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Abstract. We exhibit a deterministic algorithm that, for some effectively computable real number ¢, decides
whether a given integer n>1 is prime within time (logn)®-(2+loglogn)¢. The same result, with 21/2 in the
place of 6, was recently proved by Agrawal, Kayal, and Saxena. Our algorithm follows the same pattern as
theirs, performing computations in an auxiliary ring extension of Z/nZ. We allow our rings to be generated by
Gaussian periods rather than by roots of unity, which leaves us greater freedom in the selection of the auxiliary
parameters and enables us to obtain a better run time estimate. The proof depends on newly developed results
in analytic number theory and on the following theorem from additive number theory, which was provided by D.

Bleichenbacher: if ¢ is a real number with 0<t<1, and S is an open subset of the interval (0,t) with fs dz/z>t,

then each real number greater than or equal to 1 is in the additive semigroup generated by S. A byproduct of
our main result is an improved algorithm for constructing finite fields of given characteristic and approximately
given degree.
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1. Introduction

Our main result reads as follows.

Theorem 1. There exists, for some effectively computable real number cq, a deterministic
algorithm that, given an integer n with n > 1, decides whether or not n is prime, and does

so in time at most (logn)® - (2 + loglogn).

We shall exhibit an algorithm with the stated properties. Its run time is measured in
bit operations. The constant c¢q is effectively computable in the sense that our proof of
the existence of ¢p, combined with the proofs in the papers to which we refer, implicitly
contains an algorithm for computing cg.

The same result, but with the run time exponent 6 replaced by 21/2, was obtained
by Agrawal, Kayal, and Saxena [2]. They also prove a result with run time exponent 15/2
in which c¢ is not effectively computable, and they argue that the true run time exponent
of their algorithm may reasonably be conjectured to equal 6. We achieve the exponent 6
not by proving their conjecture, but by modifying their algorithm.

A fundamentally new idea would be required to obtain a deterministic primality test-
ing algorithm with run time exponent smaller than 6. For probabilistic primality tests
the situation is different. Bernstein [7], also elaborating on [2] and building on an idea
of Berrizbeitia [9], exhibited a probabilistic algorithm that, for some effectively com-
putable constant c;, has the following property. Given any integer n > 1, the algorithm
correctly decides whether or not n is prime, and it does so in expected time at most
(logn)* - (2 + loglogn)ct legloglog(22logn) " See [23] for a similar result.

Like [2], the present paper has an algebraic and an analytic component, addressing
the correctness and the efficiency of the algorithm, respectively. By working harder on the
algebra, we leave the algorithm greater freedom in the selection of auxiliary parameters,
thus simplifying the analytic problem of obtaining a good run time estimate. Specifically,
both the algorithm of [2] and our own algorithm perform computations in a suitable ring
extension of the ring Z/nZ of integers modulo n; if d denotes the “degree” of the extension,
then the run time estimate becomes d*/? - (logn)® times a lower order factor, and the
problem of obtaining a small run time exponent boils down to proving a good upper bound
for the smallest d that can be used. Agrawal et al. use the ring (Z/nZ)[X]/(X%— 1), and
find that the problem of accurately estimating the least usable value for d leads to an
unsolved problem in analytic number theory. We select our ring extension from a much

wider class, for which estimating d becomes feasible.
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The ring extensions of Z/nZ that we use shall be referred to as pseudofields. If n

is a prime number, then these pseudofields are in fact finite fields, and our construction
of pseudofields is inspired by a construction of finite fields proposed by Adleman and
Lenstra [1]. They describe a deterministic algorithm that, for certain effectively computable
constants ¢y and cs, has the following properties: given a prime number p and a positive
integer D, it computes an irreducible polynomial f in (Z/pZ)[X] satisfying D < deg f <
ca2Dlog p, and it does so within time (D +logp)®®. The ring (Z/pZ)[X]/(f) is then a finite
field of given characteristic p of degree “close” to a given number D. Our construction
improves upon this result when D is not too small.
Theorem 2. There is an effectively computable positive integer c4 and a deterministic
algorithm such that given a prime number p and a positive integer D with D > (log p)*6/?,
the algorithm computes an irreducible polynomial f in (Z/pZ)[X] with D < deg f < 2D.
The run time of the algorithm is at most (Dlogp) - (2 + log D + loglog p)®.

Note that the run time of our algorithm is essentially linear in terms of the length of the
output. Under mild restrictions we may narrow the interval [D,2D) to [D, (1 + €)D) for
small positive values of e.

Adleman and Lenstra construct the finite field (Z/pZ)[X]/(f) by adjoining a system of
Gaussian periods to Z/pZ. For Theorem 2, we use almost exactly the same construction,
but we are much more careful in selecting the system of Gaussian periods, so that we
are able to narrow the interval [D, coDlogp| for the degree down to [D,2D), and even
narrower, in a large range. The proof that an appropriate period system can be found, is
the major technical hurdle we have to take; our desire that the constants in Theorem 1
and Theorem 2 be effectively computable has added to the difficulties. One of our auxiliary
results is a weak but effective version of the Bombieri—Vinogradov inequality (see Lemma
10.2).

Another auxiliary result, which has independent interest, was provided by D. Ble-
ichenbacher [10], who kindly allowed us to include his result and its proof. The famous
Frobenius postage problem asks for the largest number which is not in the additive semi-
group generated by a set of coprime positive integers. Bleichenbacher’s theorem might be
considered a continuous version of this problem. A similar result was also recently obtained
by Lev [21].

Theorem 3. Suppose S is an open additively closed subset of the set of positive real

numbers with 1 ¢ S. Then for each real number t € (0, 1] one has fsmo " dz/z <t
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In Section 2 we define pseudofields and period systems, and we state all properties of
these concepts that go into our proofs. Taking these results for granted, we prove Theorem 1
in Section 3 and Theorem 2 in Section 4. In Sections 5-8 we prove the properties of
pseudofields stated in Section 2. A proof of Theorem 3 is found in Section 9. In Sections
10-12 we use analytic number theory to prove the existence result for period systems stated
in Section 2.

In this paper, we write simply ring for commutative ring. As in [4, 20], a ring is required
to have a unit element, a ring homomorphism is required to preserve the unit element, and
a subring is required to contain the unit element. The ring of integers is denoted by Z,
and, for a prime number p, we write F, for Z/pZ. For a ring R, we write R* for the group
of units of R, the characteristic char R is the non-negative integer n for which nZ is the
kernel of the unique ring homomorphism Z — R, and we write R[X] for the polynomial
ring in one variable X over R. An element of R[X] is monic if it has leading coefficient 1,

the unit element of R.

Let S be a set, and let f, g: S — R be two functions from S to the field R of real
numbers such that for all x € S one has g(x) > 0. By the statement f = O(g) we mean that
there exists ¢ € R such that for all z € S one has |f(z)| < ¢-g(z), and by f = O(g) we mean
that there exists ¢ € R such that for all € S one has |f(z)| < g(z) - (log max{3, g(aj)})c
We shall often apply this with S equal to a set of inputs to an algorithm, and f(x) equal to
the run time of the algorithm upon input x. For example, with the notation just introduced
one expresses the run time estimates in Theorems 1 and 2 as O((log n)®) and O(Dlogp),
respectively.

Whenever we assert that a constant with certain properties exists, it will be effectively
computable in the sense explained above; this is also valid for the constants implicit in
our use of the O- and O-symbols. The same comment, mutatis mutandis, applies to the
existence of algorithms. Except for Bernstein’s algorithm mentioned above, all algorithms

in the present paper are deterministic.



2. Pseudofields and period systems

Pseudofields. By a pseudofield we mean a pair (A, ) consisting of a ring A and an element
a € A, such that for some integer n > 1, some integer d > 0, and some ring automorphism

o of A, the following conditions are satisfied:

(2.1) char A = n,

(2.2) HA<nd,

(2.3) oo =a",

(2.4) oc’a=aqa,

(2.5) oc¥la — a € A* for each prime number [ dividing d.

In Section 5 we shall prove the following result about pseudofields.

Proposition 2.6. Let (A,«a) be a pseudofield, and let n, d be as above. Then there
is a unique monic polynomial f € (Z/nZ)[X] with the property that there is a ring
isomorphism (Z/nZ)[X]/(f) = A that maps the coset (X mod f) to a. In addition, the
degree of this polynomial equals d.

The polynomial f from 2.6 and its degree d are called the characteristic polynomial and
the degree of the pseudofield, respectively. The proposition implies that each element of
A can in a unique way be written as g(«), where g € (Z/nZ)[X] satisfies deg g < d. This
implies that equality holds in (2.2). It also implies that, as a ring, A is generated by «,
so that the automorphism o of A is uniquely determined by (2.3); we refer to it as the
Frobenius automorphism of the pseudofield.

