is
also the set of equivalence classes ifP[A].

Proof. Suppose thatw is a unitary such that g= wpw . Then v = wp is a partial
isometry satisfyingp= v vandqg= vv .
Let v be a partial isometry with initial projection p and nal projection q as

above. If we are happy to nd a unitary in M»(X&), then u = 1Vp 1\, 9 is a unitary
in M(&) suchthat 39 =u 55 u.
To get a unitary in M,(A)e, we can follow [Bla86]. Let

1 ¢ Y 1 p p
% 1 p p 1 p
Then u 2 M,(A)e. Notice that

u:=

1 p p °_ z_, .
b 1.p 1 =1;
while
1 qgv q v ?2_
\ 1 p v p
It follows that u u= uu =1,, and u is indeed unitary. Now compute that on the
one hand,

1 p p p 0 1 p p _ 0 0.
p 1 p 00 p 1 p O0p’
and usingvp= v andqv=v,
1 ¢ \ 00 1 ¢ \ _q O

v 1 p 0 p \ 1 p 00
Thusu(p Ou =g 0.

Remark 1.18 We let p, represent the class of 1 in M1 (Al). This is convenient
in that we can view p, as a projection in M. ¢ (A) without having to put up with
1, 0. This notation is unfortunate, but seems to be used frequently in, for
example, [Bla86] and [WO93]. Even this notation is abused, andy, can also be
used to denote the corresponding projection inM; (A) when 12 A; thus, we also
usep, to describe the corresponding projection inM p,+ k.

This brings to what Wegge-Olsen calls the \Portrait of Kg".
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Proposition 1.19. Let A be aC -algebra.
(a) Every element inK(A) has a representative of the form{p] [q], where for
somer 2 Z*, p and q are projections in M, (A1) such thatp g2 M, (A).
If 12 A, then p and gq can be chosen inM, (A).
(b) One can takeq= p, in part (a) for somen r.
(©) If [p] [d=0 in Ko(A) and p;q2 M, (A1), then there is am 2 Z* and a
K m+rsuchthatp pm g pm in Mg(AY).
If 12 A, then (b) and (c) hold with p, in M1 (A) (see Remark 1.18).

We need the following. We use the notation from (1.1) and Remark 1.18.

Lemma 1.20. If pis a projection in M, (A) and n = rank (p), then there is a
projection g2 M, (AY) such thatq pandqg pn 2 M,(A).

Proof. Choose a unitaryu 2 M, such thatu (p)u = p,. Let g:= (u)p (u) .

Proof of Proposition 1.19. By de nition each x 2 Ko(A) is of the form [p9 [of]
with p° and o projections in My (A') such that (p%  (¢%. Lemma 1.20 implies
there is an  k and projectionsp pandq o such that both p p, and
g pn belong to Mg(A). Thus x =[p] [d, andp q2 Mg(A). This proves the
rst part of (a). If 1 2 A, the assertion follows from the surjectivity of the natural
isomorphismj s (Proposition 1.15).

(b) Now let x = [r] [s] for r;s 2 P[A']. For large enoughn, s p,. Thus
Pn S 2 P[A]. Moving far enough down the diagonal, there isr; 2 P[A?] such that
ri randrip, =0. Sincery, p, S, and s are pairwise orthogonal, Theorem 1.3(c)
implies

[rr (pn S [Pal=[ral+[pn sI+[s] [s] [pn]
=[ral+[pn] [s] [pn]
=[r1] [s1=[r] I[s]
=X
Sincex 2 Ko(A), the projection (r; pn S)is equivalentto (pr), and therefore
has rankn. Using Lemma 1.20 again, there is @ 2 P[A] suchthatp r; p, S
andp p, 2 P[A]. Sincex =[p] [pn], this proves (b).

(c) Now suppose that p] [g] = 0 in Kg(A). The de nition of equivalence in

G V(A') implies that there is anr 2 P[Al] such that

Pl +[r]=[al+[r]:
For somem, r pm, and by Theorem 1.3
P Pm=pP (F+pPpm T)

pr (pm 1)
qa r (Pm 1)
qd Pm:

Now (c) follows from Lemma 1.17%
If 1 2 A, the arguments in parts (b) and (c) can be repeated withp, replaced
with the obvious projection in P[A].

4We can also put in (c), and | should say so somewhere.
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Remark 1.21 In Murphy's treatment [Mur90], he denes p and g in V(&) to
be stably equivalentif for somem, p pm q pm. Writing p' g for stable
equivalence, Murphy proves that' is an equivalence relation and thatMV (&) :=
P[&]=" is a cancellative semigroup with identity. He then de nes K} (&) to
be the Grothendieck group of MV (&). Part (c) of the previous result implies
KM (&) = Koo(&), which is isomorphic to K o(&) by Proposition 1.15. Murphy's
approach has the advantage of starting from a cancellative semigroup. But ttd
approach is not common elsewhere in the literature.

We will need some rather detailed information about projections inC -algebras
in order to uncover some basic facts abouK o. For example, we'll want to see that
Ko(A) is always countable if A is separable (Remark 2.2).

2. Projections in  C -algebras

Lemma 2.1. Suppose thatp and q are projections in A such thatkp gk < 1.

Then therepLs a unitary u 2 & such thatq = upu . We can also arrange that
k1l uk 2kp  ok.

Proof. Letv=1 p q+2qgp and compute that
vv=1l (p ?=w:

In particular, v is normal. Recall that jvj := (v v)%.

Sincekp gk < 1, we havek(p @)?k< 1, andv v is invertible in &. Sincev is
normal, this forcesv to be invertible too. Thus u := vjvj ! is invertible, and

uu=jvj vvjj t=1;
and u is a unitary. Furthermore
vp=(1 p qg+2qpp=gp while qv=qg1 p qg+2q9p= gp:
It follows that
vp=qv and pv =v g whichimpliesthat pvv=v qv=v vp:
Thus p commutes with jvj 1. Therefore
up=vjvj 'p=vpivj * = avvj' = qu;
and g= upu as desired.
To get the norm estimate, notice that Re(v) :=(v+v )=2=1 (p @?=v v=
jvj2. Sincev, v , and jvj ! all commute, it follows that Re(u) = Re(Vv)jvj * = jvj.
Now compute

(2.1) kI uk®=k(1 u)l wk=k2 1 u uk
=2kl Re(u)k
(2.2) =2kl j vk

But vv=1 (p q)?is a positive operator of norm at most one, so the same is
true of jvj. Since (1 t) 1 t2 on [0;1], the functional calculus implies that (2.2)
is less than or equal to

2kl j vi’k=2k(p 0)’k=2kp k%
It follows that (2.1) is bounded by 2kp ¢k? as required.
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Corollary 2.2. If A is separable, thenV (A), Koo(A), and Ko(A) are countable.
We can also use the functional calculus to prove that a self-adjoint element which

is nearly idempotent, is close to a projection.

Lemma 2.3. Supposea= a in A and thatka® ak < %. Then there is a projection

p2 A such thatka pk< 1.

Proof. We may replaceA with the subalgebraC (f ag) generated bya. Recall that
the spectral theorem implies that

C((fag=Cy (a) :=ff2C (a) :f(0)=0g
The norm condition on a implies that if 2 (a), then 6 % andj j< % Thus
S=f 2 @:j>50=1 2 @] 50
is clopen in (a). Therefore characteristic function Is is a projection in Cy (a) ,
and
i Is( )j< % forall 2 (a).

Thus kid Isk; < 3 and there is a projectionp 2 A such that ka pk < 3.

The next lemma says that two projections that are approximately equivalent are
actually equivalent provided the element implementing the equivalent looks enough
like an partial isometry. Despite this awkward hypothesis, the lemma wil play a
crucial réle in Theorem 2.5.

Lemma 2.4. Suppose thatp and q are projections in A. Let u2 A be such that
kp uuk<11l kg uuk<1l1 and u= qup:
Thenp «q

Proof. Using u = qup, we see thatu u belongs to the unital C -algebra pAp. The
rst equation implies that u u is invertible in pAp. Similarly, uu in invertible in
gAq. Let z= juj ! in pAp, and setw := uz. Thenw w = zu uz = p.

On the other hand, ww 2 gAq, and

uu Ww = uu uz?u = ujuj?z%u

upu = qupu q
= uu .

Sinceuu is invertible in gAg, we haveww = q.

Now we want to look see how projections in direct limits of C -algebras behave.
For the basics and notations for direct limits, see Appendix A.4.

Theorem 2.5. Suppose that(A;' ") = Ii,m (An;' n).

(a) If pis a projection in A, then there is an 2 Z* and a projection q 2 A,
such thatp ' "(q).

(b) If p and q are projections in A,, and if ' "(p) ' "(qg) in A, then there is
am nsuchthat' \m(P) " (Q in Ap.
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Proof. Fix a projection p2 A. We can nd ax 2 A,, suchthat' "« (ax)! p. Since
p=p,we can replacea by (ax + a,)=2 and assume thatay = a,. Sincep = p?,
we also have' "«(a2) ! p. Thus, ' "«(a2 ax)! 0. Thus we can choosen and
a2 A such thata= a and

1.

k' M(a) pk< % and k' ™(a) ' M@)k< E

By Theorem A.3, there isan m such that
1 1 2 1
k mn (a) mn (a )k < Z

Using the functional calculus (Lemma 2.3), there is a projectiong 2 A, such that

k' mn(a) 0k< 1. Therefore

kp '@k kp "T(@k+k M(a) " "(gk
=kp " "(@k+ K "(m(a) ok
1 1

< -+ —=1:
2 2

More functional calculus (Lemma 2.1) implies thatp ' "(q); this proves (a).
Now suppose that' "(p) ' "(g) in A. Let u be a partial isometry such that
""(p)= uuand' "(g) = uu . Notice that

u=uuu=u "(p=""(Qu:

Let vk 2 A, besuchthat' "«(v)! u. We can replacevi with ' o, (QVk' nn, (D),
so that we can assume "< (v) ! uand' n,, (QVk' nn, (P) = Vk. Since we have

" (p) =lim - " (vew) and “(Q)=|irp I (ANE
we can nd k nandv2 Ay such that

V=" (QV' nk (P);
K "p) " *(vVvk=Kk* " w() vwvk<1 and
K "(@ "*w)k=K (" (@ w)k< L

Since
K C ak(p) v Vv)k= im K w (ac(p) v VK=Im K o (p) " ke (V) 7 e (VK
wecan hdam kandw="y,(v) such that
K nm@ wwk<1l and k' n(g wwk<1;

and
W="m(V)="km "k (@DV' k(P) =" am (W' nm (P):

Now the clever computations in Lemma 2.4 imply that' 1y (p) ' nm (Q) In Ap.
This completes the proof.
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3. The continuity of Ko

One of the most important functorial properties of K is that it respects direct
limits of C -algebras | this is what is meant by the phrase \ K is continuous". To
make this precise we will need to de ne both direct limits of sequences of semigroups
and groups. A direct limit in any category is de ned as follows. Letf G, gi_, be
a sequence of objects, and, : G, ! Gp+1 morphisms. A family of morphisms
h, : Gy ! H is called compatible if

(3.1) Gn G
H
commutes for alln. Notice that if, for m n,wedene \m = m 1 n+l  n

and ., =idg,,then (3.1) is equivalenttoh,, nm = h, forall m n. An object
G together with compatible homomorphisms " : G, ! G is called a direct limit
of f Gn; n gif wheneverh, : G, ! H are a compatible family of morphisms, then
there is a unique morphismh : G! H such that

il

Gn h
?B%B

H

commutes. A direct limit, if it exists, is unique up to isomorphism.
In the category of sets, where the morphisms are just functions, we can form a
direct limit as follows. Let

Gh=f(Nx):x2Gpg
n=1 .
be the disjoint union. Then there is a smallest equivalence relation on G, such
that (n;x) (n+1; n(x)). Itis not hard to see that

(n;x) (m;y) () thereisak maxf m;ngsuchthat (X)= mk(y).

Let G be the quotient space G,= , and let [n; x] be the class of f; x) in G, then
wecandene ":G,! Ghby "(x)=[n;x]. To see that (G; ") is an inductive
limit, let h, : G, ! Y be a compatible family of functions. Notice that if n  m,
then "(x)= ™M(x9if and only if x°= ., (x). Thus we candeneh:G! Y by
h "(x) = h,(x). Thus inductive limits exist in the category of sets and maps®

Lemma 3.1. Every direct systemf G,; , g of abelian groups (semigroups) has a
direct limit (G; ") := Iilm (Gn; n), which is unique up to isomorphism.

SInductive limits also exist in the category of topological s paces and continuous maps. We
simply equip G with the topology where V is open in G if and only if ( ") (V) is open in Gp
for all n. Then the maps constructed above are all continuous.
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Sketch of Proof. Let (G; ") the direct limit of f G,; , g as sets. If eachG, is a
semigroup, then we can de ne an associative operation o as follows:

[ x]+[m;y] =K () + mk (V)]
wherek maxf nmg. The maps " are clearly additive. If each G, is a group,
then G is a group with identity equal to [n;0] and [n;x] =[n; x]. That G has
the appropriate universal property is checked as above.
In the category of groups, there is another proof.
Sketch of Alternate Pr\c(>of. Let
Gy =f(xj) 2 Gi: n(Xn) = Xp+1 for all suciently large ng:
Let F = f(Xj) 2 Gy : X, = 0 forall suciently large ng. Then we can set
G=G;=Fwith ":G,! Gde ne(zd by
mm (X) ifm n,and
0 otherwise.

"(x)(m) =

The rest is routine.

Remark 3.2 Note that we have G = | "(G,) and that "(a) = ™(b) if and
only if there is ak maxf n;mgsuch that (a)= mk(b).

Example 3.3. Let G, = Z for all n, and let ,(m):= s(n)m, wheres:Z* ! Z* is
a given function. Let s!(n) := s(1)s(2) s(n), and de ne
Z(s):=fm=si(n):m2Zandn2Z g
= fm=p{'p)> pg* :m2 Zandp aprime
such that pjnj j s!(n) for someng:

If "(m) = m=sl(n), then (Z(s); ") equal to lim(Gy; n).
Proof. We just have to see that Z(s) has the right universal property! So, let
h, :Z! H be a family of compatible homomorphisms. Thus ifk n we have
si(k)
s!(n) m -

In other words, if m=sl(n) = m%sl(k), then h,(m) = h(m9, Thus we can de ne
h:G! H by

hn(m)= he n(m) = hg

m
s!(n)

The universal property approach can be quite helpful.

= ha(M):

Example 3.4. Suppose that G; ") = Ii|m (Gn; n). Suppose thath, : G, ! His
a family of compatible homomorphismé, and thath : G! H is the corresponding
homomorphism. Notice that ,(kerh,) kerhps+1, and "(kerh,) kerh. Then

(ker h; n):Iilm (kerhp; n):

Proof. ppose that , : kerh, ! K are compatible homomorphisms. Note that

kerh = "(kerhp). f m nand "(a)= ™(b), then Remark 3.2 implies there

isak nsuchthat (@ = mk(b). Thus, n(a) = mn(b), and we can de ne
:kerh! K by "(a = n(a).



12 DANA P. WILLIAMS

Example 3.5. Suppose thatf V,,; n g is direct sequence of semigroups with identi-
ties. Let (V; ") =lim (Vo n). Then

GV);&( ") =lim G(Va);G( ) :

Proof. Suppose that we have compatible group homomorphismb, : G(V,) ! H.
Dene h%:h, v, . Then the hQ are compatible with the ,:

Therefore, there is a semigroup homomorphisnh : V! H suchthath " = hQ for
all n. I claimthat G(h): G(V)! H has the right property: namely, G(h) G( ") =
hn. However, this follows from chasing around the following diagran®

(B,
F

LT
-

G( ")

i
G(Vh)

These observations about direct limits, now allow us to prove the following esult
which is what is meant by the continuity of K.

Theorem 3.6. Suppose that(A;"' ") is the direct limit of f A,;' 9. Then
(3.2) Ko(A);Ko(" ") =lim Ko(An);Ko(' n) :

60f course, it is also a direct consequence of the fact that G is a functor from semigroups to
groups and that G(h%) = hy.
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The same is true forV and K oo:
(3.3) VARV ") =lim V(A V( )
(3.4) Koo(A); Koo(" ™) :Ii!m Koo(An); Koo(' n) :

We need a preliminary result before we give the proof of the \of course it's true"
variety. Recall thatif ' : A! B is a -homomorphism, then'!: Al ! Blis
dened by ' Y(a+ ):="'(a)+

Lemma 3.7. Suppose that(A;' ") is the C -direct limit of fAn;' ng. Then
(AL (" ™Y is the direct limit of f Al:" 1g.

Proof. We just have to show that (A%; (' ")!) has the right universal property. So,
suppose that , : AL ! B are -homomorphisms which are compatible with the
"I'sithatis, = 41 '3 forall n. It follows that the , are compatible with
the ' ,'s; thus the universal property of A implies that there is a -homomorphism
" Al Bsuchthat ="' '".Since ,(0+1)= (0+1)forall nandm, we can
denote the corgmon value byb Qote that bis a projection. Furthermore, b acts as
theidentityon | n(An)=" " "(Ap) . Itfollows that bacts as the |dent|ty on

" (A). Thus, we cande ne a homomorphlsm ~All Bby'~-(a+ ):="'(a)+ b.
Thus'~ (" Mi(a+ ="' (" "(a) + b = ,(@+ b= ,(at+ ), asreguired. Note
that ~ is uniquely determined smce ' "(A,) dense inA, which forces (' ")1(Al)
to be dense inA*.

