
ON SETS OF INTEGERS WHICH ARE BOTH SUM-FREE ANDPRODUCT-FREEPÄR KURLBERG, JEFFREY C. LAGARIAS, AND CARL POMERANCEAbstra
t. We 
onsider sets of positive integers 
ontaining no sum of two elements in theset and also no produ
t of two elements. We show that the upper density of su
h a set isstri
tly smaller than 1

2
and that this is best possible. Further, we also �nd the maximalorder for the density of su
h sets that are also periodi
 modulo some positive integer.1. Introdu
tionThe sum-produ
t problem in 
ombinatorial number theory asserts that if A is a �nite setof positive integers, then either A+A or A ·A is a mu
h larger set than A, where A+ B isthe set of sums a+ b with a ∈ A, b ∈ B and A·B is the set of produ
ts ab with a ∈ A, b ∈ B.A famous 
onje
ture by Erd®s and Szemerédi [2℄ asserts that if ǫ > 0 is arbitrary and A is aset of N positive integers, then for N su�
iently large depending on the 
hoi
e of ǫ, we have

|A+A|+ |A · A| ≥ N2−ǫ.This 
onje
ture is motivated by the 
ases when either |A+A| or |A · A| is unusually small.For example, if A = {1, 2, . . . , N}, then A + A is small, namely, |A + A| < 2N . However,
A · A is large sin
e there is some c > 0 su
h that |A · A| > N2/(logN)c. And if A =
{1, 2, 4, . . . , 2N−1}, then |A · A| < 2N , but |A + A| > N2/2. The best that we 
urrentlyknow towards this 
onje
ture is that it holds with exponent 4/3 in the pla
e of 2, a result ofSolymosi [9℄. (In fa
t, Solymosi proves this when A is a set of positive real numbers.)In this paper we 
onsider a somewhat di�erent question: how dense 
an A be if both
A+A and A ·A have no elements in 
ommon with A? If A∩ (A+A) = ∅ we say that A issum-free and if A ∩ (A · A) = ∅ we say A is produ
t-free. Before stating the main results,we give some ba
kground on sets that are either sum-free or produ
t-free.If a ∈ A and A is sum-free, then {a}+A is disjoint from A, and so we immediately havethat the upper asymptoti
 density of A is at most 1

2
. Density 1

2

an be a
hieved by taking

A as the set of odd natural numbers. Similarly, if A is a set of residues modulo n and issum-free, then D(A) := |A|/n is at most 1
2
, and this 
an be a
hieved when n is even and A
onsists of the odd residues. The maximal density for D(A) for A a sum-free set in Z/nZwas 
onsidered in [1℄. In parti
ular, the maximum for D(A) is 1

3
− 1

3n
if n is divisible solelyby primes that are 1 modulo 3, it is 1

3
+ 1

3p
if n is divisible by some prime that is 2 modulo 3and p is the least su
h, and it is 1

3
otherwise. Consequently, we have D(A) ≤ 2

5
if A is asum-free set in Z/nZ and n is odd. It is worth noting that maximal densities of subsets ofarbitrary �nite abelian groups are determined in [3℄. For generalizations to subsets of �nitenon-abelian groups, see [4℄.Date: De
. 16, 2011.2000 Mathemati
s Subje
t Classi�
ation. 11B05, 11B75.1



2 P. KURLBERG, J. C. LAGARIAS, AND C. POMERANCEThe problem of the maximum density of produ
t-free sets of positive integers, or of subsetsof Z/nZ, only re
ently re
eived attention. For subsets of the positive integers, it was shownin [6℄ that the upper density of a produ
t-free set must be stri
tly less than 1. Let D(n)denote the maximum value of D(A) as A runs over produ
t-free sets in Z/nZ. In [8℄ it wasshown that D(n) < 1
2
for the vast majority of integers, namely for every integer not divisibleby the square of a produ
t of 6 distin
t primes. Moreover, the density of integers whi
hare divisible by the square of a produ
t of 6 distin
t primes was shown to be smaller than

1.56× 10−8.Somewhat surprisingly, D(n) 
an in fa
t be arbitrarily 
lose to 1 (see [6℄), and thus thereare integers n and sets of residues modulo n 
onsisting of 99% of all residues, with the set ofpairwise produ
ts lying in the remaining 1% of the residues. However, it is not easy to �nd anumeri
al example that beats 50%. In [6℄, an example of a number n with about 1.61× 108de
imal digits was given with D(n) > 1
2
; it is not known if there are any substantially smallerexamples, say with fewer than 108 de
imal digits.In [7℄ the maximal order of D(n) was essentially found: There are positive 
onstants c, Csu
h that for all su�
iently large n, we have