Ezample. If n € Z, n > 1, and a € Z, then the pair (Z/nZ,a mod n) is a pseudofield
if and only if one has a” = a mod n; for composite n, one often expresses this property
by saying that n is a pseudoprime to the base a. In this example, the degree equals 1, the
Frobenius automorphism is the identity, and the characteristic polynomial is X —(a mod n).

Ezample. Let n € Z, n > 1, let r be a positive integer with ged(r,n) = 1, and denote
by @, the rth cyclotomic polynomial. Then the pair ((Z/nZ)[X]/(®,), X mod ®,) is a
pseudofield if and only if n mod r generates the group (Z/rZ)*. This pseudofield is closely
related to the rings used in [2]. In this example, the degree equals (), where ¢ denotes
Euler’s function, the Frobenius automorphism maps each (g mod ®,.) to (¢(X™) mod ®,.),
and ®,. is the characteristic polynomial.

Finite fields yield pseudofields, as explained in the following result.
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Proposition 2.7. Let p be a prime number, let A be a ring of characteristic p, and let
a € A. Then (A, a) is a pseudofield if and only if A is a finite field satisfying A = Fp(a).
In addition, if (A, ) is a pseudofield, and o denotes its Frobenius automorphism, then for
all 6 € A one has o3 = 3P.

This proposition is proved in Section 5.

Primality testing with pseudofields. The following result shows that, for the purposes of
primality testing, pseudofields can play the role that the rings (Z/nZ)[X]/(X? — 1) play
in [2].

Proposition 2.8. Let (A, a) be a pseudofield of degree d with Frobenius automorphism
o, and let n = char A. Suppose that for each a =1, 2, ..., |(d/3)*/?(logn)/log2| one has
a" +a = (a+ a)". Suppose also that one has d > (logn)?/(3- (log2)?), and that n has a

prime factor greater than (d/3)'/?(logn)/log2. Then n is a power of a prime number.
The proof of Proposition 2.8 in given in Section 6.

Algorithmic aspects of pseudofields. Proposition 2.6 shows that a pseudofield is, up to
isomorphism, determined by its characteristic n and its characteristic polynomial f. We
shall for algorithmic purposes always assume a pseudofield to be specified by the pair (n, f),
the polynomial f being represented by its vector of coefficients; this applies in particular
when a pseudofield forms part of the input or output of an algorithm. The pseudofield
represented by (n, f) equals ((Z/nZ)[X]/(f), X mod f), and its elements are represented
as polynomials in (Z/nZ)[X] of degree smaller than the degree d of the pseudofield. It is
well-known that there are algorithms that, given n, f, and two elements of (Z/nZ)[X]/(f),
compute the sum and the product of these two elements within time O(dlogn) (see [6]).
As a consequence, testing the equality a™ + a = (a + a)™ from 2.8 for a single value of a
in Z/nZ can be done in time O(d(log n)?), and for about (d/3)*/2(logn)/log2 values of
a in time O((all/2 logn)?). This time bound will equal the time bound O((log n)®) from
Theorem 1 if we use a pseudofield for which the degree d is, as a function of n, not too
much larger than the lower bound (logn)?/(3 - (log2)?) from 2.8. Thus, we are faced with
the problem of constructing a pseudofield of given characteristic and approximately given
degree.

The techniques that we develop for constructing pseudofields culminate in the follow-

ing result. Let n € Z, n > 1. By a period pair for n we mean a pair (r,q) of integers with
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the properties

(2.9) r is a prime number not dividing n,
(2.10) q divides r — 1 and ¢ > 1,
(2.11) the multiplicative order of n("~1/¢ modulo r equals q.

Further, a period system for n is a finite set P of period pairs for n such that

(2.12) ged(q, ¢') = 1 whenever (r,q), (r',¢") € P, (r,q) # (', '),

and the degree of P is H(r’q)ep q.

Proposition 2.13. There is an algorithm that, given an integer n with n > 1 and a
period system P for n satisfying n > H(r’ gep @ either correctly declares n composite or

constructs a pseudofield of characteristic n and degree H(r, gep 4 and that runs in time
O(( H q+ Z q(r—l—logn)) logn).
(r,q)€P (r,q)€P

The proof of Proposition 2.13 is given in Section 8.
If n is known to be prime, then the algorithm of Proposition 2.13 simplifies somewhat,
and the term involving (logn)? in the run time estimate may be omitted; in view of

Proposition 2.7, this leads to the following result.

Proposition 2.14. There is an algorithm that, given a prime number p and a period
system P for p satisfying p > H(r’ gep > constructs a monic irreducible polynomial f €

F,[X] with deg f =], ,)ep ¢ and that runs in time
O(( H q-+ Z qr) logp>.
(r,q)€P (r,a)eP
The proof of Proposition 2.14 is also given in Section 8.
The existence of period systems. Our final auxiliary result reads as follows.

Proposition 2.15. There is an effectively computable positive integer cs such that, for
each integer n > c5 and each integer D > (log n)46/ 25 there exists a period system P for

n consisting of pairs (r,q) with
r< D6/11, q < D3/11, q prime,
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and with degree d satisfying D < d < D + D/ exp((log D)3/°(loglog(3D))~3/2). In partic-
ular, d € [D,2D).

Proposition 2.15 is proved in Section 12 using Theorem 3 and some tools from analytic
number theory which are developed in Sections 10 and 11. Proposition 2.15 is used to show
that the algorithms of Theorems 1 and 2 perform as stated. In particular the number cs
of Theorem 2 is the same as in 2.15.

In Section 10 we review some results concerning the distribution of primes in residue
classes, and give a somewhat weaker, but effective version of the Bombieri—Vinogradov
inequality. (See [28] for a similar result.) We also introduce our major tool, a theorem of
Deshouillers and Iwaniec [17]. While weaker than Fouvry’s theorem, this result is effective
in principle.

In Section 11 we show that there are many primes r with certain constraints on
the primes in r — 1. For this we follow closely a paper of Balog [5]. This paper uses the
same theorem of Fouvry as in [2], and also the Bombieri-Vinogradov theorem. To achieve
effectively computable estimates, we use instead the Deshouillers—Iwaniec result and the

effective Bombieri—Vinogradov inequality from Section 10.

3. The primality test

In this section we deduce Theorem 1 from the results stated in Section 2. We begin with a

straightforward transformation of 2.15 into an algorithm for constructing period systems.

Algorithm 3.1. We describe an algorithm that takes as input an integer n > 1 and an
integer D > 0, and that searches for a period system P for n with the properties listed in
2.15.

Step 1. Using a modified version of the sieve of Eratosthenes, sieving with prime
powers rather than just with primes, compute the prime factorizations of all integers in
[1,2D).

Step 2. For each prime number r < D%! not dividing n, in increasing order, determine

the set Q(r) of prime factors ¢ of r — 1 that satisfy

g < D31 n("~V/4 £ 1 mod r, q¢é U o(r").

r'<r

Put @ =, Q(r) and, for each ¢ € Q, put rq =1 if g € Q(r).
Step 3. If there is some integer in [D,2D) that is squarefree and composed solely of
primes from Q, let d be the least such integer, let P be the set of all pairs (74, q), with ¢
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ranging over the prime factors of d, return P and halt. If no such integer exists, pronounce
failure and halt.

This completes the description of Algorithm 3.1.
The constant c¢5 in the following result is as in 2.15.

Proposition 3.2. Algorithm 3.1, on input of integers n > 1 and D > 0, successfully
computes a period system for n with the properties listed in 2.15 if and only if such a
period system exists, which is the case if n > ¢5 and D > (logn)*%/2%; the run time of the
algorithm is O(D + D% logn).

Proof. The “if and only if” statement is clear from the algorithm, the second assertion is
immediate from 2.15, and proof of the run time estimate is entirely straightforward. This

proves 3.2.

Primality testing. We describe an algorithm that has the properties stated in Theorem 1.
We let c5 again be as in 2.15.

Algorithm 3.3. Given an integer n > 1, this algorithm decides whether or not n is prime.

Step 1. If n < c5, find by trial division the least prime p dividing n, declare n prime
or composite according as n = p or n # p, and halt.

Step 2. Using the algorithm of [8], determine the largest k € Z for which there exists
m € Z with n = m¥. If k > 1, declare n composite and halt.

Step 3. Using standard algorithms for computing elementary functions (cf. [6, 12]),

compute an integer D satisfying
D -2 < max{(logn)?/(3 - (log2)?), (logn)?®/?*} < D.