Proof of Theorem 3.6. | claim it will suce to prove (3.3). If (3.3) holds, then
Example 3.5 implies that K o9 is continuous (i.e., (3.4) holds). In particular, we can
combine this with Lemma 3.7 to conclude that

Koo(A"):Koo((' ™" =lim Koo(Aq);Koo(' 7) :

Let ,:Al ! C be the natural map. The mapsKo( ) are compatible with the
Koo(' 1), and so there is a unique map : Koo(Al)! Zsuchthat Kgo((' ")) =
Koo( n). If Al Cis the natural map, then (™= ,; thus, we have

= Kogo( ). SinceKy(A) =ker Koo( ) and Ko(A) = ker Koo( n), the su ciency
of the claim is given by Example 3.4.

To prove (3.3), let (H; i) be the direct limit semigroup of f V(A;); V(' i)g. The
functorality of V implies that V(' ') : V(A;) ! V(A) are compatible with the
V(' i). The universal property of H implies that there is a semigroup homomor-
phism : H! V(A) such that

(3.5) H

V(A
Ve
V(A)

commutes. It suces to prove that is a bijection. To do this, we will apply
Theorem 2.5 toMn(A) =1lim My (Ag).
Yok
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Let p be a projection in M,(A). Theorem 2.5 allows us to nd a projection
q2 M, (Ax) such that p ' ¥(g). Thus,

Pl=0"*@= V("= «(d ;

and it follows that is surjective.
Now suppose thatx;y 2 H satisfy ( x) = ( y). We can assume that there are
projections p and g in M, (A;) such that

x= j[p and y= ; [q]:

The commutativity of (3.5) implies that ' I (p) and '} (g) de ne the same class in
V(A). Increasing n if necessary, we can assume that! (p) "1(g) in M, (A).
Thus, Theorem 2.5 implies that there existsm | such that

"im (@) m (@ in M (Am).
Thus [' jm (P =1[" jm (@] in V(Am). Therefore,
X= jpl=m V(m) Pl = m [ im(P]
m [jm (@] = 5 [d
=y
Thus is injective. This completes the proof.

Now we can give one of the \basic" examples in the subject. | would be interested
to nd a proof of this corollary which did not require the overhead of Theorem 3.6.

Corollary 3.8. Ko K(H) = Z.

First Proof. The only content is when dimH =1 . Let' , : M, ! Mps1 be given
by ' n(a) := a 0. Then K(H) = lim (Mn;' n). Since V(' ) [el] = [€};"], it

follows that Koo(' ) =id z. Now the result is immediate from Theorem 3.6.

Since Kgp(A) is much more tractable than Ko(A), the following corollary of
Theorem 3.6 is particularly nice.” Notice that if A is the inductive limit of unital
C -algebras, for example anAF -algebra, then A need not be unital itself. But
A will have an approximate identity f g, gi_, consisting of projections. To see
this, just let ¢, = ' "(1,) where 1, is the identity in A,. If f g, gt-; is such
an approximate identity, then the de nition of approximate identity requires tha t
Oh Ch+1 as positive elements, but in fact it is an exercise to see thaty, th+1
as projections; that is, Gh+1 Gh = .2

Corollary 3.9. Suppose thatA has a countable approximate identityf g, g consist-
ing of projections. Then the natural mapja : Kgo(A) ! Ko(A) is an isomorphism.

S S N
Proof. We have A =  ¢,Aq, and ¢h+1 O, implies that s Adn Ch+1 AQn+1 -
Thus (A;' ") = Iilm (An;' n), where the' , and ' " are the appropriate inclusion

maps, and A, = 0hAQ,. Since eachag,Ag, is unital, the natural maps ja, :

Since Davidson [Dav96] uses Koo in place of Ko, this is particularly important for his
treatment.

8Suppose p g O0in A. We may as well assume that A is a subalgebra of B(H). Then for
any vector h 2 H, we have kghk? = (ghjgh)y=(ghjh) (phjh)= kphk? k pk. It follows that
gh = h implies that ph = h; this means pq= q.
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Koo(An) ! Ko(Ay) are isomorphisms. Thus, we have the following commutative
(in nite) diagram:
Koo (" "*)
*%*

IR oo(An) ST o (A )T Koo(A)
jan JAna lA
oA K (A ) I go(A):

Now general nonsense implies thaK go(* ")(X) 7! Ko(* ") ja, (X) denes an iso-
morphism of Kgg(A) onto Ko(A) (with inverse Ko(" ")(x) 7! Koo(" ") jAnl(x) ).
SinceKoo(' ") ja, (X) = ja Koo(' ")(x) , we conclude this isomorphism isja :
Koo(A) ! Ko(A), and ja is an isomorphism as claimed.

Second proof of Corollary 3.8. Since K(H) has an approximate identity of projec-
tions, Corollary 3.9 applies. But Kgo(K(H)) is clearly isomorphic to Z.

Example 3.10. Let s : Z* ! Z* be a given function. For convenience, de ne
s(0) =1, and let s!(n) := s(1)s(2):::s(n). Dene ', : Mg 19! Mgyny by
'n(m)::[n m{Z n}1:

s(n)-times
We let M be the inductive limit of f A,;" , g, whereA; = C and A, = Mgyn 1):
C—/IlM By ERY S

sl(1) sl(2)

Then Ko(* ) [€]4] = s(n) [e’l‘{'l], and Ko(Ms) is the direct limit

Wy @y I

which is Z(s) as in Example 3.3.

4. Stability

In the this section, we want to consider theC -tensor product of a C -algebra
A with the compact operators K on a separable in nite dimensional Hilbert space.
For the full story, consult Appendix B of [RW98]. The basic idea is as follows We
may as well assume thatA is aC -subalgebra ofB (V) for some Hilbert spaceV, and
that K is the algebra of compact operators on a Hilbert spacél with orthonormal
basisf hj gl . If T2 B(V) and S 2 B(H), then

T S(v h)y:=Tv Sh

de nes a bounded operatorT S in on the Hilbert space tensor productV H .
It can be shown that KT Sk = kTkkSk [RW98, Lemma B.2]. Furthermore, the
map (T;S) 7! T S induces an injective map of the algebraic tensor product
B(V) B(H)into B(V H ) [RW98, Lemma B.3]. If & = h; h; is the usual
matrix unit in B (i) (i.e., the rank-one operator from the span ofh; to the span of
hi), then (a; ) 7! &; & denesa -isomorphism ofM,(A) onto a subalgebra
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of B(V H ) which, for the purposes of this discussion, we de ne to beA M.
Notethat A M, A Mj+1. We dene

{7
A K = A My

thus
(A K ;' n)=Ii'm (An Mp;' 0);

where the' " and the ' , are just the inclusion maps? Let " : A! A M,
be dened by "(a) := a e1. Wegetamap® :A! A K dened by
(@=a en.

Theorem 4.1. Themap :A! A K sendingatoa ep; induces a natural
isomorphismKg( ): Ko(A)! Ko(A K)

The proof relies on the following \ nite dimensional version". This comment
merely re ects the facts that M, is the compact operators on a -dimensional space,
and that M, (A) is isomorphicto A M., and the natural isomorphism intertwines

"and , where | is de ned below.

Proposition 4.2. Letr 2. Dene :A! M,(A)by ((a:=a 0 1. Then
Ko( r): Ko(A)! Ko M (A) is an isomorphism.

Proof. Fix n2 Z* and let : M, M,(AY) ! My (A) be the \obvious" isomor-
phism ([RW98, Example B.19]). Let !: A1l M, (A)! be the natural extension
and note that if p is a projection in M, (A1), then!

(4.1) @ p (1 (P

where the unitary implementing the equivalence is the permutation matrix associ-
ated to

1 2 r r+1r+2::: 2r (n Dr+1(n r+2 :::nr
Ir+1 :::(n Dr+1 2 r+2 :::(n Dr+2 r 2r oonr

Now we want to see that Ko( ) is bijective. (Keep in mind that Ko( ;) is the
restriction of Koo( 1).) Suppose thatKo( () [p] [0 =0in Ko M;(A) . Then
we may assume (Proposition 1.19) thaip; q2 M, (Al) and that there exists m such
that

rl(p 1n) = rl(p) Inm rl(Q) In = rl(q 1n):
Since is a isomorphism, (4.1) implies that

(4.2) P ln () (M Im g In (r 1) (B 1In:

9t is not obvious that our construction of A K is independent of how we represent A
as operators on Hilbert space. None the less, it is independe nt, and this follows from [RW98,
Theorem B.9]. In our case, it is not so di cult to see that A K as dened above is the direct
limit of the My (A), and so is uniquely de ned.

10This map is not \natural"; it depends on the choice of  hj.

1170 see where (4.1) comes from consider that case n = r =2. Then % maps

1 0 1
a+ 0 b+ 0 a+ b + 0 O
a+ b+ - 0 0 § %c+ d + 0 0§
c+ d+ C@c+ 0 d+ 0 0 0
0 0

0 0
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Since p] [q] 2 Ko(A), we have (p) (g), and it follows from (4.2) that [ p] [q] =
0in Ko(A). Thus Ko( () is injective.
But surjectivity is easy. If pis a projection in M, M;(A) , then

HE()) P (r 1) ( (P :
Then,since *  ((p) = (p) .

() N T (O S B €4(0)))
p (r 1) (P
Consequently, if [p] [d]2 Ko M((A) , then (p) (g), and it follows that

Ko( ) LM L@ =0 7CEN [C@=[p [

Proof of Theorem 4.1. Since the diagram

v on+l

' /\**
I %#A Mt M A Ko
n n+1
IO I 55
v

commutes, the continuity of Ko (Theorem 3.6) and the isomorphism ofM, (A) and
A M, implies that we obtain a commutative diagram

Ko(' ")
Ko(' n L T
—IKo(A M) KA M) — L Ko(AgK )
Ko( n) Ko( n+1) Ko( )
— Iky(A) #ko(A) Il 450(A)
id

Since eachKo( n) is an isomorphism by Proposition 4.2, it follows that Ko( ) is
too.

If " : Al B is a homomorphism, then the maps :M,(A)! Mp(B) induce a
homomorphism' id: A K! B K such that the diagram

A——~>»

A K —UB K

B

commutes. The naturality of Ko( ) then follows by functorality:
Ko(")
Ko(A) ————Ko(B)

Ko( a) Ko( 8)

Ko(A K )2 Fko(B K )
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5. Homotopy

De nition 5.1.  Two projections pand qin a C -algebraA are homotopic if there
is a continuous projection-valued functionr : [0;1] ! A such that ro = r and
ri = g. In this case we writep @

Our rst task is to see that homotopic projections are necessarily unitary equiv-
alent. This requires a bit of overhead which will be of use latter on.

Lemma 5.2. Suppose thatp is a projection in a C -algebraA. Let
N:=fg2A:q=q = ¢®andkq pk< 1g

Then there is a continuous mapq 7! uq from N to the unitaries in & such that

(5.1) up=1 and g= ugpuy:

If A= Mu(B!) and (p)= pm for somem n, then we can assume (ug) = 1,
whenever (q) = pm.

Proof. For eachg 2 N, let vq :=2q 1 and zq := vqvp + 1. Note that vq is a
self-adjoint unitary (aka a symmetry). A straightforward calculation reveals that

(5.2) 924 = Zgp:
And
kzqg 2k= kvgvp 1k = kvg(vp Vg)k
kK vp gk
=2kg pk:

Sincekq pk< 1if g2 N, this implies that z, is invertible in &, and (5.2) implies
that q= z4pz, *. Then uq := z4jzgj * is a unitary, and it is not hard to check that
q= Ugpu, [WO93, Lemma 5.2.4].

Notice that kzqg z k= kvqvp, Vivpk k vq vik=2kq rk. Thusq7! z4is
continuous. Sincez 7! zjzj ! is continuoust? on on the invertible elements of &,
(5.1) follows.

To prove the nal assertion, notice that  (vg) =1 1, m. Thus, (z)=2 1,
and (uq) =1, as required.

Corollary 5.3. Suppose thatt 7! r; is a continuous projection-valued function
from [0; 1] to A. Then there is a continuous unitary-valued function u from [0; 1]
to & such thatup =1 and ry = uirou,. If A= M,(BY) and (r{) = pm for some
m n and all t, then we can assume that (u;) =1, for all t.

Proof. If krg rik < 1forallt, then the result follows immediately from Lemma 5.2.
Otherwise, we can choose 0 =g <t < <t, =1suchthat kr;, , rik<1
if t 2 [t; 1;tj] and such that there is a continuous unitary-valued function u' from
[ti 1;ti]to &suchthatul ~=1andr;=ujr, ,(u}) fort2[ti 1;t]. The result
follows by gluing together the u':

u; = uituii 1 Ug'l ift2 [ti 1;ti]:

1

121t £ 2 Co(R), then the map a 7! f(a) is easily seen to be continuous from the self-adjoint
elements in A to A.
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Proposition 5.4.  Suppose thatp and g are projections in A. If p g, thenp q.
On the other hand, ifp g, thenp 0 q 0in M2(A). In particular, V(A) is
also the set of equivalence classes iP[A].

Sincery ryin Corollary 5.3, the rst assertion in Proposition 5.4 follows. The
second assertion requires some results about unitaries which will also be geiuseful
when we turn to the de nition of K.

First we need some notation from [WO93]. We let UA) be the group of unitary
elements in&, and GL(A) the group of invertible elements in & Then we also use

GLn(A):=GL M, (&)
Un(A) :=U Mq(&)

MI(A):=fa2 M (AY): (@)=1,9
GLI(A):= fa2 GL,(AY): (a)=1,9
ULXA):== fu2U,(AY): (uW=1,0

In particular, U 1(A) = U( A). Elements of M }(A), GL(A), and U} (A) are called
normalized. Notice that if n 2, then M,(A1) ! M, (A). However, we do always
have GL}(A)=GL 1 M,(A) and U}(A)=U1 M,(A) .

Notice that M }(A) is not an algebra | or even a vector space! It is a semigroup
and both GL}(A) and U’ (A) are subgroups

Lemma 5.5. Suppose thatA is a C -algebra.

@) GL%(A) is open in M }(A), as well as locally convex and locally path con-
nected.

(b) U,11(A) is a deformation retract of GL%(A).

(c) U,11(A) is locally path connected.

Similar statements hold for GL,(A) and U, (A).

Remark 5.6. It follows that the connected components and path components of
Un(A) (UL(A), GLh(A), or GL}(A)) coincide. The notation U, (A)o (UL(A)o,
GLn(A)o, or GL%(A)O) is used to denote the connected component of the identity.

Proof. Let B be a unital C -algebra | | have in mind M,(A!). Suppose that
X 2 GL(B) and kak < kx 'k 1. Then

kl, (1, x lak< 1;

thus 1, x a2 GL(B). Therefore x a2 GL(B). It follows that if kx yk <
kx 'k andt 2 [0;1], then we havex t(y x)2 GL(B). If x;y 2 GL!(A), then
soisx t(y x). This proves (a).

We now want to dene F : GL(B) [0;1]! GL(B) such that

F(z;1)=z forall z2 GL(B);
F(z;0)2 U(B) forall z2 GL(B), and
F(u;t)y=u forallu2 U(B)andt 2 [0;1]:

If z2 GL(B), thensoisz zandz 7!jzj *is continuous. Furthermore, u = zjzj *
is unitary: it is certainly invertible and

ul=jziz *=jzj Yjzi?z *=jzj ‘zzz *=jzj 'z = u:
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Sincejzj 0and 02 (jzj), we can de ne
F(z;t)= zjzj lexp tlogjzj

If B = My(A)and (2)=1,,then F(z;t) = (2)j (2)j ‘exptlogj (2)j =
1,.
This proves (b), and (c) follows from (b).

Remark 5.7. One can improve on (c) above. Ifu;v 2 U(A) satisfy ku vk < 2,
then u and v are homotopic in U(A).

Proof. Sinceuv 2 U(A), (uv ) T. Sinceku vk=kuv 1k< 2, 12 (uv).
Therefore loguv is well-de ned in &, and we can de ne

u; :=exp tloguv v:

Since 1 =exp(tlogz)exp(tlogz) if z 2 T, it follows that each u; is unitary. This
su ces as Ug = v and u; = u. Furthermore, if u and v are normalized, so isu;.

Remark 5.8. Thus two unitaries can fail to be homotopic only when they are max-
imally far apart: ku vk=2. If &is closed under Borel functional calculus, then
the above proof shows that UQ) is path connected. This means, as we shall see,
that K1(A) = f 0g for all von Neumann algebras.

Remark 5.9. If u and v are unitaries in & which are homotopic in GL(A), then
they are homotopic in U(A).

Proof. Apply the retraction to the homotopy.

Recall that an elementary row operation on a matrix M 2 M (A) consists of
one of the following:

(a) Multiply a row by any element in GL( A)o.

(b) Add a multiple of one row of M to a di erent row of M.

(c) Interchange two rows of M .
Of course, there is a corresponding notion oklementary column operations A
matrix E 2 M, (A) is called anelementary matrix if it is obtained from the identity
1, via one of the elementary row operations above. A crucial observation is thatf
E is an elementary matrix, then EM is the matrix obtained from M via the same
elementary row operation as that which de nesE.