D(n) ≤ 1−
c

(log log n)1−
e

2
log 2(log log logn)1/2and there are in�nitely many n with

D(n) ≥ 1−
C

(log logn)1−
e

2
log 2(log log log n)1/2

.In this paper we 
onsider two related questions. First, if A is a set of integers whi
h isboth sum-free and produ
t-free, how large may the upper density of A be? Se
ond, set
D′(n) := max{D(A) : A is a sum-free, produ
t-free subset of Z/nZ}.What is the maximal order of D′(n)? We prove the following results.Theorem 1.1. If A is a set of positive integers that is both produ
t-free and sum-free, then

A has upper density at most 1
2

(

1− 1
5a0

), where a0 is the least element of A.Theorem 1.2. There is a positive 
onstant κ su
h that for all su�
iently large numbers n,
D′(n) ≤

1

2
−

κ

(log log n)1−
e

2
log 2(log log logn)1/2

.Theorem 1.3. There is a positive 
onstant κ′ and in�nitely many integers n with
D′(n) ≥

1

2
−

κ′

(log log n)1−
e

2
log 2(log log logn)1/2

.Note that D′(5) = 2
5
and if 5|n, then D′(n) ≥ 2

5
. A possibly interesting 
omputationalproblem is to numeri
ally exhibit some n with D′(n) > 2

5
. Theorem 1.3 assures us that su
hnumbers exist, but the least example might be very large.One might also ask for the densest possible set A for whi
h A, A + A, and A · A arepairwise disjoint. However, Proposition 3.2 below implies immediately that any sum-free,produ
t-free set A ⊂ Z/nZ with D(A) > 2

5
also has A +A and A · A disjoint. Thus, fromTheorem 1.3, we may have these three sets pairwise disjoint with D(A) arbitrarily 
lose to 1

2
.



ON SETS OF INTEGERS WHICH ARE BOTH SUM-FREE AND PRODUCT-FREE 32. The upper densityHere we prove Theorem 1.1. We begin with some notation that we use in this se
tion: Fora set of positive integers A, we write A(x) for A ∩ [1, x]. If a is an integer, we write a +Afor {a}+A.Lemma 2.1. Suppose that A is a sum-free set of positive integers and that I is an intervalof length y in the positive reals. Then
|A ∩ I| ≤

y

2
+OA(1).Proof. Let N = |A ∩ I|. For any positive integer m we have |(m + A) ∩ I| ≥ |A ∩ I| −m.Let a0 be the least element of A. Thus |(a0 +A)∩ I| ≥ N − a0. But a0 +A is disjoint from

A, so
2N − a0 ≤ |A ∩ I|+ |(a0 +A) ∩ I| ≤ |I ∩ Z| = y +O(1).Solving this inequality for N proves the result. �For a set A of positive integers and a real number x > 0, let

δx := 1− 2
|A(x)|

x
, so that |A(x)| =

1

2
(1− δx)x.Note that δx ≥ 0 for |A(x)| ≤ 1

2
.Lemma 2.2. Suppose that A is a sum-free set of positive integers and that a1, a2 ∈ A. Thenfor all x > 0,

|(a1 +A(x− a1)) ∩ (a2 +A(x− a2))| ≥
1

2
(1− 3δx)− (a1 + a2).Proof. We have the sets A(x), a1 +A(x− a1), a2+A(x− a2) all lying in [1, x] and the lattertwo sets are disjoint from the �rst set (sin
e A is sum-free). Thus,

|(a1 +A(x− a1)) ∩ (a2 +A(x− a2))|

= |a1 +A(x− a1)|+ |a2 +A(x− a2)| − |(a1 +A(x− a1)) ∪ (a2 +A(x− a2))|

≥ |a1 +A(x− a1)|+ |a2 +A(x− a2)| − (x− |A(x)|)

≥ (|A(x)| − a1) + (|A(x)| − a2) + (|A(x)| − x) = 3|A(x)| − x− (a1 + a2).But 3|A(x)| − x = 1
2
(1− 3δx)x, so this 
ompletes the proof. �For a set A of positive integers, de�ne the di�eren
e set

∆A := {a1 − a2 : a1, a2 ∈ A}.Further, for an integer g, let
Ag := A ∩ (−g +A) = {a ∈ A : a+ g ∈ A}.Corollary 2.3. If A is a sum-free set of positive integers and g ∈ ∆A then, for any x > 0,

|Ag(x)| ≥
1

2
(1− 3δx) x+O(1),in whi
h the implied 
onstant depends on both g and A.