Next, using Algorithm 3.1, construct a period system P for n with the properties listed in

Step 4. Using standard algorithms for computing elementary functions (cf. [6, 12]),

compute an integer b satisfying
b—1< (d/3)"*(logn)/log2 < b+ 1,

and test by trial division whether n has a divisor among 2, 3, ..., max{d, b}. If it does, let

p be the least such divisor, declare n prime or composite according as n = p or n # p, and
halt.



Step 5. Using the algorithm of 2.13, either declare n composite and halt, or construct
a pseudofield (A, ) of characteristic n and degree d.

Step 6. Fora =1, 2, ..., b, test the equality a” +a = (a+a)™ in A. If all of these are
valid, declare n prime and halt. If at least one fails to be valid, declare n composite and

halt.
This completes the description of Algorithm 3.3.

Proof of Theorem 1. We prove that Algorithm 3.3 has the properties claimed in Theorem 1;
that is, it terminates within time O~((log n)G), correctly declaring n prime or composite.
Step 1 runs in time O(1), and by [8], Step 2 runs in time O(logn). If the algorithm halts
during one of these two steps, it is clearly correct. Assume otherwise, so that one has
n > c¢5 and n is not a proper power. The first part of Step 3 runs in time O(logn), and
from D > (logn)*/25 and D = O((log n)z) it follows, by 3.2, that the second part of Step 3
successfully computes a period system in time O((log n)?/11) . We have d = O((logn)?),
and from d > 2% one obtains #P = O(log(2logn)). Step 4 runs in time é((log n)?)
because b = O((log n)2) If the algorithm halts in Step 4, it is clearly correct. Suppose
otherwise. Then we have n > d, so by 2.13 and the inequalities in 2.15, Step 5 runs
in time O((log n)?). As we argued in Section 2, the test in Step 6 can be done in time
Opv((dl/2 log n)3), which is O((log n)6). Since n passed Step 4, it has a prime divisor greater
than (d/3)Y/?(logn)/log?2, so 2.8 implies that, if n passes the test in Step 6, it is a prime
power; not being a proper power, it must be prime. If n does not pass the test in Step 6,
then by 2.7 (with n in the role of p and a+a in the role of 3) it cannot be a prime number.

This concludes the proof of Theorem 1.

4. Constructing finite fields

In this section we prove Theorem 2. We begin with two lemmas that are used to deal with

certain exceptional cases.

Lemma 4.1. Let k be a finite field, r a prime number, h a non-negative integer, and
b € k* an element that is not an rth power in k*. Assume that one has #k = 1 mod 4 if
r" = 0mod 4. Then X"" — b is irreducible in k[ X].

Proof. See [22, Theorem 3.75].

Lemma 4.2. For any non-negative integer h, the polynomials X23" 4 x3" 41 and X43" +
X3" + 1 are irreducible in F,[X]. For any prime number p with p = 1 mod 4, any non-
negative integer h, and any a € F, satisfying (%) = —1, the polynomial X 2" g s
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irreducible in F,[X]. For any prime number p with p = —1 mod 4 there exists a € F,,

with (%) = —1, and for any such a and any non-negative integer h the polynomial

x2"" —ax?" —1 is irreducible in F,[X].

Proof. In this proof, we denote algebraic closures by an overhead bar.

First let p = 2. Let a, a € Fy satisfy a>+a+1 =0 and 3" = a. Then F2 () contains
F>(a), and the latter field has degree 2 over F5. Since the only non-zero cube in Fa(a)*
is 1, one has by 4.1 that [Fo(a) : Fo(a)] = 3", and therefore [Fa(a) : Fo] = 2 - 3". Since
o is a zero of X23" + X3" + 1, this polynomial is irreducible in F3[X]. Now let b, 3 € Fy
satisfy b* +b+1 =0 and 53" = b. Then F5(03) contains Fy(b), a field of degree 4 over Fs.
The nonzero cubes in Fa(b) are roots of X° — 1, so b is not a cube. Thus, by 4.1 one has
[F2(3) : Fo(b)] = 3" and so [Fo(3) : Fo] = 4-3". Since 3 is a root of X43" 4+ x3" 41, this
polynomial is irreducible in F5[X].

Next let p = 1 mod 4. In this case the Lemma is immediate from 4.1.

Finally suppose p = —1 mod 4. If ¢ is the least positive integer with (%) = —1, then one
: 22 _ : 244\ _ (4 —
can write (c—1 mod p) = e® with e € F,, and a = 2e then satisfies (C‘T) = (5) : (%) =—1.

Next let b, a € F, satisfy b> —ab—1 =0 and a?" = b. From (%) = —1 it follows that
X? —aX — 1 is irreducible in F,[X], so the field F,(b), which is a subfield of F,(«), has
degree 2 over F,. The product of b and its conjugate equals —1, which is not a square
in F,, so b is not a square in F,(b). Since one also has #F,(b) = p> = 1 mod 4, Lemma
4.1 implies [Fp(a) : F(b)] = 2" and therefore [F,(a) : F,] = 2"*1. Since « is a zero of
X2 _ax? - 1, the latter polynomial is irreducible in F,[X].

This proves 4.2.

We describe an algorithm that has the properties stated in Theorem 2.

Algorithm 4.3. Given a prime number p and a positive integer D, this algorithm attempts
to construct an irreducible polynomial f € F,[X]| with D < deg f < 2D. We let ¢5 be as
in 2.15.

Step 1. [This step takes care of the case in which p is too small for 2.14 or for 3.2 to
apply.] If p =2 and D = 1, return f = X and halt. If p = 2 and D > 1, determine the
least non-negative integer h with 2-3" > D; if 2-3" < 2D, return f = X23" 4 X3" 4+ 1 and
halt. Else, return f = X43"7" 4 x3"7 11 and halt. If p=1mod 4 and p < max{cs,2D},
determine the least positive integer a with (%) = —1 and the least non-negative integer
h with 2" > D, return f = X2?" — ¢ and halt. If p = —1mod 4 and p < max{cs,2D},
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determine the least positive integer a with (%) = —1 and the least non-negative integer
h with 2"*1 > D, return f = X2"" 4 X?" — 1 and halt.

Step 2. [In this case we have p > ¢5 and p > 2D.] Apply Algorithm 3.1 to n = p
and D; if that algorithm pronounces failure, pronounce failure and halt. Otherwise, let P
be the period system for p produced by Algorithm 3.1, apply the algorithm of 2.14 to P,
return the polynomial produced by the latter algorithm and halt.

This completes the description of Algorithm 4.3.

Theorem 2 is now an immediate consequence of the following result.

Theorem 4.4. Algorithm 4.3, on input of a prime number p and a positive integer D,
runs in time O(Dlogp), and if it does not pronounce failure then it computes a monic
irreducible polynomial f € F,[X] satisfying D < deg f < 2D; in addition, it does not
pronounce failure if p < max{cs,2D} or D > (logp)*/?5. Further, in the case p > c5 and
p/2 > D > (logp)*%/?>, one has D < deg f < D + D/ exp((log D)3/(loglog(3D))~3/2).

Proof. First suppose p < max{cs,2D}. Then by 4.2 the algorithm halts in Step 1 and
returns a polynomial f that is irreducible over F, and that satisfies D < deg f < 2D.
From p = O(D) one readily deduces that the computation of A in Step 1 and, if p is odd,
a in Step 1 can be done in time O(D). Next assume p > max{cs,2D}. If D > (log p)*6/25,
then by 3.2 the algorithm successfully computes a period system for p, and if it successfully
computes a period system, then by 2.14 it computes a polynomial f with the stated
properties. The run time estimate for Step 2 is obtained in a routine manner from 3.2 and
2.14; note that the sum Z(T,q)é?’ qr occurring in 2.14 is O(D%11), by the inequalities in
2.15. This proves 4.4.

Remarks. There is a deterministic algorithm to produce an irreducible polynomial in F,[ X
of exact degree D and that runs in polynomial time assuming the Generalized Riemann
Hypothesis, see [1]. In addition, there is a probabilistic algorithm to do the same and that
runs in expected time O(D?logp + D log® p), see [26]
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5. Algebraic properties of pseudofields

In Section 2 we defined pseudofields, and the present section is devoted to their basic
algebraic properties.
For aring A, an element o € A, and a ring automorphism o of A, we will have occasion

to refer to the condition
(5.1) oa belongs to the subring of A generated by a.

This condition is implied by condition (2.3), if n is a positive integer.

Proposition 5.2. Let A be a ring, let « € A, let d € Z~q, and let ¢ be a ring auto-
morphism of A such that (2.4), (2.5), and (5.1) are satisfied. Then for any i, j € Z with

i # j mod d one has oc'a — o/a € A*.