Theorem 5.10. Suppose thatx and y are elements ofGL,(A), and that y can
be obtained fromx via a nite sequence of elementary row and column operations
Then x and y are homotopic in GL,(A). In particular, if u and v are invertible
(resp., unitary) in A&, then the2 2-matrices

uv O vu O uoandvo
0 1 0 1 0 v 0 u

are mutually homotopic in GL,(A) (resp., U2(A)). If u and v are normalized, then
these matrices are mutually homotopic inGL3(A) (resp., U3(A)).

Proof. It su ces to see that any elementary matrix is homotopic to the identity.
This is straightforward. For example, to see that 93 is homotopic to 39 ,
consider .

cos 5t sin 5t

t -— .
sin ft Cos ft
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To establish the statement about normalized homotopies, we have to write dow

explicit ones. To do this, letw; :=(u 1) u; (v 1) u, andz := u; (u Vv) u,. Then

w is a homotopy between $9 and 4 ¢ . Similarly, z is a homotopy between
¥9 and ¥9 .If uandv are normalized, then (w;) = (uiu)=1,= (z).

We will invoke the above result mostly via the following corollary.

u
0

If uis normalized, then the homotopy can be taken ith%(A).

Corollary 5.11. If u2 U(A), then is homotopic to the identity in U,(A).

Proof of Proposition 5.4. We only have to verify the last statement. So, suppose
u 2 U(A) satises g= upu . By Corollary 5.11, we can choose a unitary homotopy
w; from guo to 1,. Then p := wi(p O)w, is a continuous path of projections
in M2(A) connectingp Oandq O.

If A and B are C -algebras and :A! C [0;1];B is a homomorphism, then
we'll write : C [0;1];B ! B for the evaluation map and ; for the composition
t

De nition 5.12.  We say that two homomorphisms :A! Band :A! B are
homotopic if there is a homomorphism : A ! C [0;1];B suchthat o= and
1 = . In this case we write h - Wesaythat :A! B is an equivalence if
there exists a homomorphism :B ! A such that h idg and hida.
We say that is a deformation if there exists such that h ida and
=id g . In this event, we say that B is a deformation retract of A. Finally, we

say that A is contractible ifida 1 O.

Example 5.13 Note that C is not contractible as a C -algebra; this will follow
from Corollary 5.16. If X is a compact contractible space, thenD is a deformation
retract of C(X;D ). In particular, C is a deformation retract of C(X).

Proof. Fix xo 2 X and let' :[0;1] X ! X be a continuous function such
that ' (0;x) = xand"' (1;x) = xp forall x 2 X. Dene :C(X;D)! D by

(f)y:=f(p)and :D! C(X;D) by sendingd to the constant function x 7! d.
Clearly, =idp. If :C(X;D)! C [0;1];C(X;D) is de ned by

() =1 " (%) 5
then ¢ =id C(X;D) while ;=

Remark 5.14 If X is a locally compact contractible space which is not compact,
then will not map into Co(X;D ). In fact, Co(X;D ) will, in general, not retract
onto D. As we shall see in due courseC can not be a deformation retract of
Co(R) = Co(R;C) = Co (0;1) .13

Theorem 5.15. Suppose that and are homomorphisms fromA to B. If ho
then KO( ): Ko( )

Proof. Suppose thatx = [p] [qg] in Ko(A), and let ; be a homotopy from
to . Then 1 is a homotopy from ! to . In particular, *(p) Y(p) and

13Ref needed
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o) (). Thus
Ko( )OO=[ *®1 [ *@=[ ‘] [ ()
= Ko( )(x):

Corollary 5.16. If :A! B is a homotopy equivalence, therKo( ) is an iso-
morphism of Ky(A) onto Ko(B). In particular, Kq(A) = f 0g if A is contractible.

Proof. The zero map clearly induces the zero map oK -theory.

Before concluding this section, | want to recall the connections between invertible
elements inA and exponentialsin A. If a2 A, then even ifa is not normal (so that
the usual functional calculus does not apply),

2 X on
a a
exp(@ =1+ a+ ot

n!
=0
converges in& to an element in GL(A). Of course, if a is normal, then this is the
same element de ned by the functional calculus, so there is no harm in using the
same notation. Then exp@) is de ned to be the subgroup of GL(A) generated be
fexp(@) : a2 Ag' Itisn't obvious that this group is closed in GL(A), but in
fact it is open.® Proving this requires the holomorphic functional calculus (see, for

example, [Rud73]). Letzp = exp(a;) exp(a,) and suppose that
kz zok < kzy 'k 1:

Let 2°= zzy'. Then kz® 1k k z zokkzy'k < 1,s0 (z° 1) B;(0) and
(29 f 2 C:Re() < 0g. In particular, there is an ay := log(z% such that
exp(ag) = z° [Rud73, Theorem 10.30]. Thus,

z= 2% = exp(ap)exp(a)  exp(an) 2 exp(A):
Lemma 5.17. For any C -algebra, exp(A) = GL( A)o.

Proof. Since exp@) is both closed and open, it suces to see that exp@)
GL(A)o. Butif z=exp(a;) exp(a,), then z, ;= exp(ta;) exp(ta,) is a homo-
topy connecting z to 1 in GL(A).

Corollary 5.18. Suppose that : A! B is a surjective, unital, -homomorphism.
If x 2 GL(B)g (resp., U(B)o), then there is an x° 2 GL(A)q (resp., U(A)o) such
that (x% = x.

Proof. Let x = exp(by) exp(b,). Choosea; such that (a) = b for all i. If
x%:=exp(a;) exp(a,), then x°2 GL(A)o and maps ontox. If x is unitary, then
we can replacex® by u®:= x9x9 *. Then u®is connected tox° as in the proof of
Lemma 5.5, and thereforeu®2 GL(A)o.

Corollary 5.19. Suppose that] is an ideal in A and thatu 2 U(&=J). Then there
is a unitary w 2 Up(A)o such that j;(w)= 4§ 0

Proof. Since § 0 2 U,(&=J)o, the previous corollary applies.

14Notice that in general, exp( a)exp(b) 6 exp( a+ b) unless a and b commute. Thus, the set of
exponentials is not closed under multiplication. s
15an open subgroup of a topological group is necessarily close d: H = G n gzn 9H.
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Remark 5.20. The holomorphic functional calculus is not to be sneezed at. Even
when A = M,, it allows us to conclude that GL,(C)o = GL ,(C) | since the
spectrum of a matrix is always nite, it can't separate 0 and 1 . (Notice that one
can show U, (C)o = U ,(C) using ordinary spectral theory from Linear Algebra.)

6. Half Exactness

We can now prove that an exact sequence of -algebras induces what is called
a half-exact sequence of the corresponding -groups. In this section, we will start
to adopt the standard notation for the induced group homomorphismKg( )
corresponding to a -homomorphism

Theorem 6.1. Suppose that

(6.1) 0 I /8 It 1b
is an exact sequence o€ -algebras. Then

(6.2) Ko(A) —/Ko(B) —/Ko(C)
is exact.

It de nitely is not the case that need be injective, or that need be surjec-

tive. We will give speci c examples below, but the idea is that there are more
partial isometries to implement equivalences inB than in A (which corresponds to
an ideal in B), and projections in C may not lift to projections in B.

Proof of Theorem 6.1. Recall that = Ko( ) is the restriction of Kgo( 1) to
Ko(A). If x 2 Ko(A), then Proposition 1.19 implies that we can assumex =
[l [pn]lfor p2 M(AY)and p pn 2 Mi(A) for somek n. Since =0, we
must have '  (p) = pn. Thus

=" '@ [* *e)I=[pa] [pa]l=0:

Thus im ker
Now suppose thaty 2 ker Ko(B). As above, we can assumg =[q] [pn]
with g2 Mg(B1), 9 pn 2 M¢(B), and k n. Since
M= @] [ *ea)l=1 "] [pnl;
Proposition 1.19 implies that there is av and m  k + v such that
@ PP B in M (CH.
Let u2 U,(C') be suchthatu *(q) p, u = p, pv. Corollary 5.19 implies

that there isaw 2 Up,(B') suchthat Y(w)=u wu.Letr:=w(g p, Oy)w
in Mom (BY). Then r is a projection and

l(r):(u u) l(q) pv On (u u=pn pv On:
The exactness of (6.1) implies there is & 2 My, (A?) such that r = (s). Re-
placing s by (s+ s )=2, we can assume thats = s . Since ! is injective, we can
assume thats = s?, and hence, thats is projection. Since [1=[q pv],
y=[d [ml=[a ml [ pl
=[r]  [pPn+v]
= ([sl [pPa+v)):
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Therefore ker im . This completes the proof.

Example 6.2. Consider the exact sequence
O!'K (H)! B(H)! B(H)=K(H)! O

Then we get the exact sequence

z /t og Ko B(H)=K(H) ;

and is certainly not injective.'® To see that need not be surjective, consider
B=CIl[0;1],A=Co(0;1),andC = C C. Then, oncé’ we establish that
Ko Co(R) = f 0g, the exact sequence

o—Jt—Jz z
forces not to be surjective.

Remark 6.3. Note that Theorem 6.1 fails with K og in place ofK ¢. For example, take
A = Cy(R?), B = C(S?) and C = C. The Kgo groups are 0,Z Z and Z. (Here we
have used that nontrivial facts that K go(C(S?)) = Ko(C(S?) = K%(S?) =272 Z)

7. Definition of K1

It should be clear by now that unitaries play a critical réle in the theory and
computation of K. In this chapter we'll get a closer glimpse of why.

Just asK(A) is de ned in terms of equivalence classes of projections in matrix
algebras overA, we want to de ne K (A) in terms of homotopy classes of unitaries
in matrix algebras. We have injections of GL} (A) into GL ., (A) and U?(A) into
UL, (A) given by x 7! x 1. We de ne

GLi (A):=lim GLy(A) and Uz (A):=lim Uj(A):
We notice that the connecting maps take the connected components GI(A), and
UL(A)o into GL},; (A)o and UL,, (A)o, respectively. In particular, x 7! x 1

induces a homomorphism of the quotient U} (A)=UZ (A)o into UL, (A)=U2.,; (A)o
and we can de neK ;(A) as follows.

De nition 7.1. If Ais aC -algebra, then
K1(A) :=lim Uz (A)=Uj (A)o:
If we de ne U1 (A)o = lim U7 (A)o, then it is not hard to check that

(7.1) K1(A)=U7 (A)=Ui (A)o:

Remark 7.2 If u 2 U}(A), then [u] will denote the class ofu in K1(A). Every
class in K1(A) has such a representative, and ] = [v] if and only if there are
m;n;k 2 Z* suchthatu 15, nv 1, in UE(A).

160 fact, Ko B(H)=K(H) = f 0g, but this is, | think, not so easy to see.
I7\Well, given that K o(C(T)) = Z, then Kgo(Co(R)) = Ko(C(T)) = Z, and it is not hard to
see that Koo (A1) = Ko(A) Z.
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Lemma 7.3. Letuandv beinU}(A). If y= (y9, wherey®is a unitary matrix in
M,, thenyuy 2 U(A) and is homotopic tou in U} (A). In particular, [u] =[yuy ]
in K1(A). Furthermore, if u and v are homotopic in U, (A') then u and v are
homotopic in U,l](A). In particular, [u] =[v] in K1(A)

Proof. That yuy 2 U%(A) is straightforward. Remark 5.20 implies thaty 1,
in U, (C). The rst assertion follows. Now suppose thatt 7! a; is a homotopy from
uto vin Uy(AY). Let y; = (&) . Thenyy = y1 = 1,, and t 7! yiay, is a
homotopy from u to v in UL (A).

Remark 7.4 We still need to see that the groups GL(A)=GL!(A); and
UL(A)=UL(A)o are isomorphic forn = 1;2;:::;1 . This allows us to replace U
with GL in the above discussions.

Notice that there is no reason to suspect that Q(A):U%(A)o is abelian. There-
fore the next lemma gives one excuse for passing to the direct limit.

Lemma 7.5. K1(A) is an abelian group with respect to the operation coming from
the direct limit. The identity is the class of 1 and the inverse of[u] is [u ].

Proof. If m n, u2 U (A), and v 2 UX(A), then [u]lv] := [(u 1, m)V]is the
group operation on the inductive limit K ;. Since Theorem 5.10 implies that

[(u 1o mVI=[(Uu 1y m) VvlI=[v (u 1y m)]=[V]u];
the operation is commutative.

The object of this section is to prove Theorem 7.6 which states thatK ;(A)
is naturally isomorphic to Ko(SA) where SA := A Co(R).'® To explain what
natural means in this context, it is helpful to think of passing to the suspension as
a functor. If :A! B is a homomorphism, thenS :SA! SB is given by the

restriction of id to SA. Thatis, S (f)(z):= f(z) , where we have identi ed
SA=ff2C(T;A):f(1)=0g:

Then the word \natural* above simply means that given : A! B, then the

diagram

(7.2) K1(A) —IKo(SA)

s
K1(B) ——/Ko(SB)

commutes. Then it follows that K; enjoys many of the same functorial properties
as K. For example, given an exact sequence

0—/h—7hk —Jc—b;

of C -algebras, then it is easy to see that

0—7ba >tk > Jsc —Ib

18| some abbreviated treatments, K 1(A) is actually de ned to be K o(SA). The naturality of
the isomorphism of Theorem 7.6 means there is little harm int  his.
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is exact. SinceK is half-exact, we can use (7.2) to prove thatK; is half-exact.
With a bit more work, one can prove that K; preserves direct limits, etc.

It will be helpful to keep in mind that homotopies with values in SA! are in
one-to-one correspondence with continuous functions from [0;1] T! A?® which
are scalar valued on [01] f 1g and for which z 7! f (t;z) is constant for all
t 2 [0;1]. Given such anf, we can dene from C [0;1];SA? C [0;1] T;A?!
to SA! by (z) = f(t;z), and conversely. (The point is, that elements of SA! are
of the form f + wheref 2 SA,andSAl'6 ff :T! Al:f(1)2 Cilg)

Theorem 7.6. There is an isomorphism A : K1(A)! Ko(SA) which is natural
as in (7.2) above.

Proof. Let u be a normalized unitary in Uﬁ(A). We can apply Corollary 5.11 to
produce a homotopyt 7! w; in U%n (A) connectingwp =15, to u u . Using the
notation p, for the class of 4, in V(A), we can de ne a path of projections by

(7.3) t7 o = wipaw, (t 2 [0;1]):

Sinceqp = pn = qu and (q) = p, for all t, (7.3) de nes a projection g*" in
M2, (SAY).1® Then we can de ne a class§*"] [p,]in Ko(SA). We want to show
that this class depends only on the classy] of u in K1(A). To do this, we have to
show that (u) :=[d"¥] [pn] does not depend orw, that (u)= (u 1), and
that u p vimplies (u)= (V).

To do this, suppose thatt 7! a; is a homotopy from u to v in Uﬁ(A), and let
g™ and g"* be projections constructed as above. But letx be the mapt 7!
w; (U a  ua) z from [0;1] to Uz (AY). Itis easy to see thatxg = 1o = Xy,
and that (x{) = 1o, for all t. Thus x de nes an element of U}Ln(SA). Since
Ph=1n On,

Xq'? X =Xxzphz X =w (ua ua) p, (Au au) w
= WphW
- qu;w:
Thus the class of (u) = g*"¥ does not depend onw or the class of u in

UR (A)=U7 (A)o.

Now we need to consider (u 1;). Let t 7! w; be the path in U%n (A) connecting
1,, andu u as above; thus, (u) =[g"™] [pn]. Choose a scalar permutation
matrix y such that

y (u u In 1,) vy =u 1, wu 1n:

Dene zz .=y (W 1m) Y, and check that zz 2 Ujzp42m (A). Furthermore,
Zo=1o+2mandz;=u 1y u Im. Thus, (U 1m)=[q" 2] [pn+ml]
whereq" % = zp,+mz . But

ZPn+mZ W Lm) Y Premy (W Iom)

(w 1m) (In 0y 1y On) (W 1om)
= WphW Pm

=q™"  pm:

(7.4)

1950me care is called for here; g*V is a matrix of functions on T. The o diagonal entries
are in SA proper as are n of the diagonal entries. Thus gV is a matrix of elements in SAZL.
The other n diagonal entries are of the form f +1 with f 2 SA. It should be noted that, since
wo 6 wi, w does not de ne a unitary in - Uzn (SAY) and g%% is not necessarily trivial in K o(SA).
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Thus (U 1) =[q" 2] [prn+m]= (u), and we obtained a well-de ned map
A - K]_(A) ! KO(SA)

To see that , is a homomorphism, consideru;v 2 U(A). Let w and z be
as above so that A([u]) = [g""V] [pn]l and A([V]) = [d“?] [pn]. Note that
YpP2nY pn  Ppn Via a scalar permutation matrix y. Therefore,

alwl = u v =[g ™ 7] [Pl
where
gt ™ F=y (W Z)ypamy (W Z)y
w Z)(Ppn pa)W Z)
= qUJW qV;Z:
Thus A [uv] = A([uD+ A([VD.