4 P. KURLBERG, J. C. LAGARIAS, AND C. POMERANCEProof. Suppose that g ∈ ∆A, so that there exist a1, a2 ∈ A su
h that a1 − a2 = g. If
a ∈ A(x− a1) and a + a1 ∈ a2 +A(x− a2), then a + g = a + a1 − a2 ∈ A, so that a ∈ Ag.That is, Ag(x−a1) 
ontains −a1+(a1+A(x−a1))∩ (a2+A(x−a2)). Thus, by Lemma 2.2,

|Ag(x− a1)| ≥ |(a1 +A(x− a1)) ∩ (a2 +A(x− a2))| ≥
1

2
(1− 3δx)− (a1 + a2),from whi
h the 
orollary follows. �Corollary 2.4. If A is a sum-free set of positive integers with upper density greater than 2

5
,then ∆A is a subgroup of Z.Proof. Sin
e ∆A is 
losed under multipli
ation by −1, it su�
es to show that if g1, g2 ∈ ∆A,then g1+g2 ∈ ∆A. If g1+Ag1 
ontains a member a of Ag2, then a−g1 ∈ A and a+g2 ∈ A, sothat g1+g2 ∈ ∆A. Note that g1+Ag1 and Ag2 are both subsets of A. Now by Corollary 2.3,if g1 +Ag1 and Ag2 were disjoint, we would have for ea
h positive real number x,

(1− 3δx)x+O(1) ≤
1

2
(1− δx)x,so that δx ≥ 1

5
+O( 1

x
). Hen
e lim inf δx ≥ 1

5
, 
ontradi
ting the assumption that A has upperdensity greater than 2

5
. Thus, g1 + Ag1 and Ag2 are not disjoint, whi
h as we have seen,implies that g1 + g2 ∈ ∆A. This 
ompletes the proof. �Remark 2.5. Corollary 2.4 is best possible, as 
an be seen by taking A as the set of positiveintegers that are either 2 or 3 modulo 5.We now prove the following result whi
h immediately implies Theorem 1.1.Proposition 2.6. Suppose that A is a sum-free set of positive integers with least member

a0. Suppose in addition that {a0} · A is disjoint from A. Then the upper density of A is atmost 1
2

(

1− 1
5a0

).Proof. If the upper density of A is at most 2
5
, the result holds trivially, so we may assumethe upper density ex
eeds 2

5
. It follows from Corollary 2.4 that ∆A is the set of multiples ofsome positive number g, whi
h is ne
essarily either 1 or 2. (If g ≥ 3, then the upper densityof A would be at most 1

3
.)Suppose that g = 2 so that ∆A 
onsists of all even numbers. Then either A 
onsists ofall even numbers or all odd numbers. In the former 
ase, the set {1

2
} · A is a sum-free set ofpositive integers, and so has upper density at most 1

2
. It follows that A has upper densityat most 1

4
, a 
ontradi
ition.Now suppose that A 
onsists solely of odd numbers. For any real number x ≥ a0, both

{a0} ·A(x/a0) and A(x) 
onsist only of odd numbers, they are disjoint, and they lie in [1, x].Thus, by Lemma 2.1,
|A(x)| ≤

1

2
x−

∣

∣

∣

∣

A

(

x

a0

)∣

∣

∣

∣

+O(1) and |A(x)| ≤
1

2

(

x−
x

a0

)

+

∣

∣

∣

∣

A

(

x

a0

)∣

∣

∣

∣

+O(1).Adding these two inequalities and dividing by 2 gives that |A(x)| ≤ (1
2
− 1

2a0
)x + O(1), sothat A has upper density at most 1

2
− 1

2a0
, giving the result in this 
ase.It remains to 
onsider the 
ase that g = 1, that is, ∆A = Z. Let x ≥ a0 be any realnumber and 
onsider the two sets a0 + A(x − a0) and {a0} · A−1(x/a0). They both lie in