Proof. Let h € Z, h ¢ dZ, and let I = (c"a — a) be the A-ideal generated by o"a — a.
The set {3 € A:0"3 = mod I} is a subring of A that contains «, so by (5.1) it contains

1 h

oa; that is, one has ¢"*la = camod I, so o(c"a — a) belongs to I, and therefore one

has oI C I. Since 0% maps oo — « to itself, we actually have oI = I, so for all m € Z
one has ¢ = I. It follows that the set H = {m € Z : ¢™a = amod I} is a subgroup
of Z. It contains d and h, where h ¢ dZ, so one has H = d'Z where d’ is a divisor of d
with 1 < d’ < d. Choose a prime number [ that divides d/d’. Then d/l € d'Z = H, so
oo —a € I. Thus, by (2.5) the ideal I contains a unit, and therefore I = A. This implies
oha—a € A*. Now let i, j € Z, i # j mod d. Then the integer i — j does not belong to dZ,
so by the result just proved we have o' 7a —a € A*. Applying ¢/ we find o'a —o/a € A*,

as required. This proves 5.2.

Lemma 5.3. Let A be a ring, let k € Z>o, and let oy, g, ..., ap € A be such that
a; —a; € A* whenever 1 < ¢ < j < k. Then for each g € A[X]| which vanishes at
a1,Qs,...,qk, one has g € A[X] - Hle(X —ayg).

Proof. Let I; = A[X]- (X —«;), for 1 <i < k. For i # j, the unit o;; — «; can be written as
—(X —ay)+ (X —qj ), so I;+1; = A[X]. This implies Hle I, = ﬂle I;, by [4, Proposition
1.10(i)]. From X = «; mod I; one obtains g = g(«;) mod I; for each g € A[X], so if each
g(a;) vanishes then one has g € ﬂle I, = Hle I, = A[X]- Hle(X — a), as required.
This proves 5.3.

The following result summarizes the technical information on pseudofields that we
shall need.
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Proposition 5.4. Let A be a ring, let o € A, and let the integers n € Z~q, d € Z~q and

the ring automorphism o of A satisfy (2.1), (2.2), (2.4), (2.5), and (5.1). Then one has:

(a) for each B € A there are unique ag, a1, ..., ag—1 € Z/nZ with § = 2?:_01 a;o’;

(b) one has #A = n?, and o equals the identity;

(¢) the polynomial f = H?:_OI(X — o'a) belongs to the subring (Z/nZ)[X] of A[X];

(d) the ring homomorphism (Z/nZ)[X] — A sending X to « is surjective, and its kernel
is generated by the polynomial f from (c);

(e) if I C A is an ideal, then one has oI C I if and only if there exists a divisor m of n
such that I = mA;

(f) for each prime factor p of n there exists a unique residue class (i mod d) such that for
all 3 € A one has 37 = ¢'3 mod pA.

Proof. Tt is clear that there is a unique ring homomorphism v : (Z/nZ)[X] — A as in (d),
and that it maps each g € (Z/nZ)[X] to g(a). If g € kert, then for each ¢ € Z one has
g(o'a) = o'(g(a)) = o'(x(g)) = 0, so by 5.2 and 5.3 one has g € A[X]f, where f is as
in (c). Since each non-zero g € A[X]f has degree at least d, this implies

keryp N ((Z/nZ) + (Z/nZ)X + ...+ (Z/nZ)X") = {0},

so that the restriction of ¢ to (Z/nZ)+(Z/nZ) X +. . +(Z/nZ) X %1 is injective. From (2.2)
one now sees that it is surjective as well, which proves (a), the first statement of (b), and the
surjectivity in (d). Since each element of A can be expressed in «, the second statement
of (b) follows from (2.4). Applying (a) to 8 = a¢, one finds ag, a1, ..., ag_1 € Z/nZ
for which the polynomial g = X% — Z?:_()l a; X belongs to ker; hence g € A[X]f, and
comparing degrees and leading coefficients one finds ¢ = f. This implies (c). We have
keriyp = A[X|f N (Z/nZ)[X] = (Z/nZ)[X]f, the latter equality because f is a monic
polynomial in (Z/nZ)[X]. This proves the remaining assertion of (d).

The “if”-part of (e) is clear. For the “only if”-part, let I be an ideal of A with oI C I,
and let A be the ring A/I. From oI C I it follows that ¢ induces a ring homomorphism

:A — A. From (b) one sees that % is the identity on A, so & is an automorphism
of A. Put m = char A. Then m divides n, and we have mA C I, so from (a) we see
#A < #A/mA = m?, with equality if and only if mA = I. We claim that (2.1), (2.2),
(2.4), (2.5), and (5.1), with A, m, d, &, and & = (o mod I) in the roles of A, n, d, o, and
«, are satisfied. For (2.2) we just proved this, (2.1) is true by definition, and (2.4), (2.5),
and (5.1) follow from the corresponding properties of A, n, d, o, and «. Hence, applying
(b) to this new situation, we find #A4 = m?, so that mA = I. This proves (e).
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To prove (f), we replace, for notational convenience, n and A by p and A/pA, so that
we may assume n = p. Let ¢: A — A be the ring homomorphism that maps each 3 € A to
BP, and let g € (Z/nZ)[X] be such that ca = g(«a). If p: A — A is any ring homomorphism
with op = po, then one has o(pa) = p(ca) = p(g()) = g(pa). Applying this to p = ¢
and to p = o, where i € Z, we obtain o(¢a) = g(¢a) and o(c'a) = g(c'a) and therefore
o(pa) = o(o’a) mod (dpa—o'a)A. Hence, for any i € Z, the ideal I = (¢pa—oc'a)A satisfies
ol C I, so by (e) and the fact that n is prime one has I = A or I = nA = 0, so that
pa — o' is either a unit or 0. From H?:_OI (pa —d'a) = f(da) = ¢(f(a)) = 0P = 0 we see
that not all o — o’c can be units, so at least one of them is 0. Then one has ¢a = o'a,

so ¢ = o* by (a). The uniqueness of i mod d follows from 5.2. This proves 5.4.
We can now prove two propositions stated in Section 2.

Proof of Proposition 2.6. Let the notation and hypotheses be as in 2.6. Since (2.3) implies
(5.1), Proposition 5.4 applies. The existence of f as in 2.6 follows from 5.4(d). No two
distinct monic polynomials in (Z/nZ)[X] generate the same ideal, so f is unique. From
5.4(c) one sees deg f = d. This proves 2.6.

Proof of Proposition 2.7. Let p, A, and « be as in 2.7. For the “if”-part, assume that A is
a finite field with A = Fj,(«). Write d = [A : F| and define 0: A — A by putting o3 = P
for every g € A. It is a standard property of finite fields that o is a field automorphism of
A of order d. Now (2.1)-(2.4) are obvious. If [ is a prime number dividing d, then ¢%* is
not the identity, so by A = F,(a) we have 0%'a # «; since A is a field, this implies (2.5).

To prove the “only if”-part and the last statement of 2.7, assume that (A, «) is a
pseudofield. Write d for the degree and o for the Frobenius automorphism. Since p is
prime, the map A — A sending each ( to (P is a ring homomorphism. It agrees with o on
a, so by 5.4(a) on all of A, which is the last statement of 2.7. To prove that A is a field,
we let 0 € A, and we prove that § equals 0 or is a unit. Put I = AS. From o3 = (P one
sees ol C I, so by 5.4(e) and the fact that p is prime we have [ = A or [ = pA =0. In
the first case, 3 is a unit, in the second case it equals 0. Thus, A is a field. By 5.4(a), it is

finite, and one has A = Fj,(a). This completes the proof of 2.7.
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6. Primality testing with pseudofields

In this section we prove 2.8. We begin with an elegant lemma.

Lemma 6.1. Let R be a ring, and let G be a finite subgroup of R* such that for each
B €G, 3#1,one has f —1 € R*. Then G is cyclic.

Proof. We may clearly assume R # {0}, so that we can choose a maximal ideal M of R.
For each 0 € G, B # 1, the unit § — 1 does not belong to M, so that § is not in the
kernel of the natural group homomorphism R* — (R/M)*. Hence the restriction of the
latter map to G is injective, and G is isomorphic to its image in (R/M)*. Since any finite

subgroup of the multiplicative group of a field is cyclic, this implies 6.1.

The reader may enjoy proving 6.1 without using maximal ideals, for example by applying
5.3.