Naturality is proved similarly. Suppose : A ! B is a homomorphism, and
that u 2 Uﬁ(A). Let A [u] =[9%"] [pn]. Note that ([u]) =[ *(u)], and that
t 7! (w) is a path of unitaries connecting L, and *(u)  *(u) . Thus

g () =[a ™M) ],
whereq "W "W js given byt 7! 1(w)p, 1(w) . Thus
[ @ "™M]=s [Wwpw]=S [¢™]:

Thus B =S A-
To prove that A is injective, we suppose thatu;v 2 Uﬁ(A) and that
(7.5) Alul = AV

Using the notation above, we let q“?W0 be the projection in M, (SA?!) de ned by
w%,wP , wheret 7! w? is a homotopy in U3, (A) from 15, to u u . It follows
from (7.5) that for suitable w® and z% we have B*™°] [0'Z°] = 0 in Ko(SA).
Proposition 1.19 implies that there is am 2 Z* andk 2n+2m such that

(7.6) ™" pm A pm (in M(SAY):
On the other hand, (7.4) implies that for suitable w and z we have
@7 g W g poand ¢ %7 @ pm (in Mansam(SAL):

(It should be noted that the pp's which appear in (7.6) and (7.7) are not, technically,
the same. One denotes 4 O 2n m and the other 1, 0,. But this isnt a
serious issue.) Together, (7.6) and (7.7) imply that there is a unitarya 2 U, (SA?)
such that ¢ 2 04 = a(q" VY +04)a, whered = k 2n m. That is,
ZPh+mZ O = a(Wph+mW  0Og)a . Thus if we replacepn+m With pp+m  Og, We
have

(7.8) (z  1d)Pn+m(z 1) = aw L3)pn+m(Ww lg)a:

Now we view elements ofSA! as function from [0; 1] into A* which attain the same
scalar value at 0 and 1. Then we can de nex; := (w, 13)a,(zx 1g) 2 Ux(AY).
Using (7.8), it is not hard to see that x; commutes with pp+m. It follows from
the rules for matrix multiplication, that x; = bk ¢ for bk 2 Upsm(AY) and
G 2 Uk n m(AY). Sincexo =ty ¢o = ay, there are unitary matricesy 2 M+
andy°2 My , m suchthata, =y y°= a;. Since

x1=(u  1n u 1n L)y YOV 1n v 1n 1)
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It follows that t 7! y by is a homotopy in U+ m (AY) from 1. mtoy (U 1n)y(v
1y). It follows from Lemma 7.3 that

=0y (u Ln)y(v Ln)]=[u vI=[u] *Iv];

and [u] =[v] in K.(A) as required.

It remains to show that A is surjective. So letx 2 Ky(SA). By Proposi-
tion 1.19, we can assume = [f] [p,] wheref is a projection in M (SA?!) such
that f pn, 2 Mg(SA). We can assume thatk 2n =2m for m 2 N. Sincet 7! f{ is
a path of projections in M (A1) such that f; p, 2 Mc(A)andfo = f; = p,, Corol-
lary 5.3 implies there is a patht 7! w; in U&(A) suchthat wp = 1 andf; = wipaw; .
Sincew; pyw; = pn, we havew; = u wforu 2 UL(A)and w2 Ui ,(A). We'd like
to construct a homotopy fromwto u  1,5,; however, | don't see any way to do this.
But we can replacek by 2k andw; by wy u v . (We certainly have 2k  2n even,
so this causes no harm.) Now =+ u ¥, and there is a homotopy in Ut | (A)
from v to u 1, 2« by Corollary 5.11. Multiplying by v we get a homotopy
t7' dinU} (A)from1g ntov (U 1om). Let t 7! z be a homotopy in Ug (A)
fromlctou u 1y oftheformz = z0 1. Thenif e := zpazy = z%n 2P, it
follows that a([u]) =[€] [pm]. Now let x; := wy(1, )z 2 UL(A). Certainly,
Xo = 1k, and

x1=(u v)(1, v (u Tom))(u u 1)
uu (v (U Lm)(u Lom))
=1:

Thus x 2 Ui (SA), and

xex =w(l, d)z (zpyz)z(1 d)w
= WpaW
= f:

Therefore [e] = [f], and A([u]) =[f] [pm]= X as required.

8. The Long Exact Sequence in K -Theory

For motivation, we recall some basic material about Fredholm operatorson
Hilbert space. Let H be a separable in nite-dimensional Hilbert space. Then
quotient B (H)=K(H) is called the Calkin Algebra. An operator T 2 B(H) is called
Fredholm if its image q(T) is invertible in the Calkin Algebra. The theory, as
presented in Douglas's book [Dou98] for example, tells us that

j(T):=dimker T dimkerT
is a ( nite) integer which depends only on the class ofg(T) in
GL B(H)=K(H) =GL B(H)=K(H) ,= U B(H)=K(H) =U B(H)=K(H) ,=Z

[Dou98, Theorem 5.36]. Becaus® (H) admits polar decompositions, a unitary in
the Calkin algebra lifts to a partial isometry in B (H).?° But if we identify K(C)

2016t T be any lift of a unitary u in B(H)=K(H). Then we can write T = V|T]j for a partial
isometry V. Since q(jTj) = (T T)% =1, g(V) = u as required.
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with Z, then we havej (V)=[1 V V] [1 VV ]. Note that

\% 1 VvV

W= 9 vv v

is a unitary in U, B(H) coveringu u in U, B(H)=K(H) . And a little calcu-
lation reveals that

w@ owl] [1 0O=[VvV 1 VvV] [1 0
(8.1) =1 VvVvV] 1 VvV]

=J(V):

0—b I —LIp=y —b
is an exact sequence of -algebras withJ an ideal in A, then we want to mimic the
index map from Fredholm theory. Unfortunately, a unitary in U ,1,(A:J) need not
lift to a partial isometry in M, (A'). But Corollaries 5.11 and 5.18 we can always
nd a unitary w2 U3, (A) such that g*(w)= u u . Thenwp,w  p, 2 Mo, (A)
and belongs to the kernel ofg. Therefore

(8.2) @u;w) :=[wpaw ] [pn]
de nes a class inKo(J).

Theorem 8.1. The class of (8.2) depends only on the clas§u] in K1(A=J) and
de nes a homomorphism@: K1(A=J) ! Kg(J) such that

K1(3) ——K 1 (A) —1IK 1 (A=3) —@TK 5(3) ——TK o(A) —1TK o(A=J)
iS exact.

Remark 8.2. Since @coincides with the Fredholm index map whenA = B(H) and
J = K(H), @is called theindex mapin K -theory.

Proof. The rst order of business is to show that the right-hand side of (8.2) de-
pends only on the class ofu in K;(A=J). Suppose thatw; 2 U3} (A) is another
lift of u u . Then z:= w;w 2 U3,(J), and implements an equivalence between
wp,w and wipaw; in V(J). Therefore the right-hand side of (8.2) is independent
of the choice of lift w. Now suppose thatu 1 v in U,11(A=J). Then x := u v and
ux u both belong to U}(A=J)o. Corollary 5.18 implies there area;b2 U} (A),
such that g*(a) = x and g*(b) = ux u . But

V. V=ux Xu =(u u)x uxu);
and this lifts to w(a b). Sincea b commutes with py,
w(@a bpn(a b)w = wpw ;

and the right-hand side of (8.2) is independent of the homotopy class ofi. To see
that the right-hand side of (8.2) depends only on [i], we have to see what happens
when we replaceu by u 1, for somem 2 Z*. Let w be aliftforu u andy a
scalar matrix?! such that

adyu u  Lpy)d=u In u Iy

21The term scalar matrix refers to a matrix of the form (y9 for some y 2 My for appropriate
k. Note that gl( (y9) is again a scalar matrix for the same y°.
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Thus y(w 14)y isaliftofu 1, u 1. Furthermore,

y(W  1om)Y Pr+mY(W Lom)y W Lm)(pn  Pm)(W Lom)

8.3
83) = WPhW P

But [wphW  pm]  [Pn+m] equals the left-hand side of (8.2) inK¢(J). Thus @[u]
is well-de ned.

To see that @is a homomorphism, it su ces to consider u;v 2 Ul (A=J). Let
wand z beliftsofu u andv v, respectively. As above, we can nd a scalar
matrix y such that y(w 2z)y isaliffofu v u v andy pny=pn Pn-
Therefore

@[u]lv] = @[uv]
=@u V]
=[y(w 2)y pany(w z)y]
=[(w 2z)(pn po)(Ww Z)]
=[wphw Zpz ] [pn Pnl
= @[u] + @[v] :

Thus @is a homomorphism.

Lemma 8.3. ker@=im q.

Proof. The image of q consists of those classes i 1(A=J) of the form [g}(V)]
for somev 2 U}(A). Butthen w= v v is a lift of q'(v) ¢'(v) , and then
WphW = pn. Therefore @[gt(v)] =0,andimqgq ker@

Now suppose that [i] 2 ker @for someu 2 Uﬁ(A:.J). Let wbealiftofu u .
Since fvphw ] [pn] =0in Ko(J), Proposition 1.19 implies that there isam 2 Z*
andk 2n+ m such that

(8.4) Wpnh W Pm Pn Pm

via a unitary in U «(J1). There is no harm in insisting that k 2n+2m. Let y be
a scalar matrix as in (8.3), and letz := y(w 1,,)y 14, whered=k 2n 2m.
Then

(8.5) WPhW  Pm ZPh+mZ
via a scalar unitary matrix in U ,(J1). Combining (8.4) and (8.5), there is a unitary
matrix x 2 Uk (J?) such that

X(ZPh+mZ )X = Pn+m:

The scalar matrix a := (X) 2 Ux(3Y) commutes with py+m (Since z is normal-
ized). Note that g'(a x) =1, = (a x). SinceJ! is an ideal in A%, a xz 2 UL(J),
andgt(axz)=qg(z)=u 1, u 1, 14. Sincea xz commutes with pn+m,
it must be of the form b cforb2 UL, . (J)and c2 Ul , ., (J). In particular,

qi(b) = u 1n;thus[ul=[u 1,]=[q*(b)] 2 imq . This completes the proof of
the lemma.

Lemma 8.4. im@=Kkeri .
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Proof. Since wp,w ] = [pn] in V(A), it is immediate that im @ keri . Let

x 2 keri . Then we can write x = [€] [p,] for some projectione 2 M (J?1) with

e pn2MgJ)andk n. Since ] [pn]=0in Kg(A), we can, by Lemma 1.17
and Proposition 1.19, replacee by e pm and n by n+ m and suppose that there is
a unitary wy 2 Uy, (A1) such that wip,w; = pn. Since (€) = pn, (W) commutes
with p,, and we can replacev; with (wy) wq and assume thatw; is normalized.
Sincew := w;  w; 2 U}m (A)o, we can assume thate = wp,w in M4, (A?) with

w 2 U, (A)o. Sinceq'(e) = pn, g*(w) commutes with p,, and g*(w) = u; U, with

ur 2 UL(A=J) and up 2 U3, (A=J). Using uy Uy 2 UZ, (A=), it follows that

[up 2pJluz] =1in K1(A=J). Thus forsomem 2 Z*,u; 1p+m andu, 1y, are
homotopic in U%mm(A:J). In particular, (U;  1on+m)(Us  1m) 2 Uznem (A=d)o

has a lift (Corollary 5.18) v 2 U3, ,(A)o. Let

z=01y v)(w 1y):
Note that
ql(z): 1, (U Lopem)(uy 1n) (U1 Uz In)=uUr Uz lopem:
Furthermore,
zZpnz =10 V)(W In)pa(Ww  In)In V)
=(1n Vv)(e+O0zn+m)An V)
= e

Therefore x = [€] [pn] = [Zphz ] [pn]. Butif z; is a lift of u;  uy, then
721 Ippemisaliftof uy U, Iopem and (zz donem)z 2 Uiem(3). In
particular, [zpnz ] =[2z1pnz,] in V(J). Thus

x=[el [pn]
=[zpnz ] [pn]
=[z1pnz;]  [pn]
= @[uq] :

Proof of Theorem 8.1 continued. Lemmas 8.3 and 8.4 give us exactness &t;(A=J)
and Ko(J). Since Ky is half-exact by Theorem 6.1 and the half-exactness oK ;
follows from that of Ky by Theorem 7.6, the result is proved.

9. C -Algebras with Identity

The goal of this section is to establish a humber of realizations oK o(A) which
closely parallel some classic ones fdf °(X) = Ko C(X) . In particular, we want
to show that if A has an identity, then Kq(A) is isomorphic to the Grothendieck
group of the semigroup of isomorphism classes of nitely generated projectivé\-
modules. We also want to present a result | found in Higson's [Hig90, Theorem.31]
which generalizes the result [Ati89, Theorem A1§? which states that Ko C(X) is
isomorphic to the set of homotopy classes of maps fronX into the set of Fred-
holm operators on a separable in nite-dimensional Hilbert spaceH. Speci cally,
we want to show that K o(A) is isomorphic to the set of homotopy classes of general-
ized Fredholm operators on Hilbert A-modules. (Higson [Hig90] looks at operators

22Higson [Hig90] attributes this to Atiyah and Janich
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on all countably generated A-modules, while Wegge-Olsen [W093, Chap. 17] con-
siders only operators on Kasparov's universal Hilbert moduleH, .) For most of this
section, we will assume thatA has an identity.

9.1. Projective modules.  Projective modules arise naturally in the theory. As
you know, Kgo(A) is generated by projections in matrix algebras overA. Since
a idempotent in a C -algebra must be similar to a projection, it should not be
surprising that we could also build Ko(A) out of idempotents in matrix algebras
over A. So before proceeding with the formal de nitions, I'll brie y outline how

nitely generated projective A-modules are related to such idempotents. First, lets
recall that if A is a ring with identity, then a right A-module?® X is nitely generated

a basis | that is, a spanning set which is also linearly independent in the obvious
sense. This is equivalent to saying thatX = A" for somen. An A-module P is
called projective if every homomorphism out of P into a quotient module lifts. Thus
given a surjective homomorphismqg: E! F and a homomorphismf : P! F, there
is a homomorphismh : P! E such that

B
h q
p——IF
commutes. It is pretty easy to see that free modules are projective.
Now suppose thatP is projective with generatorsf x1;:::;x, g. Then we have
a surjectionq: A" ! P and a mapc such that
(9.1) Al
ot
AL
}
PP

commutes. In particular, c is injective, and we can identify P with ¢(P) so that

A" = P kerq. This P is (isomorphic to) a direct summand of a free module. Note
that in this case, we can viewq as a module map fromA" to itself and that ¢? = g

Since A has an identity, module maps from A" to itself are in natural one-to-one
correspondence with matrices inMp(A), and we can viewq as an idempotent in

the matrix ring Mp(A). Finally, notice that given an idempotent g, the A-module

P := g(A") is projective. To see this, note that A" is also projective, given a
surjection g and a mapf as below, we get a magh such that

. h f“@

f] J ho .

"
s

A" 4q/b(An) f4/

commutes. But then h9:= hjgan) satis es
gh®q@ =f d(@ =f q@) ;

23\We should say unitary module as we are assuming that x 1g = x for all x 2 X. Note that
if 1 2 A, then any Hilbert A-module is unitary (because x 1 x has length zero).
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and q(A") is projective. Thus nitely generated projective modules correspond
naturally to idempotents in matrix rings over A.

With that algebra safely behind us, we now assume thatA is a C -algebra with
identity 1 o. One point of confusion best dealt with early is the following. A (right)
Hilbert A-module X is countably generatedif there is a countable subsetD such
that

(9.2) X=D A:=35parfa d:d2D anda2 Ag:

Naturally then, a Hilbert module should be nitely generated when we can takeD
nite above. Thus we will have to say that X is algebraically nitely generated to
indicate that X is nitely generated as a module over the ringA. For de niteness,
we'll say that X is topologically generated when we want to refer to (9.2).

A remarkable theorem of Kasparov [RW98, Theorem 5.49] implies that all the
modules we want to consider are complemented submodules (as Hilbert modufé$
of a universal Hilbert A-module Ha. We recall from [RW98, Proposition 2.15] that

X
Ha = f (g) 2 A: a, & converges inA g:
i=1

Alternatively, Ha can be realize as the external tensor productA 2 [RW9S8,

Lemma 3.43]. (Of course, ? could be replaced by any separable in nite-dimensional
Hilbert space H.) Then Kasparov's theorem implies that any countably generated
Hilbert A-module X is isomorphic to a Hilbert module direct summand of Ha;

alternatively, X Ha = Ha.

It should be kept in mind that, although Hilbert modules are natural and
straightforward generalizations of Hilbert spaces, there are a number of mper-
ties which we take for granted in Hilbert space that often do not hold for Hilbert
modules. For example, a Hilbert module will often fail to be self-dual: we say that
X is self-dual if given aboundedA-linear map ' : X! Aa, then there existsy 2 X
suchthat' (x) = hy; xiA forall x 2 X. Butif1 2 A, then A,, and therefore A" are

easily seen to be self-duaf® Note also, that if X is self-dual, then the usual Hilbert
space proof shows that the set of bounded-linear operators B (X) on X coincides
with L(X). Our interest in self-dual modules is due to the following lemma which
will be crucial in establishing the uniqueness assertion in Theorem 9.8.

Lemma 9.1. Suppose thatE is an orthogonal direct summand ofA" and that F is
a Hilbert A-module which is isomorphic toE as an A-module. ThenE and F are
isomorphic as Hilbert A-modules?®

For the proof of the lemma, we'll need to grapple with yet another defect’ of
Hilbert modules: operators need not have polar decompositions. We pause here to

241 am emphasizing that \direct summand" is taken in the catego ry of Hilbert modules. This
is logically distinct from being simply an  A-module direct summand. In Hilbert space, this is
the distinction between being an orthogonal direct summand , and simply a vector space or skew
summand. Consequently, the terms \orthogonal summand" or \  orthogonal direct sum" will also
be used to make this distinction.

25, result of Frank [Fra90] shows that Ha can be self-dual only when A is nite dimensional.