ON SETS OF INTEGERS WHICH ARE BOTH SUM-FREE AND PRODUCT-FREE 5
[1, x] and by hypothesis are both disjoint from A(x). If these two sets share an element in
ommon then there would be some a ∈ A−1(x/a0) with a0a − a0 ∈ A(x − a0). In this 
ase
a0(a−1) ∈ A and also a0 ∈ A and a−1 ∈ A, whi
h 
ontradi
ts our hypothesis. We 
on
ludethat the three sets a0 + A(x − a0), {a0} · A−1(x/a0), and A(x) must be pairwise disjoint.Thus,

∣

∣

∣

∣

A−1

(

x

a0

)∣

∣

∣

∣

=

∣

∣

∣

∣

{a0} · A−1

(

x

a0

)∣

∣

∣

∣

≤ x− |A(x)| − |a0 +A(x− a0)| = δxx+O(1).On the other hand, using Lemma 2.1 and Corollary 2.3,
∣

∣

∣

∣

A−1

(

x

a0

)∣

∣

∣

∣

≥ |A−1(x)| −
1

2

(

1−
1

a0

)

x+O(1)

≥
1

2
(1− 3δx)x−

1

2

(

1−
1

a0

)

x+O(1) =

(

1

2a0
−

3

2
δx

)

x+O(1).Putting these two inequalities together and dividing by x, we obtain
δx ≥

1

2a0
−

3

2
δx +O

(

1

x

)

.Hen
e δx ≥ 1
5a0

+O( 1
x
), implying that lim inf δx ≥ 1

5a0
, when
e

d̄(A) = lim sup
x→∞

1

x
|A(x)| = lim sup

x→∞

1

2
(1− δx) =

1

2
− lim inf

x→∞

1

2
δx ≥

1

2
(1−

1

5a0
),whi
h proves the proposition. �3. An upper bound for the density in Z/nZIn this se
tion we prove Theorem 1.2. We use the following theorem of Kneser [5℄; see also[10, Theorem 5.5℄.Theorem 3.1 (Kneser). Suppose in an abelian group G (written additively) we have �nitenonempty sets A,B, C where A+ B = C. Let H be the stabilizer of C in G, that is, H is thesubgroup of elements g ∈ G with g + C = C. Then

|C| ≥ |A+H|+ |B +H| − |H| ≥ |A|+ |B| − |H|.We next dedu
e restri
tions on the stru
ture of sum-free sets having density greater than 2
5
.Proposition 3.2. Suppose that n is a positive integer and A ⊂ Z/nZ is sum-free. If

D(A) > 2
5
, then n is even and A is a subset of the odd residues in Z/nZ.Proof. It follows from [1℄ that D(A) > 2

5
implies n must be even (see the 
omments inSe
tion 1). The result holds for n = 2 sin
e a sum-free set 
annot 
ontain 0. It also holdsfor n = 4 sin
e the double of an odd residue is 2, so the only option for A is {1, 3}. We nowsuppose n ≥ 6 is even and pro
eed by indu
tion assuming that the proposition holds for alleven numbers smaller than n. Let C denote the set of residues mod n of the form a + b,where a, b ∈ A. Sin
e |A| > 2

5
n and A is sum-free, we have |C| < 3

5
n, so that |C| < 2|A| − 1(using n ≥ 6). We apply Kneser's theorem in the group G = Z/nZ to 
on
lude that thestabilizer H of C must be nontrivial. Thus H = 〈h〉, where h|n and h < n.Next note that if ψ denotes the proje
tion map of Z/nZ to Z/hZ, then ψ(A) is still sum-free. To show this, suppose not, when
e there are a1, a2, a3 ∈ A and ψ(a1) + ψ(a2) = ψ(a3).