Let (A, ) be a pseudofield, and denote by n, d, and o its characteristic, its degree,
and its Frobenius automorphism, respectively. We let p be a prime divisor of n, and put
R = A/pA. We shall simply write « for the image of « in R, and o for the automorphism
of R induced by o. Note that the conditions of Proposition 5.4, with R, «, p, d, o in the

roles of A, a, n, d, o, are satisfied. As in the proof of 2.7, we have
(6.2) if B € R satisfies 03 € R3, then 3 =0 or g € R*,
by 5.4(e) applied to I = R3. We put

G={BeR:8#0,08=0"}.

For any 8 € G, one has o3 = 0" € Rf3, so § € R* by (6.2). Since G is finite and closed
under multiplication, and contains 1, it is a subgroup of R*. Also, for any 8 € G, 3 # 1,
one hasof=pF"=1mod R-(f—1),s00(f—1)€ R-(f—1) and § — 1 € R*, again by
(6.2). Thus, Lemma 6.1 implies

(6.3) G is a cyclic subgroup of R*.

Lemma 6.4. If #G > nV%3 — 1, then n is a power of p.

Proof. If n = p the lemma is true, so assume n > p. We let ¢ be the ring homomorphism

R — R that sends each $ € R to fP. By 5.4(f), this map is a power of ¢; in particular, it
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is an automorphism of R. The definitions of ¢ and G then imply that for all 3 € G one
has (06~1)8 = B/7.

Let L be the kernel of the group homomorphism Z2? — (o) that maps (i,75) to
(c¢p~1)i¢7. Since the image (o) of the group homomorphism has order d, the group L
is a lattice of determinant d (see [14, Chapter I]). Consider the closed convex symmetric

subset

K = {(z,y) € R* : max{|zlog(n/p)|, lylog p|, |z log(n/p) + ylogp|} < t}

of R?, where t € R+ is chosen such that the area 3 - tz/(log(n/p) . logp) of K equals 4d.
(Note that K is the hexagonal region with vertices at £(t/log(n/p),0), £(0,¢/logp), and
+(1/log(n/p), —t/logp).) By the inequality of the means we have

t=2v/d/3- (log(n/p) - 1ogp)1/2 < \/d/3 - logn.

According to Minkowski’s lattice point theorem (see [14, Chapter III, Theorem II]), the
set K contains a non-zero element (i,j) of L. Multiplying (7,j) by +1, we may assume

that ¢ > 0. Note that (i,5) € K implies that (n/p)p’ < n’ /33 i1 the case that >0 and
‘(n/p)l _p_j‘ < max{(n/p),p 7} —1< Va3 _

in the case that j < 0. From (c¢~!)'¢/ = idr we see that for all 3 € G one has B(”/p)ipj =
B. By (6.3), we can choose 3 to be a generator of G. Thus (n/p)'p’ = 1 mod #G in the
case that j > 0 and (n/p)’ = p~/ mod #G in the case that j < 0. But, by hypothesis,
#G > nVas _ 1, so in either case we have (n/p)’p’ = 1. By unique factorization in Z and
(4,7) # (0,0), this equation forces n to be a power of p. This concludes the proof of 6.4.

Proof of Proposition 2.8. We let the notation and the assumptions be as in Proposition 2.8,
and in addition we write B = |(d/3)'/?(logn)/log2]. Note that d > (logn)?/(3 - (log 2)?)
implies d > B.

We apply the theory just developed to a prime factor p of n that satisfies p > B. From
oca = o™ we see that the element o of R = A/pA belongs to the subgroup G of R*. From
ocla+a)=cat+a=a"+a=(a+a)" fora=1,2, ..., Band from 5.4(a), which implies
each a +a # 0, we see that « + 1, a + 2, ..., a+ B also belong to G. For each proper
subset S of {0,1,..., B}, the element [],.s(a+ a) also belongs to G. There are 25+ — 1

such sets S, and we claim that they give rise to 2871 — 1 different elements of G. To see
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this, note that by p > B the polynomials X +a, a =0, 1, ..., B, are distinct in F,[X],

and that by unique factorization in F,[X] the polynomials [[,. (X +a), with S as above,

a€sS
are pairwise distinct. By d > B, all these polynomials have degrees smaller than d, so by
5.4(a) (applied to R) they give rise to 281 — 1 different elements [],.q(o + a) of G, as
asserted.

It follows that we have

4G > 9Bt 1> 9(d/3)"/*(logn)/log2 _ | _ \/d/3 _ 1
Applying 6.4 we conclude that n is a power of p. This proves 2.8.

7. Tensor products

Tensor products (see [4, Chapter 2; 20, Chapter XVI]) can be used to construct “large”

pseudofields out of “small” ones, in the following manner.

Proposition 7.1. Let (A1, 1) and (As, a2) be pseudofields with char A; = char A; = n,
and suppose that the degrees dy, do of these pseudofields satisfy di > 1, do > 1, and
ged(di,da) = 1. Then the tensor product (A; ®z/nz A2, a1 ® a3) is a pseudofield of

characteristic n and degree dids.

Proof. We check that A = A1 ®z/,z A2, @ = a1 ® az, n, d = dids, and 0 = 01 ® 02
satisfy (2.1)-(2.5). By 5.4(a), each A; is a free Z/nZ-module with basis 1, as, ..., a%i ™!,
so from [20, Chapter XVI, Corollary 2.4] one sees that A is a free Z /nZ-module with basis
(ot ®0ad)o<icd, 0<j<d,- This implies both (2.1) and (2.2). One has o(a) = o1 (a;) @0 (o) =
o ® af = ", which is (2.3). Each ¢ is the identity on A;, so o¢ is the identity on A,
which implies (2.4). Finally, to prove (2.5), let [ be a prime number dividing d. Then [
divides exactly one of d; and do; by symmetry we may assume it divides ds. Let k be a
prime number dividing d;. By o101 = af, the A;-ideal Ajc; is mapped to itself by oy

dy/k

and therefore contains o'/ " a3 — aq; the latter element is a unit of A;, so a; is a unit

of A; as well. Since d/I is divisible by d;, we have a‘li/lal = oy € A}. Since d/I is not
divisible by ds, Proposition 5.1 implies a;l/ l(l/g — ag € A;. It follows that the element
olo —a = (af/lal) ® (Ug/lag) — Qo =01 ® (O‘g/l(l/g — ) is a product of two units,

and therefore belongs to A*. This proves 7.1.

We next address the problem of designing an algorithm that, given two pseudofields (A4;, «;)
as in 7.1, computes their tensor product. Here it is assumed, as in Section 2, that a pseu-
dofield is specified by its characteristic and its characteristic polynomial. For the general

context of our algorithm one may consult [11].
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Let R be a commutative ring, let m € Z, m > 0, and write S for the ring R[t]/(t™T1),
where t denotes a polynomial variable. The elements 1, ¢, ..., t"* form a basis for S over
R, in the sense that every element of S has a unique representation of the form " a;t,
with each a; € R. The elements ZZO a;t’ with ag = 0 form the ideal ¢S of S, and the
elements with ag = 1 form a subgroup of the group S* of units of S; we write 1 + ¢ for

this subgroup. We define the maps D:S — tS and L:1+tS — tS by

D(Z CLiti) = Z ZCLZtl (ai S R),
L(u) = D(u) -u™" (ue1+1tS).

(The notation reflects that, up to a factor ¢, the maps D and L are differentiation and
logarithmic differentiation, respectively.) One readily verifies that for u, v € S one has
D(uv) = uD(v) + vD(u) and that, consequently, L is a group homomorphism from the
multiplicative group 1 + ¢S to the additive group tS. For a monic polynomial g = X* +
Zle b; X*~* € R[X], we write ¢* for the image of 1 + Zle b;t" in S, which belongs to
14 tS. Evidently, we have (gh)” = ¢g° - h® for any two monic polynomials g, h € R[X]. The
Hadamard product * is the operation defined on S by

1=0 =0 =0

for a;, b; € R.

For any ring homomorphism v : Ry — Rs, the composition of the induced ring ho-
momorphism S; = Ry[t]/(t™T) — Sy = Ry[t]/(t™*!) with D:S; — tS3 equals the
composition of D: 51 — ¢S] with the induced map t5; — tS5. Similar remarks apply to L,
b, and x*.

In the following result we use the definitions just given for the ring R = Z/nZ.

Proposition 7.2. Let the hypotheses and notation be as in 7.1. Moreover, write fi1, fa,
f for the characteristic polynomials of the pseudofields (A1, a1), (A2, az), and (A1 ®z/nz,

As, a1 ® ag), respectively. Then for any non-negative integer m we have the identity
L(f") = =L(f1) * L(f3)
in t(Z/nZ)[t]/ (™).