26Two Hilbert A-modules E and F are isomorphic as A-modules if there is a merely a bijective
module map u : E! F. If they in addition u preserves inner-products, then we say that E and F
are isomorphic as Hilbert A-modules or that E and F are unitarily equivalent. Note that u 1 is
an adjoint for u so that u is necessarily a unitary in L (E;F).

27In computer science, this would be a \feature".
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give a rather longer discussion than required to prove Lemma 9.1 since we'll need
polar decompositions in Section 9.3.

De nition 9.2.  Let X and Y be Hilbert A-modules. An operatorT 2 L (X;Y) has
a polar decomposition if there is a partial isometryV 2 L (X;Y) suchthat T = V|T]j
and

kerV =ker T kerV =kerT
RangeV = T(X) RangeV = |Tj(X):

Recall that if T : H; ' H , is a bounded operator between HilbertspacesH;,
then the business of polar decomposition goes fairly easily. Then map sending
jTjih2H 1 to Th 2 H, is both well-de ned and isometric. This gives a isometryu
of jTj(Hy) onto T(H1) in H,. We get an operatorv:=u O:Hji!H 5, by simply
setting v to be zero onjTj(H1)?. Then T = vjTj is our polar decomposition This
proof breaks down forT 2 L (X;Y) becausejTj(X) may not be complemented?® It
can also break down because may not be adjointable as an operator fromY to X.

Example 9.3 (Noncomplemented submodule) Let X = C [0;1] viewed a right
Hilbert module over itself. Let Y = ff 2 C [0;1] :f(0) =0g. ThenY is a
closed submodule ofX and it is easily checked thatY? = f0g. Thus Y is not
complemented in X.

Lemma 9.4. Suppose thatX and Y are Hilbert A-modules and thatT 2 L (X;Y).
Then T has a polar decomposition if and only ifT (X) is complementable inY and
iTi(X) is complementable inX.

Proof. If T = V|Tj is a polar decomposition forT, thenIx =(Ix V V) V V
andly =(ly VV ) VYV give the required decompositions ofX and Y.

Since kerT = ker jTj, elementary considerations show thati Tj(X)? =ker T and
T(X)? =ker T . Thus if the ranges of T and jTj are complementable, then

Y=T(X) kerT
X=]JTj(X) kerT:

Thus, as in the Hilbert space case, we can dene/ = U 0 : X! Y such that
T=V]|Tj. ThenW%:= U 1 0 (relative to T(X) kerT )is easily seen to be an
adjoint for V. The rest is straightforward.

Example 9.5 (Operator without Polar Decomposition). Let X := C [0;1] and Y
be as in Example 9.3. Deneg2 X, by g(t) = t forall t 2 [0;1]. Dene T : X! X
by T(f)= gf. Then itis easily checked thatT 2 L (X) with T = T. Furthermore,
kerT = f0g. Thus if T had a polar decomposition, thenT (X) would have to be
dense. ButT(X) Y is certainly not dense.

Fortunately, the following will be enough for our purposes.
28\ve say that a closed submodule E of X is complemented if X = E E?. Since E? ? always

contains E, E fails to be complementable when E? ? s strictly larger than E. For example, in a
Hilbert module, one can have E’ = f 0g without E being dense.
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Theorem 9.6 (JWO93, Theorem 15.3.8]) Suppose thatX and Y are Hilbert A-
modules, and thatT 2 L (X;Y) has closed range Then both T and jTj also have
closed range. In fact, the ranges off, jTj, and T are complementable and we have

X=kerjTj j Ti(X)=ker T T (Y) and Y=kerT T(X):
In particular, T has a polar decomposition= V|Tj.
Proof. Suppose that T(X) is closed. ThenU : jTj(X) ! T(X) is isometric and
surjective. SinceT (X)) is complete, so isjTj(X); hencejTj(X) is closed. Since we
can approximatejTj% by polynomials in jTj without constant term,
iTiO) = JTiETiE(X) j TiZ(})  jTi(¥) = jTi(X); and
kerjTj kerjTj? kerjTjZjTj? =kerjTj:
Thus jTj(X) = jTjz(X) and kerjTjz = ker jTj. Now if x 2 X, then jTjzx = jTjy for
somey 2 X andx = (x j Tjzy)+ jTjzy. Thatis, x 2 kerjTjz j Tjz(X). We have
shown that
X =ker jTjz j TjZ(X)
9.3) =kerjTj j Tj(X)
(9.4 =ker T j Tj(X):
Therefore jTj(X) is complemented.

To show that T (X ) is complemented, we'll show thatT (Y) is closed and comple-
mented. Then we can repeat the proof withT in place of T and conclude that T (X)
is complemented. First, note that T T(X) = jTj2(X) j Tj(X). If x 2 jTj(X), then
x = jTjy for somey 2 X. By (9.3), we can write y = y; + y, with y; 2 kerjTj and

y> = jTjz for somez 2 X. Then x = jTjy = jTj(y1 + ¥2) = jTj?z=T Tz2 T (Y).
This shows that jTj(X) = T T(X). By (9.4),

(9.5) X=kerT T T(X):
Since
TTX) T(Y) ((kerT)” =T T(X);
we see thatT (Y)= T T(X) = (ker T)? is closed and
X=kerT T (Y)

as required.

Proof of Lemma 9.1. Let T : E! F be an A-module isomorphism. SinceA" is
self-dual, it is not hard to see that E is also self-dual in its inherited structure.
Furthermore, a sequencef a, := (ak) g in E converges toa := (&) if and only if
ak! @ in A for eachi =1;2;:::;n. Butif P is the projection of A" onto E and
f e g, is the usual basis forA", then

T @) =TP (&)
X

= TP(e) a:
i=1
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In particular, T is continuous and therefore bounded. Sincé is self-dual, T is
adjointable. SinceT is surjective (and therefore certainly has closed range), The-
orem 9.6 implies that jTj is also surjective?® Therefore jTjx 7! Tx is a unitary
transformation U of E onto F as required.

Example 9.7 (Nonclosed nitely generated submodule) Consider the operatorT 2
L (X) de ned in Example 9.5. The range of T is the submodule ofX generated by
the identity function g. SinceT doesn't have a polar decomposition, Theorem 9.6
implies T can't have closed range. Thereford (X) is a nitely generated submodule
of X which is not closed.

We'll write f g; g for the usual basis forHa and identify A" with the subspace

Theorem 9.8 (JWO93, Theorem 15.4.2]) Let A be aC -algebra with identity and
suppose thatE is a right A-module. Then the following conditions are equivalent.

(@) Eis a nitely generated projective A-module.

(b) Eis isomorphic to an algebraic direct summand inA" for somen 2 Z*.

(c) Eisisomorphic to a Hilbert module direct summand inA" for somen 2 Z*.

(d) Eis isomorphic to a closed nitely generated submodule ofis .

(e) There is aq2 K(Ha) such thatE is isomorphic to q(Ha).

(f) There isaq2 K(Ha) with g pn such thatE is isomorphic to g(Ha).
In particular, every nitely generated projective A-module admits a Hilbert A-
module structure which is self-dual and unique up to unitary Somorphism. With
respect to this structure, the isomorphisms in(c){ (f) can be taken to be unitary.

Note that the hypothesis in part (d) is not redundant in view of Example 9.7.
For the proof, we'll want the following lemma which follows almost immediately
from lemmas 2.3 and 2.1.

Lemma 9.9. Let A be aC -algebra with identity. If g2 K(Ha) is a projection,
then for su ciently large n 2 Z*, there is a unitary u 2 L (Ha) such thatuqu  py.

Proof. It is straightforward to check that f p, g is an approximate unit for K(Ha).
Then for large n, we can assume thatkq prgmk < % If ¢ := pngm, then g, is
self-adjoint and kg, k 1. Furthermore,

1
ket ohk Kk go(ch  Qk+ k(ch  o)ak+ kg gk < 7

Since g, is self-adjoint, a little functional calculus (Lemma 2.3) implies there is a
projection o 2 K (Ha) such that kg k< 3. Thenkq o% < 1, andqand ¢
are unitarily equivalent in L(Ha) by Lemma 2.1.

Thus, it will su ce to see that o°is majorized by p,. A quick look at the proof of
Lemma 2.3 reveals thatq is constructed via the functional calculusg®= f (q,) for
a function f vanishing at 0. This means we can approximatef with polynomials
in g, without constant terms. It follows that p,g°= g%, = ¢ thatis ¢° p,.

Proof of Theorem 9.8. (a) () (b): follows almost by de nition (cf., (9.1) and
following discussion).

(b)=) (d): Let A" = F E. (Here, denotes an algebraic or skew direct sum.)
Let P be the skew projection of A" onto E. Then P is an A-module map and is

29We don't really need the full power of Theorem 9.6; we only nee d (9.4).



LECTURE NOTES ON K -THEORY 37

given by a matrix in M, (A). In particular, P is continuous andE = P(A") is
closed inA". Since we have identi ed A" with its image in Ha, this su ces.

belongs toK(Ha) as does

We clearly héveK(HA) E. Butif fas;:::;;axg A,thena= P ikzl e & 2 Ha,
andK (a)= f; &, soK (Ha) = E= K (AX). Thus K has closed range and we can
apply Theorem 9.6 to conclude thatK = VjKj, whereV is a partial isometry with
support projg:tion V V equal to the orthogonal complement of ke or RangeK .
SinceK = ¢,;, thisimplies that V V. pg. It follows that V V = V Vp
is compact. SinceV = VV V, it follows that V is compact, and so is the range
projection Q := VV . Again by Theorem 9.6,

RangeQ = RangeV = RangeK = E:

(&) =) (f): Inview of Lemma 9.9, we can assume there is a compact projection
o° such that @ p, and that there is a unitary u 2 L (Ha) such that ug = d.
Then u : Ha ! Ha is an inner-product preserving A-module map taking q(Ha)
into g(Ha) with inverse u = u 1.

(f) =) (c): Viewing A" as the closed submodule,(Ha), we can decompose
A" as

d(Ha) (Pn A(Ha):

And (c) =) (b) is trivial.

Thus if Eis a nitely generated projective module, then (c¢) implies that E inherits
a self-dual Hilbert A-module structure as an orthogonal summand inA". Now the
uniqueness and other assertions follow from Lemma 9.1.

If we start with a Hilbert module, then we can add two more characterizations
to the list in Theorem 9.8.

Corollary 9.10. Suppose thatl 2 A and that E is a algebraically nitely generated
Hilbert A-module. Then E is projective.

Proof. The Kasparov Stablization Theorem allows us to assume that is a closed
submodule ofHa. (The projection Q of Hy onto E is an A-linear operator which
is self-adjoint and therefore bounded.) Thus the result follows immediately from
Theorem 9.8.

Corollary 9.11.  Suppose thatE is a Hilbert A-module. ThenE is nitely generated
and projective if and only if 1 2 K(E). Moreover, if 1z 2 K(E), then there is a
n2 Z* and elementsf x;;yi g, E such that

X

le = Xiyi -

i=1
Proof. If Eis nitely generated and projective, then Theorem 9.8 implies that we
may as well assume thatk = q(l—,,) for some compact projectiong. But then qis
an identity for K q(Ha) , andif ; 4.y, is close tog, then so is

X X

q xiyi A= axizay; 2 K g(Ha) -
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Thus, g2 K q(Ha) -

Now assume thatK(E) has an identity. Then [RW98, Proposition 5.50] implies
that E is countably generated. Thus we can assume (by Kasparov's result) thaE
is a orthogonal direct summand ofHa. Since 12 K (E), it is not hard to see that
the projection Q onto E is the norm limit of operators ,,, with x;y 2 E. Thus,
Q 2K (Ha), and E is nitely generated and projective by Theorem 9.8.

The ideal of \ nite-rank” operators span f .y : X;y 2 Egis dense inK(E). If
1 2 K(E), then the invertibles are open in K(E), and 1 must be nite-rank.

9.2. Alternate realizations of K o(A). Now recall from Lemma 1.17 that we can
view V (A) as the semigroup ofeither Murray-von Neumann or unitary equivalence
classes of projectionsP (A) in M1 (A) where [p] +[q] := [p ¢]. Let Vi(A) be
the semigroup of A-module isomorphism classes of algebraically nitely generated
projective A-modules where E]+[F] := [E F]. Here, we have some exibility
in the underlying set for V;(A) (thanks to Theorem 9.8). In particular, we can
restrict ourselves to algebraically nitely generated Hilbert A-modules (so that
E F means orthogonal direct sum), or even to algebraically nitely generated
closed submodules oHp . Also, we de ne V,(A) to be the collection of Murray-von
Neumann equivalence classé$ of projections in K(Ha). With a little work, you
can verify that V,(A) is a semigroup with respect to the operation

[Pl +[dl = [p°+ o7 where p] = [p7, [d] =[], and p°? o

(The existence of suchp® and q° can be deduced from Lemma 9.9 which allows us
to assume thatp;q p,; now simply \shift" g so thatp? q.)

Theorem 9.12 (JWO93, Exercise 15.K]). Let A be aC -algebra with identity. The
map sending a projectionp 2 M, (A) to the A-module p(A") induces a semigroup
isomorphism' :V(A)! Vi(A). Similarly, the map sending a compact projection
g2 K(Ha) to the A-module g(Ha) induces a semigroup isomorphism : V,(A) !
V1(A). Thus the Grothendieck groupsG Vi(A) and G V,(A) are both naturally
isomorphic to Ko(A).

Proof. Given' and , G(' )and G(' ) G( ) provide isomorphisms of bothG V;(A)
and G V>(A) with G V(A) := Kgo(A), which, since 12 A, is naturally isomorphic
to Ko(A) by Proposition 1.15. Thus, we just have to verify the assertions abat '
and

Sincep(A™) and (p+0)(A"* k) are clearly isomorphic, we get a well-de ned map
"o:P(A)! Vi(A). Butif[ p] =[q]in V(A), then we can assume thatp;q2 M, (A)
and that there existsu 2 U, (A) such that qu= up. Thenu: A" I A" is a module
isomorphism mapping p(A") into q(A"). Furthermore u jqan) is an inverse to
Ujpany. Thus ' o(p) = ' o(0), and we obtain a map' : V(A) ! Vi(A) such that
" [pl =[p(A™M)]. Itis not hard to check that ' is a semigroup homomorphism:

"lplt[d =" P d
=[(p A™™]
=[p(AMI+[a(A™)]=" [p] +" [q:

30The partial isometry implementing an equivalence between t wo compact projections, must
itself be compact. Thus we can view this as equivalence in L (Ha) orin K(Ha).
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Note that ' is surjective by Theorem 9.8. To see that' is injective, suppose that
" [pl ="' [g . Then we can assum@;q2 M, (A), and that there is an A-module
isomorphismv : p(A") ! g(A"). Lemma 9.1 allows us to assume thaw is unitary.
Let w:= v O (relative to A" = p(A") (1 p)(A")). Itis not hard to see that
w is adjointable with adjoint w = v O (relative to A" = gq(A") (1 g)(A")).
Sincew w = pandww = g, it follows that [ p] = [q] and ' is injective. This shows
that ' is an isomorphism as claimed.

To dene |, let pandqbe projections inK(Ha) with w 2 L (Ha) such that p=
w w and g= ww . (Note that any such w must lie in K(Ha).) Then wj,,) is an
A-module isomorphism ofp(Ha) onto g(Ha). Thus we can dene [p] =[p(Ha)].
This map is surjective by Theorem 9.8 and a homomorphism because

[Pl +[d =[(p°+ d)(Ha)l
=[pHa)  dAHa)l
= [P+ [q:

The proof that s injective is similar to that for

9.3. Generalized Fredholm Operators. If X is a Hilbert module, then the
nitely generated closed submodules ofX are a reasonable analogue of the nite
dimensional subspaces of a Hilbert space. (As Example 9.7 shows, the word closed
is not redundant here as it would be for nitely generated subspaces of Hilbert
spaces.) If is the quotient map of L(X) onto Q(X) := L(X)=K(X), then the
subsets

FX)=fT2L(X): (T)2GL Q(X) g
FORX)= fT 2L (X): T(X) is closed and both

kerT and kerT are algebraically nitely generatedg
FIX)= fT2L(X): T+ K 2F %X) for someK 2K (X)g

are all reasonable candidates for the set of Fredholm operators a4, and Atkinson's
Theorem [Ped89, Proposition 3.3.11] implies these sets coincide whéa= C. For
general Hilbert modules, the relationship is unclear. WhenX = Ha, then we shall
see that that

(9.6) FUHA) $ FYHA) = F(Ha):

This result is part of Mingo's thesis [Min87], which is where much of the materal
from [WO93, Chap. 17] comes fron?! In the interests of time and space, the treat-
ment here will diverge from [WO93] (a.k.a. Mingo), and instead focus on Higon's
treatment in [Hig90, x3]. In particular, we make the following de nition.

De nition 9.13.  If X and Y are Hilbert A-modules, thenT 2 L (X;Y) is a (gener-
alized) Fredholm operator if there is aS 2 L (Y; X) such that 1x ST 2 K(X) and
1y TS 2K(Y). One callsS a parametrix for F. The set of Fredholm operators
from X to Y is denotedF (X;Y).