6 P. KURLBERG, J. C. LAGARIAS, AND C. POMERANCENow a3 ≡ a1+a2 (mod h), so that there is some c ∈ C (namely c = a1+a2) with a3 ∈ H+c.But H + c ⊂ H + C = C, so a3 = a′1 + a′2 for some a′1, a′2 ∈ A, 
ontradi
ting the assumptionthat A is sum-free.The proje
tion map ψ is n/h to 1, so |ψ(A)| ≥ |A|/(n/h) > 2
5
h, and this implies that hmust be even. By the indu
tion hypothesis ψ(A) 
annot 
ontain any even residues modulo h.But even residues in A redu
e to even residues modulo h, so A 
annot 
ontain any evenresidues modulo n. This 
ompletes the proof. �We now prove Theorem 1.2. For those n with D′(n) ≤ 2

5
, the result holds for any number

κ, so assume that D′(n) > 2
5
. Let A ⊂ Z/nZ be a produ
t-free, sum-free set with D(A) =

D′(n). By Proposition 3.2, we have that n is even and that A is a subset of the odd residuesmodulo n. Suppose that k is an integer with n ≤ 2k < 2n. Let N = 22kn and let B be theset of positive integers of the form 2jb where j ≤ k and b ≤ N/2j = 22k−jn, su
h there issome a ∈ A with b ≡ a (mod n). Then the members of B are in [1, N ] and
|B| =

k
∑

j=0

22k−j|A| = 2k
(

2k+1 − 1
)

|A| >

(

1−
1

n

)

22k+1|A|. (3.1)We note that B is produ
t-free as a set of residues modulo N . Indeed, suppose 2jibi ∈ B,for i = 1, 2, 3 and
2j1b12

j2b2 ≡ 2j3b3 (mod N).Let ai ∈ A be su
h that bi ≡ ai (mod n) for i = 1, 2, 3. We have that a1, a2, a3 are odd, andsin
e n is even, this implies that b1, b2, b3 are odd. Using j1 + j2 ≤ 2k, j3 ≤ k and 22k|N ,we have j1 + j2 = j3. Hen
e a1a2 ≡ a3 (mod n), a violation of the assumption that A isprodu
t-free modulo n. We 
on
lude that B is produ
t-free modulo N .It now follows from Theorem 1.1 in [7℄ that for n su�
iently large,
|B| ≤ N

(

1−
c

(log logN)1−
e

2
log 2(log log logN)1/2

)

.Further, sin
e N is of order of magnitude n3, we have that log logN = log logn+O(1), andso for any �xed 
hoi
e of c0 < c we have for n su�
iently large that
|B| ≤ N

(

1−
c0

(log log n)1−
e

2
log 2(log log log n)1/2

)

.Thus, from our lower bound for |B| in (3.1) we have
|A| <

N

22k+1

(

1−
1

n

)−1(

1−
c0

(log log n)1−
e

2
log 2(log log logn)1/2

)

.Sin
e N/22k+1 = n/2, it follows that for any �xed c1 < c0 and n su�
iently large, we have
|A| <

n

2

(

1−
c1

(log log n)1−
e

2
log 2(log log log n)1/2

)

.We thus may 
hoose κ as any number smaller than c/2. This 
on
ludes the proof of Theo-rem 1.2.



ON SETS OF INTEGERS WHICH ARE BOTH SUM-FREE AND PRODUCT-FREE 74. Examples with large densityIn this se
tion we prove Theorem 1.3. We follow the argument in [6℄ with a supplementaryestimate from [7℄. Let x be a large number, let ℓx be the least 
ommon multiple of the integersin [1, x] and let nx = ℓ2x. Then nx = e(2+o(1))x as x → ∞ so that log log nx = log x + O(1).For a positive integer m, let Ω(m) denote the number of prime fa
tors of m 
ounted withmultipli
ity. Let k = k(x) = ⌊ e
4
log log nx⌋, let

D′
x = {d|ℓx : d odd, k < Ω(d) < 2k} ,and let A be the set of residues a modulo nx with gcd(a, nx) ∈ D′

x. Then A is produ
t-free(
f. Lemma 2.3 in [6℄), and sin
e nx is even and every residue in A is odd, we have that A issum-free as well. We shall now establish a su�
iently large lower bound on D(A) to showthat D′(nx) satis�es the inequality in the theorem with n = nx.For d ∈ D′
x, the number of a (mod nx) with gcd(a, nx) = d is ϕ(nx)/d, so that

D(A) =
ϕ(nx)

nx

∑

d∈D′

x

1

d
=
ϕ(nx)

nx













∑

d|ℓx
d odd

1

d
−

∑

d|ℓx
d odd
d6∈D′

x

1

d













≥
ϕ(nx)

nx









∑

d|ℓx
d odd

1

d
−

∑

d|ℓx
d6∈D′

x

1

d









. (4.1)We have
∑

d|ℓx
d odd

1

d
=

∏

2<p≤x

p

p− 1
·
∏

2<p≤x
pa‖ℓx

(

1−
1

pa+1

)