Proof. Let the notation A, «, d, o1, 02, ¢ be as in the proof of 7.1. We view A; and

Ay as subrings of A, identifying oy with oy ® 1 and as with 1 ® as, so that a = ajas.
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It suffices to prove the identity in tA[t]/(t™F!). From f = H?:_Ol (X — o'a) we obtain

fr = H;‘i:_ol (1 = (c'a)t). From L(1 — (c'a)t) = —(c'a)t/(1 — (cla)t) = — Z;n:l(aia)jtj

we thus obtain

d—1 m d—1
L(f*) = ZL(l — (c'a)t) = — Z( (Uia)j)tj
i=0 Jj=1 =0
Likewise, we have
m di—1 ' m  do—1
Z( (oien) )753, L(f2b>:—Z(Z (o502) )
j=1 =0 Jj=1 =0

Since o'a = (o) - (oas) and the orders dy and dy of o1 and o are coprime, we have

d—1 di—1 do—1
> (o'a)’ = (; (olan)’) (; (ch2)7)

for all 7 > 1. The identity to be proved now follows from the definition of the Hadamard
product. This proves 7.2.

Proposition 7.3. For positive integers n, m, let Sy, ,,, denote the ring (Z/nZ)[t]/(t™1).

(a) Let n and m be positive integers such that each prime factor of n exceeds m. Then
the map L:1+1tS,, , — tS, m is a group isomorphism.

(b) There is an algorithm that, given positive integers n and m, and an element u €
1+ tS,,m, computes the element L(u) of tS,, ,, in time O(mlogn).

(¢) There is an algorithm that, given positive integers n and m, and an element s € tS,, ,,
either computes a prime factor of n that is at most m or correctly decides that no such
prime factor exists, and in the latter case computes the element L=1(s) of 1 +tS,, m,

all in time O(mlogn).

Proof. (a) Since each prime factor of n exceeds m, we have i € (Z/nZ)* fori =1, ..., m, so
D restricts to a group automorphism of ¢S, ,,,. For the same reason, there are well-defined

maps log:1+t5,, ,, — tS, m and exp :tSy, m — 1+ 1S, with

log(1 — x) Zx/z exp(z le/z'

for x € tS), ;m. It is well known that log and exp are inverse group isomorphisms. An easy

computation shows L = Dolog. It follows that L is an isomorphism, with inverse expoD~1.

20



(b) In [6, Section 8] one finds an algorithm that computes L(u) by means of O(m)
ring operations in Z/nZ; this particular algorithm does not depend on the condition, in
[6, Section 8], that the field Q of rational numbers be contained in the coefficient ring. By
29, Sections 8.3 and 9.1], each ring operation in Z/nZ can be done in time O(logn).

(c) We describe an algorithm with the stated properties. Using the extended Euclidean
algorithm, see [29, Corollary 11.10], one attempts to compute i1 € Z/nZ for i = 1, 2,
..., m; this can only fail if among those ¢ a prime factor of n is found, in which case the
algorithm halts. Suppose it does not fail. Then one computes D~!(s) directly from the
definition of D by means of m multiplications in Z/nZ, and next one uses the algorithm
from [6, Section 9] to compute L™!(s) = exp(D~'(s)) using O(m) ring operations in
Z /nZ; inspection of this algorithm shows that the condition from [6, Section 9] that Q be
contained in the coefficient ring may be replaced by the weaker condition that multiplicative
inverses of each of © = 1, 2, ..., m be available; this condition is satisfied in the present
case.

This proves 7.3.

Proposition 7.4. There is an algorithm with the following property. Given an integer n
and two pseudofields of characteristic n and of coprime degrees dy, do greater than 1, it
either finds a prime factor of n that is at most dydy or it constructs the tensor product of

the two given pseudofields, and it does so in time O(d1ds logn).

Proof. The following algorithm has the stated properties. Let f1, fo be the characteristic
polynomials of the two given pseudofields. Put m = didy and S = (Z/nZ)[t]/(t™),
and compute f?, f5 € 1+ tS from the definition of b. Next compute L(f?) and L(f3) by
means of the algorithm of 7.3(b), and compute L(f?) * L(f3) by did, multiplications in
Z/nZ. Finally, apply the algorithm of 7.3(c) to s = —L(f?) * L(f5); this either yields a
prime factor of n that is at most m = dids, or it finds L™!(s) € 1+ tS; in the latter
case, the characteristic polynomial of the tensor product is the unique monic polynomial
f € (Z/nZ)[X] of degree dydy that satisfies f> = L~'(s). This completes the description of
the algorithm. It is correct by 7.2, and 7.3 readily implies that it runs in time é(dldg logn).
This proves 7.4.
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8. Gaussian periods

In this section we let n be an integer with n > 1. Let r be a prime number not divid-
ing n, and define ®, = Z::_Ol X% € (Z/nZ)[X]. The element (X mod ®,.) of the ring
(Z/nZ)[X]/(®,) is denoted by (., and that ring itself by (Z/nZ)[(.]. We have (T =1 # (,,
50 (, is an element of (Z/nZ)[(,]* of order r. From deg ®,, = r—1 and 1+, +...+( "1 =0
one sees that the elements ¢!, 1 <i < r — 1, form a basis for (Z/nZ)[¢,] over Z/nZ.

For each a € Z, a ¢ rZ, the ring (Z/nZ)[(,] has a unique automorphism mapping
¢ to (%; we write o, for this automorphism. The set A of all automorphisms of the form
04 18 a group under composition, and the map o, — (a mod r) is a group isomorphism
A = F7. One concludes that A is cyclic of order » — 1, and that the elements 7(,, 7 € A,
form a basis for (Z/nZ)[¢,] over Z/nZ.

Next let g be a positive integer dividing » — 1. Then A? = {79 : 7 € A} is a subgroup
of index ¢ of A. The subset (Z/nZ)[(,]*" = {8 € (Z/nZ)[¢,] : pB = B for all p € A9} is
a subring of (Z/nZ)[(,]. An element ) __ . ar - 7., with each a, € Z/nZ, belongs to this
subring if and only if a; = a,, for all 7 € A, p € A% Hence, if we put 7, 4 = ZpeAq PCrs
then the elements 77, ,, with 7 ranging over a set of coset representatives for A modulo
A4, form a basis for (Z/nZ)[¢,]*" over Z/nZ; in particular, one has #(Z/nZ)[¢.]>" = nd.

The elements 77, , are called Gaussian periods of degree ¢ and conductor r. For example,

we have 1, ,—1 = (, and 7,1 = —1. We write
fr,q = H (Y - an,q)'
TAIEA/AY

This is a monic polynomial in Y of degree ¢ with f, ;(n,,) = 0. Its coefficients, which
belong to (Z/nZ)[¢,], are readily checked to be invariant under all p € A, so they belong
to (Z/nZ)[¢,]2" = (Z/nZ) - 1.1 = Z/nZ. Thus, one has f,, € (Z/nZ)[Y].

Proposition 8.1. Let n € Z, n > 1, let r be a prime number not dividing n, and let q¢ be
a divisor of r — 1 with the property that the element (n("~1/9 mod r) of F* has order q.
Let the notation (., 04, A, r.q, fr.q be as just defined. Then we have:

(a) ifn is prime, then in the ring (Z/nZ)[(.] one has 0, = 0y q;

(b) if in the ring (Z/nZ)[(,] one has 0, = on1y 4, then ((Z/nZ)[¢ 2", nr.q) is a pseudo-

field of characteristic n and degree q, with characteristic polynomial f, 4.

Proof. To prove (a), suppose that n is prime. Then the map from (Z/nZ)[(,| sending each
0B to " is a ring homomorphism, and since it agrees with o, on (, it coincides with o, on
all of (Z/nZ)[¢,]. This implies (a).
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To prove (b), we first observe that the kernel of the group homomorphism F} — F}
sending each z to z("~1/4 equals the subgroup F;? of index q of F. Hence the condition
that (n("~1/% mod r) have order ¢ implies that the coset (n mod r)F*? generates the group
F/F*% and, consequently, that the coset o, A? generates A/AY.

For brevity, write A = (Z/nZ)[¢,]*". Define the ring homomorphism ¢ : (Z/nZ)[Y] —
A by ¢(g) = g(nr,q)- Its image is the subring of A generated by 7, 4. From o0, 4 = 7,
it follows that that subring is mapped to itself by o,,. Since all elements of A? act as the
identity on A, and 0, A% generates A/A?, the subring is mapped to itself by all 7 € A.
Hence, in addition to 7, 4 it contains all 77, 4, so that it is equal to all of A; in other words,
¢ is surjective. The kernel of ¢ contains the (Z/nZ)[Y]-ideal generated by f, ,, and since
both of these ideals have index n? in (Z/nZ)[Y], we must have equality. Thus, ¢ induces
a ring isomorphism (Z/nZ)[Y]/(fr.q) = A.