3lsome of Mingo's results rely quite heavily on earlier work of  Kasparov, Mg&genko and
Fromenko, and Pimsner, Popa, and Voiculescu. Some of the arg uments have simplied over
time, but Mingo's treatment is still quite nice and readable



40 DANA P. WILLIAMS

Of course, whenX =Y, we simply write F (X) and obtain the same class of
operators as above. In the classical case | that is, X = Y = 2, every Fredholm
operator T has closed range and one can choose the parametr&so that 1 ST
is the projection onto kerT while 1 TS is the projection onto kerT [Ped89,
Proposition 3.3.11]. In particular, both 1 ST and 1 TS are nte-rank. Un-
fortunately, not every generalized Fredholm operator need have closed range: the
operator T : X! X from Example 9.5 is Fredholm, sinceK(X) = L(X). However,
as Exel points out in [Exe93], but does not prove, one can still demand that the
parametrix is an inverse up to generalized nite-rank operators; that is, operdors
inspanf y, :x2 Xandy2Yg.

Lemma 9.14. Suppose thatT 2 L (X;Y) is Fredholm. Then there is a parametrix
S such thatly ST andly TS are nite-rank operators.

Proof. Let ( X) denote the nite-rank operators from X to X. If S is a parametrix
for T, then there is a nite-rank F 2 ( X) such that k1 (ST+ F)k < 1. In
particular, ST + F is invertible. Let S°:= (ST + F) !S. Then
ST =(ST+F) 'ST=(ST+F) Y(ST+F)+(ST+F) 'F
=1y +(ST+ F) 'F:

Since ( X) is a (not necessarily closed) two-sided ideal i (X), 1x  S°T is nite
rank.

Similarly, we can construct S®such that 1y TS%is nite rank. But then
modulo the ideal of nite-rank operators,

s% sYTSY (sT)s® s%

Therefore, &y TSP=(1y TS%+ T(S® SO 2 (V).

If T has closed range, then we can invoke Theorem 9.6 to recover a more complete
analogue of the classical theory.

Lemma 9.15. Let X and Y be Hilbert A-modules. Suppose thal 2 F (X;Y) has
closed range. Then there is a parametrixS for T such that

9.7) T=TST and S=STS:

In fact, we can chooseS such that1ly TS is the (orthogonal) projection onto

kerT and1lx ST is the (orthogonal) projection onto kerT. It follows that ker T

and kerT are algebraically nitely generated closed (hence projette) submodules
of X and Y, respectively.

Proof. Since the range ofT is closed, Theorem 9.6 implies thafl (Y) is also closed
and that we have

(9.8) X=T (Y) kerT
and
(9.9) Y=T(X) kerT:

ThenTjr (v) is an injective bounded operator fromT (Y) onto T(X) and must have
a bounded inverseS® Let S := S° 0 relative to (9.8). Similarly, we can de ne
R%to be the inverse of T jT(x) and get a bounded operatorR = RO 0 relative to
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(9.9). Routine computations®? show that R is an adjoint for S and thus S 2 L (Y; X)
as required. Similar calculations show thatS satis es (9.7). It is immediate that
1x ST is an idempotent with range kerT. The de nition of S implies that ST is
the identity on T (Y). SinceX =ker T T (Y) by Theorem 9.6, Ix ST is the
orthogonal projection as claimed. Similarly, Iy TS is the projection onto kerT

(becauseT S is the projection onto the range of T). Using Lemma 9.14, we can nd
a parametrix S®such that 1x ST and 1y T S%are nite-rank operators. Since

1y ST=(@1x S%)(1x ST);

it follows that 1x ST is nite-rank: say, 1x ST = [, .y . Since k ST
is the identity on ker T, it follows that ker T is nitely generated with generators
f x; g. In particular, ker T is nitely generated projective by Corollary 9.10. A

similar argument applies to Iy TS and kerT .2

Remark 9.16. An operator S 2 L (Y; X) satisfying (9.7) is called apseudo-inverse
for T. Since (9.7) implies that TS is an idempotent with Range equal to RangeT,
it follows that any operator with a pseudo-inverse has closed range.

Lemma 9.17. Suppose thatT 2 L (Ha) has closed range and that botlker T and
kerT are nitely generated (hence projective). ThenT 2 F (Ha).

Proof. Theorem 9.6 implies that T has a polar decompositionVjTj. Notice that
1 V V = P whereP isthe projection onto kerT. Then P 2 K (Ha) by Theorem 9.8
asis1l VV . This meansV 2 F (Ha), and it will suce to see that jTj+ P is
invertible in L(Ha). But Theorem 9.6 implies that Hy = ker jTj RangejTj;
therefore, it is not hard to see thatjTj+ P is bijective. Thus, jTj+ P is invertible
by the Open Mapping Theorem.

De nition 9.18.  Let X andY be countably generated Hilbert modules over a unital
C -algebraA. Suppose thatT 2 L (X;Y) is Fredholm with closed range. Then the
index of T is the element indT in Ko(A) which is the image of [kerT] [kerT ]
under the natural isomorphism of G V1(A) onto K(A) given by Theorem 9.12.

Remark 9.19 In the sequel, if E and F are nitely generated projective modules,
we'll view [E] [F] as an element ofKy(A) and suppress any mention of the
isomorphism from Theorem 9.12.

Next we want to extend ind to arbitrary Fredholm operators. There are two
paths. The rstis to work with compact perturbations of operators on Hp. This is
Mingo's approach and is treated in detail in [WO93, Chap. 17]. The second follas
Higson [Hig90] and Exel [Exe93]. We will sketch the rst and look at the second in
more detail.

3216t x 2 X and y 2 Y. Then (9.8) allows us to write
x=T (yo)+ x°
with x92 kerT = T (Y)? and yp 2 (ker T )? = T(X). Similarly,
y = T(xo)+ y°
with y92 kerT = T(X)? and xo 2 (ker T)? = T (Y). Then
hSy;xi = ho;T yoi = hTxo;yoi = hTxg;Rxi = hy;Rxi :
A A A A A

33| have not appealed directly to Theorem 9.8 just to avoid havi ng to assume X and Y are
countably generated. I'm not sure why | bothered.
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Lemma 9.20. Suppose that is a unitary in Q(Ha) := L(Ha)=K(Ha). Then there
is a partial isometry V 2 L (Ha) such that (V)= u.

Remark 9.21 If A = C, then Hc = 2 and Q(Hc) is the Calkin algebra In this
case, the above result is a straightforward consequence of polar decompositi if
(Z2)=uand Z = VjZj, then

u= (2)= (V) (Z)

V) )@ *
= (V):

Remark 9.22 Lemma 9.20 is valid whenH, is replaced by anyX for which K(X)
has a approximate identity consisting of projections | note that f p, g is an ap-
proximate unit of projections for K(Ha). This will be the only property of Ha used
in the proof. (I believe the word \projection" was omitted from Remark 17.1.3 of
[W093].)

Proof of Lemma 9.20. ChooseZ in L(Ha) with (Z) = u. Sincel Z Z isin
K(Ha), we can nd a projection P 2 K(Ha) such that

k@ P Z ZzZ)2 P)k=k@ P) (1 P)ZZz(1 P)k<lL

This implies that (1 P)Z zZ(@ P) is invertible in (1 P)L(HA)(1 P) with
inverse

R k

@a P)+ @ P)zz@a P):

k=1

SinceP is invertible in PL(HA)P with inverse P, we see that
T=P+(1 P)ZZQA P)

is invertible in L (Ha) with

T1=I+X 1 P)zza P)* o
k=1

SinceT ! is positive, T ¢ is de ned and is the norm limit of polynomials in T !
without constant term. Thus, PT z=P =T zP.
Now letV :=Z(1 P)T Z. SinceP is compactand (T)= (Z Z2)=1,
(V)= (2T %) (ZPT %)
(Z) ©
=u

All that remains to be shown is that V is a partial isometry. But
VV=T 1 P)Zz(1 P)T ?
=T (T P)T ¢
=1 P:

Lemma 9.23. If F 2 F (Ha), then there is aG 2 F (Ha) with closed range such
that F G2 K(Ha).
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Proof. SinceF 2 F (Ha), (F) (jFj) ! usaunitaryin Q(Ha), Lemma 9.20 implies

that there is a partial isometry W in L(Ha) such that (W) = (F) (jFj) 1.

SincejF| is positive, log (jFj) is de ned and we can chooseH 2 L (Ha) such that
(H)=log (jFj). Now we let G := W exp(H). Since expH) is invertible,

RangeG = Range W;
in particular, the range of G is closed. Since
(G)= (W) expH)
(F) (iFj) ‘exp (H)
(F) (iFi) “explog (iFj)
(F);
F G is compact andG 2 F (Ha).

Remark 9.24. Lemmas 9.15 and 9.17 implies that we always have
(9.69 FOUX) F AX) F (X);

at least when X = Hp, and it is not hard to see how to modify the proof of
Lemma 9.17 for generalX. The equality in (9.6) follows from Lemma 9.23; unfor-
tunately, | do not see how to extend the argument to generalX.

Remark 9.25 (Mingo's Approach). From here on we'll switch to Higson's approach.
Mingo's treatment [Min87] is treated in detail in [WO93, Chap. 17], but I'll give
a brief sketch here. Using Lemma 9.23, it is natural to attempt to extend the
de nition of ind to all Fredholm operators T 2 F (Ha) by setting ind T equal to
ind G, where G is any compact perturbation of T which has closed range. To do
this, we would need to see that indS = ind G wheneverS and G are Fredholm
with closed range satisfyingS G compact. Fortunately this is true, but the proof
due to Kasparov [Kas80] is rather complex. A reasonable exposition of Kaspar&
argument is given in [WO93] (see [WO93, Corollary 17.2.5]f* With Kasparov's
result in hand, we get a well-de ned map ind : F(Ha) ! Kgo(A). More hard
work is required to show that indT =ind S if and only if T and S are connected
by a continuous path in F(Ha). The \only if" direction requires we know that
the unitaries in L(Ha) are connected. SinceL(Ha) = M K(Ha) = M K(A
2y = M(A K), this follows from Mingo's ([Min87, Theorem 2.5] or [WO93,
Theorem 16.8]) (provided 12 A).3® Then one shows that that the set of path
components F (Ha)] in F(Ha) is an abelian group with [S][T] := [ST], [T] ! the
class of any parametrix forT, and identity the class of any invertible element. Thus
ind : [F(Ha)] ! Ko(A) is an isomorphism ([Min87, Proposition 1.13] or [WO93,
Theorem 17.3.11]). More generally, the set of homotopy classeX;[F (Ha)] from a
compact Hausdor space X into F(Ha) is a group isomorphic toKg C(X) A
[Min87, Theorem 1.13].

Its now time to give Higson's de nition of homotopy between Fredholm operatars
on (possibly) di erent Hilbert modules. For this, we need the notion of the int ernal
tensor product of a Hilbert B-module X and a Hilbert A-module Y for which there

340n the other hand, we give an alternate proof in Corollary 9.4 5.

35| was surprised to discover that a corollary of the unitaries in M (A K ) being connected if
A is unital or  -unital, is that the unitary group of M (A K ) is contractible in the norm topology .
This is a generalization of Kupier result that the unitary gr  oup of B (H) is contractible [Kui65].
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is a homomorphism' : B !'L (Y). Unfortunately, this is slightly more general than
that treated in [RW98, x3.2]. Instead, a good reference is [Lan94, Proposition 4.5],
and I've given a short treatment in Appendix C. There it is shown that

(9.10) Hx:  yi;Xx2 y2iA =yt g xziB y2

is a well de ned pre-inner product on the algebraic tensor productX Y as in
[RW98, Lemma 2.16]. Thus [RW98, Lemma 2.16] implies that the completion
X Y is a Hilbert A-module. For details, see Proposition C.1 or Appendix C.
One of the more important features of this tensor product is that it is B -balanced
inthat x b yandx ' (by have the same image inX - Y. If T 2L (X; Z) for

some Hilbert A-module Z, then there is an operatorT - 12L(X . Y;Z :Y)

characterized by T + 1(x - y)= Tx - y (Proposition C.2). We primarily need

this construct when Y = Aa, B = C [0;1;A and' is evaluation at t. In these
cases, we'll writeX | A for the resulting Hilbert A-module.

Remark 9.26. As is customary in the subject we will invoke the isomorphism of the
C -algebrasCy(X) A and Cp(X;A) without comment [RW98, Proposition B.16].
There is a similar construction with Hilbert modules. Suppose thatY is a Hilbert
A-module and X a locally compact Hausdor space. ThenZ ;= Cy(X; Y) carries
an obvious Cy(X; A )-valued inner product and the induced norm onZ is
kf kz = sup kf (x)ky:
x2 X

In particular, Z is a Hilbert Cy(X;A)-module. Alternatively, we can form the
external tensor product Co(X) Y [RW98, Proposition 3.36], which is also a Hilbert
Co(X; A) module (after identifying Co(X;A) with Co(X) A as above). The usual
map of Co(X) Y into Co(X;Y) extends to a Hilbert module isomorphism of
Co(X) Y with Cp(X; Y). Notice that

K Co(X) Y = Co(X) K (Y) = Co(X; K(Y))
by [RW98, Corollary 3.38].

Example 9.27. Let Y be a Hilbert A-module andCy(X; Y) the corresponding Hilbert
Co(X;A)-module. Thenf a7! f(t) aextends to a unitary isomorphism

UMD Co(X;Y) AL Y:

Proof. Just compute

M a;g aiA ahf;qgi (t)b

C(o(XA )

a f(t);g(t) b= f() a;g) b :

De nition 9.28  ([Hig90, De nition 3.25]) . Two Fredholm operators Fy : E(()O) !
E? and F, : E’ 1 E are unitarily equivalent if there are unitaries U; 2
L(E?;E®) such that Fo = U, F1Up. That is, the diagram

0) Fo 0
EO —Fo /g0

Uo

1) Fa 1
ED P /E

U

commutes.
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De nition 9.29.  We say that Fy and F; are homotopic if there are Hilbert C(I; A )-
modules &, and E; and a Fredholm operator® : By ! & such that B | 1:
B ,A! Bf ,AandF: Eg) ! E(li) are unitarily equivalent for i =0;1. In
this case we writeFg 1 F.

Thusif Fp  F1 via F as above, then there are HilbertA-module isomorphisms
(a.k.a. unitaries)

u g Al E

such that
(i)
g, A JED
B F
U
g A E(

commutes fori =0; 1.

De nition 9.29 is a bit hard to swallow all at once | at least it was for me. It
is not even obvious that it is re exive or symmetric, and it (apparently) fail s to be
re exive, and so it is not an equivalence relation. (Not that this is clear from the
literature { quite the opposite is true.) However, we shall see that it generaes a
rather useful equivalence relation. The following example is the usual way in which
one might employ homotopy | a so called operator homotopy | and it serves as
excellent motivation. In the example, the modulesg; are simply C [0;1];E; as one
would expect. The added exibility of Higson's de nition which employs arbitrary
C [0;1]; A -modules will be apparent in due course and is crucial to his treatment.

To ease the notational burden in the sequel, it will be convenient to usd in
place of [Q 1] when dealing with homotopies.

Example 9.30 (Operator homotopies) Suppose that for eacht 2 [0;1], F; is a
Fredholm operator from Egy to E;, and that t 7! F; is norm continuous. Then, as
you would hope, Fg and F; are homotopic. To see this, letE; := C I; E with the

obvious Hilbert C(I; A )-module structure. Then de ne F by
(Bx)(t) := Fy x(t) :
Fix to 2 [0;1], and let S be a parametrix for Fi,. Let ; : L(E) ! Q (E) be
the natural map, and notice that o(SFi,) = 1. Thus, ((SF:) is invertible near
to. A compactness argument allows us to choosg,operatoték 2L (E1;Ep) and a
partition of unity fy 2 C [0;1] such that S0:= = [_; fi(t)Sk satises o(SF:)
invertible for all t 2 [0;1]. SinceC I; Q(Ey) = C I; L(Ey) =C I; K(Ey) , we can
nd alift t 7! W, oft 7! o SO Land let S := W;S2 Then SiFy  1g, is
compact for all t. By a similar argument, we can nd operators Ry 2 L (E1; Ep)
such that t 7! R; is continuous andF;R; 1g, is compact for all t. Then modulo
compacts
Rt (StF)Rte  Si(FtRy) S
In particular, FS; 1g, is compact for allt, andt 7! S; is a parametrix for B and

[ is Fredholm.
Furthermore, as in Example 9.27,f a7! f (i) a de nes a unitary operator

(9.11) Ul iCc(iB) LAl E
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Then it is a simple matter to check that

(9.12) Fo=UQ@®  1nu® and

(9.13) F=Uuf@E | nul

For example, to check (9.12), rst note that Uéo) mapsx 2 Eg to the class ofx- 1

in C(l; Eg) , A, where x-is the constant function x(t) = x. Thus, U{O)(IE
DU () = (Bx)(0) = Fo(x).

0

Remark 9.31 Notice that if F is a Fredholm operator from C(l; Ep) to C(l; Ey),
then we can de ne unitaries Ulﬁt) :C(l; &) ,A! E¢ asin(9.11). Then one can

show that F; := U{t)(le . l)Uét) is Fredholm from Eg to E; and that t 7! F; is
an operator homotopy.

In general, if B is a Fredholm from &, to B;, thent 7! B | 1 is meant to
be a generalized operator homotopy. The dramatic exibility of De nition 9.2 9 is
illustrated by the next result.

Proposition 9.32  ([Hig90, Proposition 3.27]). Let A be aC -algebra with identity
and letF : Ep ! E; be a Fredholm operator between HilberA-modules. If F has
closed range, thenF is homotopic to the zero operatorO : kerF ! kerF .

For the proof we need a lemma.

Lemma 9.33. Suppose thatE is a nitely generated Hilbert A-module. Then for
any compact spaceX , C(X; E) is a nitely generated Hilbert C(X;A)-module.