≥
∏

2<p≤x

p

p− 1
·

(

1−
1

x

)π(x)and, sin
e ϕ(nx)/nx = 2−1 ·
∏

p|nx, p>2(1− 1/p), we �nd that
ϕ(nx)

nx

∑

d|ℓx
d odd

1

d
≥

1

2

(

1−
1

x

)π(x)

≥
1

2
−
π(x)

x
. (4.2)We now use (6.2) in [7℄ whi
h is the assertion that

∑

P (d)≤x
Ω(d)6∈(k,2k)

1

d
≪

(log x)
e

2
log 2

(log log x)1/2
.Here, P (d) denotes the largest prime fa
tor of d. Sin
e this sum in
ludes every integer d|ℓxthat is not in D′

x, we have
ϕ(nx)

nx

∑

d|ℓx
d6∈D′

x

1

d
≪

ϕ(nx)

nx

·
(log x)

e

2
log 2

(log log x)1/2
≪

1

(log x)1−
e

2
log 2(log log x)1/2

,where we use Mertens' theorem in the form ϕ(nx)/nx =
∏

p≤x(1 − 1/p) ≪ 1/ log x for thelast step. Putting this estimate and (4.2) into (4.1), we get
D(A) ≥

1

2
−
π(x)

x
−

c′

(log x)1−
e

2
log 2(log log x)1/2



8 P. KURLBERG, J. C. LAGARIAS, AND C. POMERANCEfor some positive 
onstant c′. Using π(x)/x ≪ 1/ logx and log x = log log nx + O(1), wehave
D(A) ≥

1

2
−

κ′

(log log nx)
1− e

2
log 2(log log log nx)1/2for any �xed 
onstant κ′ > c′ and x su�
iently large. Thus, D′(nx) satis�es the 
onditionof Theorem 1.3 for x su�
iently large, 
ompleting the proof.A
knowledgmentsWe thank Albert Bush, Chris Pryby, and Joseph Vandehey for raising the question of setswhi
h are both sum-free and produ
t-free. PK was supported in part by grants from theGöran Gustafsson Foundation, and the Swedish Resear
h Coun
il. JCL was supported inpart by NSF grant DMS-1101373. CP was supported in part by NSF grant DMS-1001180.Referen
es[1℄ P. H. Diananda and H. P. Yap, Maximal sum-free sets of elements of �nite groups, Pro
. Japan A
ad.45 (1969), No. 1, 1�5.[2℄ P. Erd®s and E. Szemerédi, On sums and produ
ts of integers, in: Studies in pure mathemati
s,Birkhäuser, Basel, 1983, pp. 213�218.[3℄ B. Green and I. Z. Ruzsa, Sum-free sets in abelian groups, Israel J. Math. 147 (2005), 157�188.[4℄ K. S. Kedlaya, Produ
t-free subsets of groups, then and now, Communi
ating mathemati
s, Contemp.Math., 479, (2009). 169�177. Amer. Math. So
., Providen
e, RI.[5℄ M. Kneser, Abs
hätzung der asymptotis
hen Di
hte von Summenmengen, Math. Z. 58, (1953). 459�484.[6℄ P. Kurlberg, J. C. Lagarias and C. Pomeran
e, Produ
t-free sets with high density, A
ta Arith., toappear.[7℄ P. Kurlberg, J. C. Lagarias and C. Pomeran
e, The maximal density of produ
t-free sets in Z/nZ,preprint, 2011.[8℄ C. Pomeran
e and A. S
hinzel, Multipli
ative properties of sets of residues, Mos
ow J. Combinatori
sand Number Theory 1 (2011), 52�66.[9℄ J. Solymosi, Bounding multipli
ative energy by the sumset, Adv. Math. 222 (2009), 402�408.[10℄ T. Tao and V. Vu, Additive 
ombinatori
s, Cambridge U. Press, 2006.Department of Mathemati
s, KTH, SE-10044, Sto
kholm, SwedenE-mail address : kurlberg�math.kth.seDepartment of Mathemati
s, University of Mi
higan, Ann Arbor, MI 48109, USAE-mail address : lagarias�umi
h.eduMathemati
s Department, Dartmouth College, Hanover, NH 03755, USAE-mail address : 
arl.pomeran
e�dartmouth.edu