We prove that A, o =1, 4, n, d = q, and o equal to the restriction of o, to A, satisfy
(2.1)—(2.5). Conditions (2.1)—(2.3) are clearly satisfied, and (2.4) follows from ol € A4.
We prove (2.5). Since 0, A9 generates the group A/A? of order ¢, we may rewrite the

definition of f, , as
qg—1

fra =] = o"nrg).
i=0
It follows that the derivative f = df.,/dY satisfies f;  (7.q4) = 9 (Mg — 01 g), SO
that to prove (2.5) it will suffice to prove f;  (n,,) € A™.

Let p be a prime number dividing n. Taking the isomorphism (Z/nZ)[Y]/(frq) = A
modulo p, we see that the ring F,[Y]/(f), where f = (f, , mod p) € F,[Y], is isomorphic
to a subring of F,,[X]/(g), where g = ZZ:& X' Since g divides X" — 1, where 7 is a prime
number different from p, one has ged(g,dg/dX) = 1 in the ring F,[X]. From Lemma
8.2, stated and proved below, it follows that one has ged(f,df/dY) =1 in the ring F,[Y].
Thus, there are u, v € F,[Y] with uf+vdf/dY = 1. Lifting u, v to (Z/nZ)[Y], one obtains
Up, Vp, Wp € (Z/nZ)[Y] such that uy, fr g + v, fr., = 1+ pw,. Applying ¢ one gets, for each
prime number p dividing n, an identity in A of the form v, (nr.q) - f;. ,(1r.q) =P wp (0 q) = 1.
Take the product over p, repeating the pth identity just as many times as p occurs in n.
On the right, we get 1. On the left, the only term that does not have a factor f; (1 4) is
divisible by n and is therefore 0. Hence, 1 is divisible by f; (1, 4) in A, so that the latter
element is a unit, as required. The formula we gave for f,, shows that it is indeed the

characteristic polynomial for the pseudofield.
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Lemma 8.2. Let p be a prime number, and let f, g € F,[X]| be non-zero polynomi-
als for which the ring F,[X]/(f) is isomorphic to a subring of F,[X]/(g). Suppose also
ged(g,dg/dX) = 1. Then one has ged(f,df/dX) = 1.

Proof. A non-zero polynomial h € F,[X] satisfies ged(h,dh/dX) = 1 if and only if h is
squarefree in the ring F,[X], and if and only if there is no non-zero nilpotent element in
the ring F,,[X]/(h). Thus, the lemma follows from the trivial observation that if a ring has
no non-zero nilpotent element, then the same is true for a subring. This proves 8.2 and

completes the proof of 8.1.
We next describe an algorithm that will prove Propositions 2.13 and 2.14.

Algorithm 8.3. Given an integer n > 1, which may or may not be known to be prime, and
a period system P for n satisfying n > H(T’ gep & this algorithm attempts to construct a
pseudofield of characteristic n and degree [] (rq)ep -

Step 1. For all (r,q) € P in succession, do the following. Compute 7, , € (Z/nZ)[(,]
as well as all of its conjugates 71, 4, and form the product of the ¢ polynomials Y — 77, , in
the polynomial ring (Z/nZ)[(,][Y]; the result is f, ;, which has coefficients in the subring
Z/nZ of (Z/nZ)[(,]. If n is not known to be prime, compute by an nth powering in the ring
(Z/nZ)[Y]/(frq) the unique polynomial g,, € (Z/nZ)[Y] satisfying Y" = g, , mod f,
and deg g, , < ¢, and test whether in the ring (Z/nZ)[(,] one has g, 4(1r.q) = onhrq; if
this test fails, declare n composite and halt.

Step 2. [If the algorithm arrives at this point then, as we shall prove below, for each
(r,q) € P the pair (n, f,,) specifies a pseudofield.] Applying the algorithm of 7.4 at most
#P — 1 times, either find a prime factor of n that is at most H(T’ g)ep ¢; or construct
the repeated tensor product of the #P pseudofields specified by the pairs (n, f,,) for
(r,q) € P. In the former case, declare n composite and halt, and in the latter case return
the tensor product computed by the algorithm and halt.

This completes the description of Algorithm 8.3.

Proposition 8.4. Algorithm 8.3, on input n, P satisfying n > H(r,q)eP q, runs in time

O(( H q—+ Z qr)logn) or O~<< H q+ Z q(r—l—logn))logn)

(r,@)eP (r,@)eP (r,q)eP (r,q)eP

according as n is or is not known to be prime, and either correctly declares n composite

or constructs a pseudofield of characteristic n and degree H(T gep d-
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Proof. We first prove the correctness of the algorithm. By f, ,(n,,) = 0, the congruence
Y™ = grqmod f,, in Step 1 implies g, 4(n-4) = 07, Thus, by 8.1(a), the condition
Gr.q(Mr.q) = OnMr.q is necessary for n to be prime, and the algorithm is correct if it halts
in Step 1. If it passes Step 1, then by 8.1(b) there is for each (r,q) € P a pseudofield
of characteristic n with characteristic polynomial f,,. Hence by 7.4 the algorithm either
constructs the desired tensor product, or it finds a prime factor of n that is at most
H(r’q)ep q; in the latter case, n is composite because n > H(r,q)eP q. This proves the
correctness of the algorithm.

The run time of Step 1 is dominated by the computation of the polynomials f,
and, if n is not known to be prime, the polynomials g, , and their values at 7,,. The
computation of f, 4, if done by means of Algorithm 10.3 from [29], runs in time O(qr logn).
The computation of g, , involves O(log n) multiplications in the ring (Z/nZ)[Y]/(fq) and
can therefore be performed in time O~(q - (log n)2) The computation of g, 4(7,4) runs in
time O(grlogn). By 7.4, Step 2 runs in time O(logn - H(r,q)eP q).

This proves 8.4.

Proposition 2.13 is an immediate corollary of 8.4. In addition, if n is prime, then it is
not declared composite, so that the algorithm returns a pseudofield; whence by 2.7, this
pseudofield is a finite field. Thus, by 2.6, its characteristic polynomial is irreducible in
F,[X]. So Proposition 2.14 follows from 8.4 as well.

9. The continuous Frobenius problem

In this section we prove Theorem 3 from the Introduction. As mentioned there, our proof
is adapted from Bleichenbacher [10].
If S is an open subset of the positive reals, let
d
M) = [ 2
s X

Let S be as in the hypothesis of the proposition, and first suppose that S; := 5N (0,¢) is

a finite union of open intervals; that is, for some positive integer n,

where

(9.1) t>bi>a>--> by >a, > 0.



Let a= (ay,...,a,),b = (b1,...,b,). The condition that 1 is not in the additive semigroup

generated by S; is equivalent to the assertion: for each vector h € (N>¢)",
(9.2) h-b>1impliesh-a>1.

That is, it is never the case that h-a <1 < h-b.

Suppose now that we fix the vector b and assume that
(9.3) t>by >by>--->b, >0.

Consider the set Ay, of vectors a € (R~¢)" for which (9.1) and (9.2) hold. Since no interval
(a;, b;) with a € Ap can contain the reciprocal of an integer, we have each a; > b;/2. For
any vector a with each a; > b;/2,if h-b > 2, then h-a > 1. Thus, the set Ay, is defined
by the conditions b; > a; > b;/2 and (9.2) for the finite set of integer vectors h with
1 < h-b < 2. We conclude that Ay, is a compact subset of (R~)", so there is a choice of
the vector a which maximizes M (S;) for the given vector b. Call this maximum value My,
and assume that a is fixed at a choice which produces this maximum.