Proof. The only real issue is to show thatC(X; E) is nitely generated. We can
assume thatE is a complemented submodule oA" with basis f ed and that p is
the projection of A" onto E. If f 2 C(X; E) C(X;A™M), Hnen f= ,¢& fiwhere
fi 2 C(X;A). Butthenforeacht 2 X, f(t)= pf(t) = ;p(e) fi(t). Therefore
C(X; E) is generated by the constant functionsF; where F;(t) = p(&;).

Proof of Proposition 9.32. Lemma 9.15 implies that kerF and kerF are nitely
generated projective. Then Corollary 9.11 implies that every operator inL (ker F)
and L (ker F ) is compact. Therefore, O : kel ! kerF is Fredholm. Furthermore,
F has a polar decompositionF = VjFj by Theorem 9.6. SincetjFj+ (1 t)l is
invertible if t 6 1, if follows that F; := V tjFj+ (1 t)I is Fredholm® for all
t 2 [0;1]. Thus F is operator homotopic to V, and will su ce to prove the result
with V in place of F.

Note that 1 V V and 1 VYV are the projections onto kerV and kerV ,
respectively. Since

Bo:=ff2C(;E):f(1)2kerVyg
and

B :=ff2C(;E):f(l)2kerV g

36This is not completely trivial. It is easy to see that  jFj must be Fredholm. To see that V
is Fredholm, note that if S is a parametrix for F and W a parametrix for jFj, then U := jFjS is
one for V. For example, UV j FjSVjFjw 1.
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are closed submodules, they are HilberiC(l; A )-modules, and we can de ne¥ :
Bo! Eiby
(®H)(t) =V () :

The adjoint of ¥ is give by the corresponding formula forV . Then it is easy to
see that 1 ¥ ¥ is the projection onto the submodule

?01

ff 2B :f(t)2kerV forall t2[0;1]g= C(I; kerV);

and 1 ¢¥¢ is the projection onto

¢

Since kerV is nitely generated, so is Y. Thus Y is projective and 12 K (Yo) by

Corollary 9.11. From this it is not hard to see that 1 ¢ ¥ is compact. Since a
similar argument shows that 1 %% is compact, ¢ is Fredholm. Then we can
de ne unitary operators

ff2E:f(t)2kerv forallt2[0;1]g= C(l; kerV );

u® e Al E (k=0;1)

0

by sending the class of ato f(0) a, as well as
Uél) By LAl kerVv;
and

u B LAl kerv

1

by sendingf atof(1) a Then
v=uPe ,1u® and o=u¢ | nufP :
Thus ¥ is the required homotopy betweenV and the zero operator.

An even more extreme example is the following.

Proposition 9.34  ([Hig90, Proposition 3.28]). Let E; and E; be Hilbert mod-
ules over a not necessarily unitalC -algebraA. If F is an invertible operator in
L (Eo; E1), then F is homotopic to the zero operatorO : 0! 0 on the trivial Hilbert
A-module.

Proof. De ne E; as in the proof of Proposition 9.32 andP® analogously to¥. Then
one sees easily thaf® is invertible and hence Fredholm. ThenF gives the desired
homotopy just as above.

The following lemma is helpful for understanding homotopy, and it will be useful
down the road.

Lemma 9.35. Suppose that- : Eg ! E; is Fredholm. If K 2 K (Eg; E;) is compact,
then F + K is homotopic toF. If X is any Hilbert A-module, thenF 1:E; X!
E; Xis Fredholm and homotopic toF. In particular, F is homotopic to a Fredholm
operator FO: Ha ! Ha.
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Proof. The rst statement is easy: F; := F + tK is Fredholm andt 7! F; is an
operator homotopy from F to F + K. For the second, letS : E; ! Ep be a
parametrix for F. De ne
B =f(fi;f2)2C(15 B X):f2(0)=0g;
aswellasP :Ey! E;andS:E;! E by
B (fy;f2) ()= F fa(t) ;f2() and S (d;%) (1):= S qu(t) ;(t) :

Then § is a parametrix for F (see Remark 9.26) andF is Fredholm. The usual
maps induce unitaries

u® e Al E; and UP B Al B X

1
such that
F=u2e® ,1Hpu?® ; and F 1=uP@E  1ul :

The second assertion follows from this.

To prove the last assertion, let X = Hp in the second assertion. Thus the
Kasparov stabilization theorem impliesF 1 is unitarily equivalent to an operator
on Ha.

Lemma 9.36. Suppose thatFy : Eéo) ! E(10) and Fy : Eél) ! E(ll) are Fredholm
operators. ThenFog y Fo. If Fg 1 F1, then we also havd~; 4 Fo.

Proof. Sincet 7! F is an operator homotopy from F to itself, the rst assertion is
easy. Suppose that® : E; ! E; is a homotopy from Fg to F; such that
Fo= U0 | Ui -
Let be the automorphism of C(I;A) dened by (f)(t)= f(1 t). Let
§S=F 1:B C(;A)! B C(;A);

and 8% := U 1. Then § gives a homotopy’ from F; ! Fo. To see this, not
that

Ek C(|;A) tA: Ek 1 tA
by the map sendingk f) ,a7!x ,  f(t) a Justcompute:

fix f) a;(y 9 b =amx fiy g ()b

A C(LA )

tx (1) a;y o) b :

De nition 9.37  ([Hig90, De nition 3.29]) . Let A be aC -algebra with identity.
Let , be the equivalence relation generated by . Then let KYA) be the
set F= p-homotopy classes of (generalized) Fredholm operatorE on countably
generated Hilbert A-modules3®

Remark 9.38 In view of Lemma 9.36,F¢ 1, F; if and only if there are operators
Fi 2 F such that

(9.14) Fo nF2 nF3 h Fn n Fa

37Needs checking.
38since any F 2 F is homotopic to an operator FO2 F (Hp), K 9(A) is certainly a set.
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Even Higson admits that in view of Proposition 9.32, it is reasonableto suspect
that K%A) is small | even f0g. However, our goal is to prove that K (A) is
naturally isomorphic to Kg(A). The rst step in this direction is to show that
K qA) is an abelian group. It is tedious but straightforward to check that Fo 1, F1
and So h S1 implies that Fo So h F1 Si. Now if Fo nF1 and So h Si1,
then we conclude that there are operatorsF; and S; such that (9.14) holds as well
as a similar one for theS;. Since  is re exive, we can assume the two chains
have the same length. Thus it follows thatFy Sy h F1 S;, and we can equip
K 9A) with a binary operation

(9.15) [Fol +[F1] :=[Fo + Fi]

which makesK Y A) a semigroup with identity equal to the class of the zero operator
0 : 0! 0 on the trivial Hilbert A-module. (This class includes all invertible
operators.)

Proposition 9.39.  With the binary operation (9.15), K (A) is an abelian group.
The inverse of [F] is given by the class of any parametrixs for F.

Proof. SinceFy F; is unitarily equivalent to F; Fo, KYA) is abelian. If F :
Eo! E; is Fredholm with parametrix S:E; ! Ey. ltsucestoseethat F Sis
homotopic to an invertible operator. For this, it suces to see that F S diers
from an invertible operator by a compact operator. But, viewed as an opergor on

Eo E,

_ 0 s |
FoS= F 0"
however, modulo compacts
1S 1 0 1S _ 1 SF (1 SF)F+S
0 1 F 1 0o 1 ~ F 1 SF
0 S .
F 0"

and this su ces as the left-hand side is invertible:

17 1 0 1s * 1s 10 1 s

0 1 F1 o0 1 ~ 0 1 F 1 0 1

The following is helpful for understanding K 9A), although we will not make use
of it here.

Proposition 9.40. If F 2F (Ep;Ey) and S 2 F (E;; E), then
[FI+[S]=[S FI

Proof. We can chooseF° and S in F(Ha) so that [F] = [F9 and [S] = [S.
Furthermore, we have F®= U;(F 1)U, where U; is an isomorphism ofE;  Ha
onto Ha. Then S® FO%= Uy(S F 1)U, and [S F]=[S° FY. Thus, it suces
to prove the result whenEy = E; = E;.

But now let

COSEt Sin ft

U = sin 5t cos5t
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and,
_s%o F° o ]
We=g g Yo g U
Then check that
s o _ s FO 0
W, = 0 FO and Wy = 0 1

The next order of business is to see thaK ®is a functor. To do this, we have
produce a homomorphismK (f ) : KqA) ! K YB) for any homomorphismf : A !
B. Butif F 2 F (Ep;Ey), then we can constructF ; 1:Ey ¢ B! E; ¢ B as
in Proposition C.2. SinceK(Bg) = B, it also follows from Proposition C.2 that
K 112K(E ¢B)ifK 2K(E)(i=0or1). Thus F  1is Fredholm and ifS
is a parametrix for F, then S ; 1 is a parametrix for F ¢ 1.

Now suppose thatP : By ! &; is a homotopy from Fyq : Eg)) ! E(10) to Fq :
EM 1 E . Thus there are unitaries

u Y A M

such that
Fo=UQ@® U ; and Fr=u®@E | 1uld

Then one can show thatP ¢ 1:8, (B! E; ¢ B isahomotopy fromFq ¢ 1
to F1 ¢ 1. This allows us to de ne KYf)[F]:=[F ¢ 1]. SinceF {1 S 1
is unitarily equivalent to (F  S) ; 1, Kqf) is a homomorphism. We still need
to see that K © preserves compositions. That is, iff :A! BandG:D! A are
homomorphisms, then we need to show that

KX g)= KAF)KYXg):
This means that
[F ¢ gll=[(F ¢1) 1]

and it willsucetoseethat F  gland (F 41) f 1 are unitarily equivalent.
But x a b7!z f(a)bextends to a unitary map®°

Uc:Ex gA B! E 1 ¢B;
and

(F ¢+ gDUo=U(F g1 ¢ 1)
Thus K %is a covariant functor.

Since we are assumingA is unital, each element inK(A) is represented by a

formal di erence [E] [F] of nitely generated projective Hilbert A-modules. Thus
0:E! Fis a Fredholm operator, and we get a map

J:Ko(A) ! KYA)

39t is not so obvious that Uk is onto. But each element x 2 Ey is of the form z d for some
d2 D. Thus each x ¢ gbequalsz ¢ ¢f(g(d))b, whichis in the range of Uy.
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denedby J [E] [F] =[0: E! F]. Furthermore, this map is natural: given a
unital homomorphismf : A! B, the diagram

Ko(A) —Uk o(B)
JA

KYA) <, K AB)

JB

commutes. To see this, note thatK o(f ) [pA"] =[f (p)B"]. So we have to see that
pA" ¢ B is isomorphic tof (p)B". But | claim

(9.16) &) b7 f(a)b

de nes an isometric mapU : pA" B! f(p)B". To see thatU is surjective, note
that U is the restriction of thgscorresponding map fromA" ¢ B to B" which is
surjective becausef is unital: i€ b7 (b).

Remark 9.41 We will make use of the following easily proved assertions regarding
operatorsT 2 L (X1 Xz;Y1 Y3). Such operators are in one-to-one correspondence
with matrices

TX1Y1 TX2Y1

TX1Y2 TXzYz

where Tx;y, 2 L (Xi;Yj). Furthermore, T is compact if and only if each Ty, y, is.
SinceK(X;Y) = L(X;Y) if either X or Y is nitely generated (hence projective), it
follows that if Eis nitely generated, then T 2L (X EY E)is compact if and
only if Txy is compact. In particular, if T and S belongtoL(X EY E) and
Txy Sxy 2K(X;Y),then T Siscompact. ThusT 2L (X EY E)is Fredholm
if and only if Txy is.

As in De nition 9.18, if M is a nitely generated Hilbert A-module, then Il
write [M] for the associated class irK o(A) via the isomorphism of Theorem 9.12.
If M and N are both nitely generated, we need conditions which force 1] and [N]
to be equal; equivalently, we want to know when M] [N] =0 in Ky(A). We can
assume thatM = pA"™ and N = gA". There is no harm is takingn = r. Thus
Proposition 1.19 implies M] [N]=0ifandonlyif p 1™ g 1™ in M+ m(A)
(again, increasingn if necessary). In particular, [M] = [ N] implies that for some m,
there is a isomorphism forM  A™ onto N  A™. In [Exe93], Exel proves a useful
and powerful converse to this assertion. He rst makes the following de nition.

De nition 9.42  (cf., [Exe93, De ntion 2.5 and Lemma 2.6]). Hilbert A-modules
X and Y are quasi-stably-isomorphic if there is a countably generated HilbertA-
module Z and an invertible operator T 2 L (X Z;Y Z)suchthat1ly; Tzz is
compact.

Theorem 9.43. If M and N are nitely generated Hilbert A-modules which are
guasi-stably-isomorphic, then[M] [N]=0 in Ky(A).

Proof. Let X be a countably generated HilbertA-module andT 2L (M X;N X)an
invertible operator with Txx Ix 2 K(X). ReplacingT by T 14, and X Ha by Ha
(via the Kasparov Stabilization Theorem), we can assumeX = Ha. Furthermore,
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we X an isomorphism ' : X M! Hp. By Theorem 9.6 we can writeT = V|Tj
with V unitary. Dene F 2L (Ha) by

Ha— M1 XYM x—P Kk M1 x— My
where P and are the obvious projection and inclusion. ThusF = 'F © | where
FO2L(M X) has matrix

0 0
Vmx  Vixx
ThenF ='G % ,whereG°2L (M X) has matrix

V
V,

o o
<
x

X
x

But

which, sinceVV =1,

0 O 0 0
0 Ixx  Vmx Vxx
FO
Therefore F = FF F, and F is a partial isometry. Moreover, 14, F F is the
projection onto ker F, which is isomorphic to N. SinceN is projective, 1 F F is
compact, and the class [1 F F], viewed as an element oK (A), coincides with
that of [N]. Similarly, 1 FF iscompactand [l FF ]=[M].
Now let (F) be the image ofF in Q(Ha) = L(Ha)=K(Ha). By the above, (F)
is unitary. Let
@: Ky L(Ha)=K(Ha) ! Ko K(Ha)
be the index map inK -theory as de ned in Theorem 8.1. NowHa = A 2 [RW98,
Lemma 3.43], and sk (Ha) = A K (7?) [RW98, Corollary 3.38]. Thus Ko K(Ha)
can be identi ed with K(A) via the natural map Ko( ): Ko(A)! Ko K(Ha) of
Theorem 4.1. Thus, we will view @as a map into K o(A).%° | intend to show that
@[ (F)] =[N] [M]on the one hand, and that@[ (F)] =0 on the other hand.
This will su ce.
But, since (F) has a lift to a partial isometry | namely F | we can compute
@[ (F)] justas we did in the caseA = C and Hx = H in the remarks preceding

Theorem 8.1. Let
F 1 FF

W =
1 FF F
40since every projection in K(Hp) is equivalent to one in M, (A) (viewed as subalgebra of
K(Ha) = A K (°2)), it is not hard to see that our identi cation of the equival ence class of a
projection in K(Ha ) with a class in Ko(A) in Theorem 9.12 is the inverse of Ko( ). Therefore if p
is a projection in K(Ha ), we can identify the class of pin Ko K(Ha) and the class it represents
in Ko(A).
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Then W is unitary lift of (F) (F) , and proceeding as in (8.1), we have
@ (F)] = FF] [1 FF]=[N] [M]

Since T = VjTj is invertible, it is homotopic to V. Thus F°is homotopic to T
given by

M X— K x-P K M x

which is represented by the matrix

0 0
Txm  Txx

Since Txx  1x is compact and M is projective, Remark 9.41 implies that T® is a
compact perturbation of the identity. Thus (F) is homotopicto 1, and@[ (F)] =
@0) must be zero as required.

Corollary 9.44 ([Exe93, Theorem 3.6]) If T 2 L (X) is a compact perturbation of
1x and T has closed range, the is Fredholm with ind T = 0.

Proof. Any compact perturbation of the identity is trivially Fredholm. Let S be a
pseudo-inverse forT such that 1x ST is the projection onto kerT and 1x TSis
the projection onto ker T (Lemma 9.15). In particular, kerS=ker T , and ST is
an idempotent with range Y := Range S. Now de ne

U:kerT Y! kerS Y

using the matrix
Ix TS 1x TS
S S

Then | claim the inverse of U is given by the operatorV : kerS Y! kerT Y
with matrix
1Ix ST (Ix ST)T .
ST ST? '

for example, UV has matrix

Ix TS (Ix TST .
S ST '

which is the identity on ker S Y =ker S RangeS. Furthermore,
Uyy = Sjy;

and

Iy Sjy=(ST 9)jy=S(T 1Djv;
which is compact (because 4 T is). Therefore kerT and kerS = ker T are
quasi-stably-isomorphic. Therefore indT =0 by Theorem 9.43.

Now we ( nally) come to the crux of the matter.

Corollary 9.45 ([Exe93, Corollary 3.7]). Suppose thatT; and T, are Fredholm
operators from X to Y each of which has closed range. I[f; T, is compact, then

ind T, =ind Ts:
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Proof. Let S; be a pseudo-inverse foff;. Let U and R be the operators inL(X Y)
with matrices

Ix STy S and R 0 S

v T, Iy T1i$ T, O

Notice that R has closed range, and that indR =ind T, ind T;. SinceU? =1, U
is invertible and it follows that

indUR=ind R=ind T, indTy:
But modulo compacts,

ST 0
UR To T1S:T, T1S:
which, sinceT; T, is compact,

ST 0
(Ix T1S)T, T1S

and, since k S;T; is also compact,

Ix O
0 1y

Therefore, indUR = 0 by Corollary 9.44.

Lemma 9.46 ([Exe93, Lemma 3.8]) Supposel 2 A, X and Y are Hilbert A-
modules, and thatT 2 F (X;Y). Then for somen 2 Z*, there is aF 2 F (X
A" Y A™) with closed range and such thaFyxy = T.

Proof. Choose a parametrixS 2 L (Y;X) for T suchthatlxy STand1ly TS are
nite rank (Lemma 9.14). Therefore there are x := (x;) 2 X" andy :=(y;) 2 Y"
such that

1)( ST = XiYi .

P
Let « 2L (A";X)bede nsd by «x (&) := i”:l Xi &, and notice that , (x) =
n

h; ;xiA . Then y = izt xiyi- Now de ne F and G via the matrices
T O S
F 0 and G 0 0

Now compute

TST+T 4, O
YST+ y Xy

T+T@lx ST) O
,(ST+(Lx ST) 0

F:

Similarly, GFG = G, and F is Fredholm with closed range such thatFyxy = T.
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Remark 9.47. We call any Fredholm operator F 2 F (X A";Y A") having

closed range andFxy = T a n-regularization of T. By Remark 9.41, any two
n-regularizations of T dier by a compact and therefore have the same index by
Corollary 9.45. Furthermore, if F is a n-regularization of T, then F 15« is a
(n + k)-regularization of T. Since kerF = ker(F 1) (and kerF = ker(F 1)),

we have indF = ind(F 1,«). Thus if F is a n-regularization of T and G is a
m-regularization of T, then ind F =ind G.

In view of Remark 9.47, we can make the following de nition for any Fredholm
operator.

De nition 9.48.  Suppose that 12 A and that X and Y are Hilbert A-modules. If
T 2F (X;Y) the we dene ind T to equal indF for any n-regularization of T.

Remark 9.49 Notice that if T 2 F (X;Y) has closed range, therlF = T 1, isa
regularization, so De nition 9.48 and De nition 9.18 associate the same elerant of
Ko(A) to such operators.

Now having de ned an index for all Fredholm operators, we still want to see that
we can pass toK A). This will involve a bit of overhead even using the \easy"
hints in [Hig90].

Theorem 9.50. Suppose that fori = 0;1, F; is a Fredholm operator from Eg)

to E(li). If Fo n F1, thenindFg = ind F;. In particular, we get a well-de ned
homomorphismind : K(A) ! Ko(A) de ned by ind[F]:=ind F.

Proof. In view of Remark 9.38, we can assumé&, y F; via a Fredholm operator
F:B! E;. Thus we have unitaries

u e AL ED
such that
(9.17) Fo=UP® ,1nul? and Fi=u@®E | 1ul
By Lemma 9.46 we have an-regularization for F:
B:B CUA)"! B C(A)™:

Let
8:8, CU;A)"! B C(I;A)

be a pseudo-inverse fol. Let V() : C(I;A)" [ A! A" be the obvious isomor-
phism. Since

Bx C(;A)" A and B A C(;A)" A ;

are isomorphic, U V() give us unitaries
wih g c;A) AL ED A
Therefore can can de ne Fredholm operators

Fa=wl@d  pwl and 5 :=w@ |, pywd
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in F(Eg) A“;E(li) A™) and F(E(li) A“;Eg) AM), respectively. SinceP8P = B,
we haveF;SiF; = F;. Similarly, Si;F;S; = S;. Thus F; has closed range and to show

it is a n-regularization of F;, I just have to show that (Fi)_i) i) = Fi. Let
0 1

!
)
¢ b
be the matrix for B. Then

wl® 1) (ef) a = UD (Bex BY)

. a;

. v (be+ BFf) . a

_oule g ul@ oy o e :
vixe | uvo v v o) (esf) L a:

In view of (9.17), (Fi)EmE(i) = F; as claimed.
0 1
Now by de nition

indFg=ind Fp and indF;=ind Fy:
Now considerKo( ¢): Ko C(I;A) ' Ko(A). We want to show that
(9.18) indFi = Ko( ;)(ind B©):
As in (9.16), we have
Ko(1) [E] =[E Al
Since kerF; is clearly isomorphic to ker(lb . 1), (9.18) will follow if we show
ker(®  1)=ker® A

Since P has closed range, this follows from Corollary C.4. Buty 1 1 as homo-
morphisms from C(l;A) to A (see De nition 5.12 with  =id), so

Ko( 0) = Ko( 1)
by Theorem 5.15. Therefore ind~¢ = ind F;, and we're done by (9.18).

And now, nally, ...
Theorem 9.51. The natural map J : Ko(A) ! KYA) is an isomorphism.

Proof. The composition

Ko(A)——k qA) " K o(A)
is clearly the identity, and
K YA) A o(A) K qA)

is the identity by virtue of Proposition 9.32.
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Appendix A. Direct Limits of C -Algebras

If Ais a -algebra, then a seminorm on A is called aC -seminorm if

(@ (@) (& (b;
) (a)= (a; and

© (@a= (3=

Thus (A; ) is C -algebra only if is a norm and (A; ) is complete. Examples of
such things are provided by -homomorphisms' : A! B whereB isaC -algebra:
(a) := k' (a)k. A nontrivial example is provided by the left-regular representation
LY(G)! B L%G) .
Ingeneral,N = 1 f0g is a self-adjoint two sided ideal inA, and ka+ Nk :=
(a)isaC -normon A=N. The completion B is aC -algebra called theenveloping
C -algebra of(A; ).
As the title of this section suggests, the direct limit C -algebra is an example of
such an enveloping algebra. However, it will be useful to de ne direct limits via a
universal property.

De nition A.1. A direct sequence ofC -algebras is a collectionf (An;' 1) g of
C -algebrasA, and homomorphisms' , : Ay ! Apy. Afamily f Ayl Bg
of homomorphisms into aC -algebraB is said to be compatible if

(A1) L E—

P

B

n+l

commutes for alln. A direct limit of f (A,;' n)gis aC -algebraA together with
compatible homomorphisms' " : A, ! A such that given compatible homomor-
phisms | as in (A.1), then there is a unique homomorphism : A ! B such
that

A.2
(A2) | n}}}}}ﬁ
W
Aq %
" B
commutes.

Remark A.2. General nonsense implies that the direct limit, if it exists, is unique
up to isomorphism. Therefore we will refer to the direct limit and use the notation
(A" M= Iilm (An;" n). If n m, then we will use the notation' ,, : A, ! A, for

the repeated composition' nn ="' 1 1 m+1 m, With the understanding
that ' nn = |d Ap -

Theorem A.3. Suppose thatf A,;' » g is a direct sequence ofC -algebras. Then
the direct limit (A;' ") = Iilm (An;' n) always exists. Furthermore,' "(Ap)
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S
"M (Ana), " "(An) is dense inA, k' "(@)k =lim k' nn+k(a)k, and ' "(a) =
' M(b) if and only if for all > Othereis ak maxf m;n g such that

(A3) K@ " mc(Dk<:
Proof. Let B = Qn A, be the C -direct product, and let
Ap=fa=(a,) 2B :a+ =" «(a) forall k suciently large g:

Then A is a -subalgebra ofB, and if a 2 A, then we eventually havekay.; k
kack. Thus we can de ne

(a) = Iirrr11 kank forall a2 Ag:

It is not hard to check that is aC -seminorm onAy. We let A be the enveloping
C -algebra. Furthermore, we can de ne homomorphisms ™ : A, ! Ag by

(

gy = (@ ifkon
k 0 otherwise.

We then get compatible homomorphisms' " by composing with the natural map

of Ag into A (which need not be injective).

Since the remaining assertions are clear, it will suce to show that (A;' ")
have the right universal property. So, suppose that , : A, ! B are compatible
homomorphisms. Since (A.2) forces us to have ' "(a) = n(a), the map can
exist only if ' "(a) = ' ™(b) implies that (a) = m(b. Let > 0 and assume
that ' "(a) = ' ™(b). There is ak such that k' \x(a) ' mk (k< . And then

kn@ mk k " (@ "m0k k'@ " me(bk<:

S
Since > 0 was arbitrary, we get a well-de ned map onC := ' "(Ap), which is
clearly dense inA. Since

k '""(@ =k h(a)k
=k n+k ' n;n+k(a) k for anyk 1,
irl!f K' nn+k(@k= Iirp K' nn+k(@)k
= k' "(a)k:
Therefore is norm decreasing and extends to all ofA. We have =g

by construction, and is uniquely determined on the dense subalgebr&, so is
unique.

Example A.4. Sgppose thatA, is a C -subalgebra ofA for n 2 Z*, that A,
Ans1, and that | A, is dense inA. Let ' , be the inclusion of A, in A,.; and
' " the inclusion of A, in A. Then (A;"' ") is the direct limit of ( Ap;' n).

Remark A.5. We can also form the algebraic direct limit of f A,;'  g. It has
similar properties to the C -direct limit, and can be exhibited as the -algebra
quotient Ag=N where N is the ideal of elements of zero length im\q in the proof of
Theorem A.3. Of course, in Example A.4, the algebraic direct limit is just | A,.
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Appendix B. Grothendieck Group

A more general discussion can be found in the appendices to [WO93]. Here we
consider only an abelian semigroupv. The Grothendieck group G(V) of V is the
collection of equivalence classev{w] in V V where
(B.1) (v;w) (r;s) if and only if there is an x 2 V such that

V+S+X=r+w+x
Then G(V) is an abelian group under the operation
[viw]+[r;s]:=[v+ rw+ 8]
The neutral element is the class of\;v] (for any v 2 V), and [v;w] ! =[w;V].

Remark B.1. The extra term \ x" in (B.1) is required to make an equivalence
relation in the event V is not cancellative. Of course, ifV is cancellative, it plays
no réle and can be omitted.

There isanaturalmap' v :V!G (V)denedby ' (v):=[v+v;Vv]. If V has an
identity O, then ' v (v) =[v;0]. If " :V I H is a semigroup homomorphism into a
group H, then there is a unique group homomorphismG(" ) : G(V) ! H such that

v !
I%! zZZ%Z(ZZ)
GV)

commutes. In fact, G(' ) [v;w] = (v) (w) . More generally, if' : V! S
is a semigroup homomorphism into a semigroufs, then there is a unique group
homomorphism G(' ) such that

v—k

Y

G(V) ——16&(S)

commutes. Here,G(" ) [viw] =" (v);' (w)]. If Sis a group, then(S) = S and
' s =id g, and this diagram reduces to the previous one.
We will almost always write ' in place of G(* ).

Example B.2. We have G(N;+) = (Z;+). On the other hand, G(N[flg ;+) =
f 0g= G(N; ). While G(Z*; ) = (Q*; ).

Appendix C. The Internal Tensor Product

In [RW98], we only considered a very special case of the internal tensor product

which su ced for the study of imprimitivity bimodules. Here we want to consider

C -algebrasA and B together a Hilbert A-module X, a Hilbert B-module Y, and a
homomorphism' : AL (Y). We canviewY as a leftA-module | a y:=" (a)y

| and form the A-balanced module tensor productX A Y; recall that this is simply
the quotient of the vector space tensor productX Y by the subspaceN generated
by

fx a y x '"(@Qy:x2X,y2Y,anda2Ag:
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The B-module structure is given by (x ay) b:= x Ay b Our object here
is to equip X a Y with a B-valued inner product and use [RW98, Lemma 2.16]
to pass to the completionX - Y which is a Hilbert B-module called the internal
tensor product. I'll give a minimal treatment here just su cient for our purposes

in Section 9.3. A more complete treatment can be found in Lance [Lan94]. Here we
take a slight short-cut, and merely equipX Y with a B-valued pre-inner product.
As it turns out, elements in N all have 0-length, and we can, and do, viewX Y
as a completion ofX 5 Y.*

Proposition C.1  ([Lan94, Proposition 4.5]). Let X be a Hilbert A-module andY
and Hilbert B-module with a homomorphism' : AL (Y). Then there is a unique
B -valued pre-inner product onX Y such that

(C.1) hx vy;z WiBZ: y;' h>(;ziAWB
The completion X - Y is a Hilbert B-module which satis es

xa - y=x "'(ay
forall x2 X,y2Y,anda2 A.

Proof. As in Propositions 2.64, 3.16, and 3.36 of [RW98], the universal progrty of
the algebraic tensor product implies that (C.1) determines a unique sequilinear
form on X o The only real issue is to prove that this form is positive.
Solett:= x; V. Then
(C.2) ot = yiit o hioxgioy
irj
But [RW98, Lemma 2.65] implies that M = hx; ; X; iA is a positive matrix in
Mp (A). Thus there is a matrix D such that M = D D, and there aredy 2 A such
that X
hXi ) Xj iA = dki dkj :
k
Thus (C.%Z equals

X
Yii' (didg)y; | = C(dki)yi st (dg )y
ik [HAS
X X
= "(di)yi) " (dki)yi)
K i i
0

Now we want to see that eachT 2 L (X) determines an operatorT - 1 on the
internal tensor product X - Y. Ingeneral, T - 1 can fail to be compact whenT
is unless we also assume thdt (A) K (Y) (see [Lan94, p. 43]).

Proposition C.2 ([Lan94, Proposition 4.7]). Let A, B, X, Y, and ' be as above,
and let Z be a Hilbert A-module. If T 2 L (X;Z), then there is unique operator
T +12L(X +Y;Z . Y) such that

T - 1x ~y)=Tx -V
If " (A) K (Y)andT 2K (X),thenT . 12K(X - Y).

41The dijerence is that Lance goes the extra mile and proves tha t the pre-inner product is
actually an inner product (that is, de nite) on X aY.
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Proof. We clearly have a well-de ned operatorT l1onX Y,andift2 X Y
ands?2 Z Y, then straightforward calculations reveal that
H{T 1)t;siB:m;(T 1)siB:

Similarly, if S 2 L (Z;X), then on the algebraic tensor products, T 1) (S 1)=
(TS 1). Since there is aR 2 L (X) such that kTk?lx T T = R R, for all
t2Xx Y,

KTK2ktkZ Kk (T 1)tk

rhWth;tiB (T T 1t;ti

B
Hi(kTk?1x T T) i
k(R 1)tki ., O

It follows that T 1 is bounded, and extends to an operatoffT - 12 L(X

Y;Z - Y)suchthat(T 1) =T . landkT . 1k k Tk. Furthermore, if

Z=Xand' (T):=T - 1,then' isahomomorphism fromL(X)into L(X ).
For the second assertion, note that ifx 2 X, then

(C.3) y7x .y
is a linear map ofY into X - Y. Since
Kix - yix cyi k= yitomGxioy k xk3 kyk3
(C.3) determines an operator , :Y! X . Y with k 4k k xka. Since
hx(y) ; x wiB: y;' hx;ziAwB;
x 2L(Y;X - Y)ywith (z - w)="(I; ziA)w. Using this, we compute that

(xay D@ W= xay(2) +w
X ary;ziA S W

=x ' ah/;ziAW
=x - '(a)' i‘y;ziAw
= 5 '(a) W;ZiAW

= x @ y(z - w

It follows that if ' (a) 2 K(Y), then xay 1= ' (a) , is compact. Since the
Cohen Factorization Theorem ([RW98, Proposition 2.31] su ces) implies ewery x 2
Xis of the form z afor somez 2 Xanda2 A, itfollows that ' ( xy) 2K (X YY)
for all x;y 2 X. Since' is a homomorphism andK(X) is generated by the , ,
we have' K(X) K (X . Y) as desired

Remark C.3. In [Lan94, Proposition 4.7], Lance also shows that the homomorphism
' is injective if ' is, and surjective if ' is.

Corollary C.4. Suppose thatA, B, X, Y, Z, and ' are as in Proposition C.2. If
T 2L (X;2) has closed range, then

ker(T « 1)=kerT . Y:
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Proof. By Theorem 9.6, X = ker T  (kerT)?. Therefore we can identify X . Y
with ker T Y (kerT)? . Y, anditwil suce toseethat T . 1 restricted
to (ker T)? . Y is injective. To see this, it su ces to see that Tikerty> + 1is
injective as an operator from (kerT)? . Y to T(X) - Y. Butthe open mapping
theorem that Tjuer 1)> (kerT)? I T(X) has a bounded inverseS, and as in
the proof of Lemma 9.15,Tjyer 1) is adjointable. Then S - 1 is an inverse for
Tj(ker T? 1
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M1 (A), 2 Murray-vor_1 Neumann equivalent, 2
M r}(A), 19 stqbly_ equwglent, 7
P[A], 2 unitarily equivalent, 5
Pn,5 projective module, 32
p q2 over a C -algebra, 36
p g 18 projective modules
SA, 25 quasi-stably-isomorphic, 51
U%(A), 19 pseudo-inverse, 41
V(A), 2 quasi-stably-isomorphic, 51
adjoining an identity, 1 self-dual Hilbert module, 34

stably equivalent projections, 7
compatible morphisms, 9 v eq prol

complemented submodule, 34 unitarily equivalent projections, 5
orthogonal vs. skew, 33
contractible C -algebra, 21

deformation retract, 21
direct limit, 10
C -algebras, 57
groups, 10
semigroups, 10

nitely generated A-module, 32
algebraic vs. topological, 33
nitely generated projective Hilbert
module, 36
Fredholm operator, 40
homotopic, 45
operator homotopic, 45
index of, 42
unitarily equivalent, 45
free module, 32

generalized nite-rank, 40

generalized Fredholm operator, see also
Fredholm operator

Grothendieck group, 59
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