Since we allow empty intervals, that is, we allow a; = b;, it is clear that if some
coordinates of b are deleted to form a shorter vector b’ then My, < My,. Thus, by possibly
replacing b with a shorter vector, we may assume that each a; < b;. We now show that we
may assume that each a;,_1 > b; for 2 < i < n. For suppose some a;_1 = b;. We may then
consolidate the two intervals (a;, b;), (a;—1,b;—1) into one interval (a;, b;_1). Indeed, if not,
then now 1 is representable by a sum of members of S; U b;, so that b; must be involved in
the sum, say with positive integral coefficient c. If ¢ = 1, then replace b; in the sum with
b; + €, for a suitably small € > 0, and then replace another member x € S; of the sum with
x — €. (There must be another number in the sum since b; < 1.) If € is small enough, both
b; + € and x — € are in S;, and we have represented 1 as a sum of members of S;. And if
¢ > 2, then since b; +€¢/(c — 1) and b; — € are both in S; for € small enough, we can replace
the ¢ copies of b; in the sum with ¢ — 1 copies of b; + €¢/(¢ — 1) and one copy of b; — €, and
so represent 1 as a sum of members of S;. Either way, we reach a contradiction, and so the
consolidation of the two abutting intervals continues to enjoy the property that 1 is not in
the additive semigroup generated by the intervals. Hence, we may assume that a;,_1 > b;

for 2 <17 < n. Thus, we may assume that the vector a satisfies

(9.4) t>by>ay>--->b,>a,>0.
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Now let
Hy = {hE (Nzo)n :h-a< 1},

Hy = {he (N>¢)" : h-a=1},
Hy; = {he (N>p)" : h-a>1}.
Since each a; > 0, it follows that Hy, H; are finite sets. We now show that H; is nonempty.
Suppose not. Let u = (1,1,...,1) € (N>o)". We claim that if e > 0 is small enough, then
the pair a — eu, b still satisfies (9.2) and (9.4). This would create a choice for S; with
strictly larger M (S;), a contradiction, thus showing that H; is nonempty. It is clear that
we may choose € > 0 small enough so as to preserve the condition (9.4). For h € Hy we
have h - b < 1, so that the vectors in Hy do not pose a problem for condition (9.2), and
since H; is assumed empty, H; also does not pose a problem. There are only finitely many
h € Hy; with h-a < 2. We may choose ¢ > 0 small enough so that h - (a —eu) > 1 for
all such h. But if we choose € < a,,/2, then if h-a > 2, then h- (a—eu) > ;h-a > 1.
Hence, as claimed, if € > 0 is small enough, a — eu, b still satisfy (9.2) and (9.4), providing
a contradiction which shows that H; is nonempty.
Let h € H;. For notational convenience, let a,,+1 = b,4+1 = 0. And let e, be the k-th

standard basis vector in R". For k =1,...,n, since h-a =1 and a; > aiy1, we have
h-a—ak+ak+1 < 1.

Suppose that hy > 0. Let h’ = h — e} + e in the case that £ < n, and let h’ = h — e
in the case that £ = n. Then h’' € Hy. Hence, from (9.2), we have that h’ - b < 1. That is,

h-b—b;+bpy <1
Using that h € H; we get that
h-(b—a) = h-b—1 < by — bgy1.
Thus, we have
(9.5) hih-(b—a) < hg(bx — bgy1),

an inequality that clearly continues to hold even if hy = 0.

Let v € R"™ and let

fv(ﬂ?) =M (U(ai—l—xvi,bi)) .

=1
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Note that
fo(0) = —v-m(a),

where m(a) = (1/ay,...,1/ay,). Note too that by the maximality of a, if the vector a+xv
satisfies (9.2) and (9.4) for all z in some interval [0,¢) with € > 0, then f/(0) < 0, that
is, v-m(a) > 0. We now show that this event occurs whenever h-v > 0 for all h € H;.
Suppose this condition holds and that h’- (a+xv) <1 < h’-b for some h’ € (N>()". Since
h-b<1forallhe& Hy we have h' &€ Hy. If h’ € Hy, then h’- (a4+2v) =1+zh'-v>1
for all z > 0, so that h’ & H;. Since the numbers h - a are strictly bounded above 1 for
h € H,, we may choose ¢ > 0 small enough that h - (a4 zv) > 1 for all h € H, and all
x € ]0,¢), and so h’' € Hs. It follows that for € > 0 small enough, if h-v > 0 for all h € H,
then a 4+ zv satisfies (9.2) and (9.4) for 0 < x < ¢, and so v-m(a) > 0.
We now apply a result of Farkas [19].

Lemma. (J. Farkas) Suppose A is an n x u real matriz and m € R"™. Then the inequalities
Av > 0, m - v < 0 are unsolvable for a vector v.e R"™ if and only if there is a vector
p € R* withp >0 and p" A =m.

(Note that we say a vector is > 0 when each entry of the vector is > 0.) We apply this
lemma to the matrix A whose rows are the u vectors in H; and to the vector m = m(a).
We have shown that Av > 0 implies that m - v > 0. Thus, the lemma implies there is a
vector p € R* with p > 0 and p7’4 = m. Say p = (p1,...,pu), H1 = {hy,...,h,}, and
let each h; = (hj1,...,h;n). We have

u
ijhji = 1/(12‘ for 1 S 1 S n.
j=1
Take (9.5) applied to h;, multiply it by p;, and sum over j. For k =1,...,n, we have,
u n u
D ik > hyilbi—ai) <Y pihgr(by —bera) = (1/ay)(be — bya).
j=1 i=1 =1
Multiplying corresponding inequalities by aj and summing over k, we get

(96) Z Qg ijhjk Z hﬂ(bl — ai) S Z(bk — bk+1) = bl.
k=1 j=1 i=1

k=1
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The left side of (9.6) is

ij Clkhjk: Z hji<bi - Cbz') = ij Z hji(bi - Cbz')
j=1 k=1 i=1 j=1 =1

n u n

= > (bi—a) Y _pihii = Y (b —ai)/ai

=1 =1

Thus, (9.6) implies that

n

(9.7) > (bifa; —1) < by

=1

However, M ((a;,b;)) = log(b;/a;) < b;/a; — 1. Hence, by (9.7),
My, = log(bi/a;) < by < t.
i=1

Since My, < t for each choice of b satisfying (9.3), it remains to handle the case of S;
being the union of infinitely many disjoint open intervals. If S;(n) is the union of n of these
disjoint open intervals with Si;(n) C Si¢(n + 1) and |J S¢(n) = St, we have M (S¢(n)) < t
for each n, and M (S;) = lim,,—,oc M (S¢(n)) < t. This concludes the proof of the theorem.

Remarks. We have seen that if S; is a finite union of intervals, then M (S;) < t. That is,
we have a strict inequality. Moreover, this inequality for a finite union of intervals is best
possible. Indeed, suppose S is the additive semigroup generated by (1/(n+1),1/n), where

n is a positive integer. Then 1 is not in S. Further, we have
[tn]
M(Sy) > Z log(1+1/n) = [tn](1/n+ O(1/n?)) =t+ O(t/n).
j=1

Thus, as n grows, we have M (S;) as close as we please to t.
It is possibly true that the proposition holds with a strict inequality, but we do not

know how to prove this, nor are we sure that it is true.
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10. The distribution of primes in residue classes

For a natural number ¢, an integer a coprime to ¢, and a real number z, let 7(x,q,a)

denote the number of primes p < x with p = a mod ¢. Also, let

Y(x,qa) = Y. An), O(x,qa) = Y  logp,

n<x p<z, p prime
n=a mod ¢ p=a mod q

where A is von Mangoldt’s function.

For a fixed real number € > 0, we have the asymptotic relations

N li(x) vaa) o L
(. 0,9) ©(q)’ ¥(z.0,0) ©(q)

as x — 00, where error estimates may be explicitly calculated. For ¢ larger we have either
ineffective estimates or inequalities. In this section we record some effective inequalities for

m(z,q,a) that are valid in large ranges for g.
Lemma 10.1. [Brun-Titchmarsh inequality| If z > ¢ we have

2x

m(@.0.0) < ©(q)log(z/q)

The lemma in this form is due to Montgomery and Vaughan [24]. Note that the inequality
gives an upper bound for 7(x,q,a) that is of the expected order of magnitude, namely
x/(p(q)logx), if ¢ < 217¢. When ¢ is of order of magnitude z%, the upper bound provided
by the lemma is presumably too large by a factor 2/(1 — ).

A result similar to the following lemma can be found in Timofeev [28, Theorem 2].

Lemma 10.2. [effective Bombieri-Vinogradov inequality| There are absolute, effectively
computable positive numbers cg, c; such that for all numbers x > 3, there is an integer
set S(z) C [(logz)/?, exp ((log z)'/?)] of cardinality 0 or 1, such that for each number
Q € [z'/3logx, 21/?],

! Y

max max (Y(y,q,a) —

——| < cez'/?Q(logz)’ + comex (—c lo xl/z),
g 2svsr sed(ag)=1 2(9) 62/ “Q(logx)” + cew exp ( —cr(logx)

where the dash indicates that if S(x) = {s1}, then no ¢ in the sum is divisible by si.

Proof. We follow Vaughan’s proof of Bombieri’s theorem, see Davenport [15, Chapter 28].

There is an effectively computable positive number cg such that for any number X > 2,
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there is at most one natural number s; < X for which there is a primitive (real) character
X1 with modulus s1, and for which the L-function L(s, x1) has areal zero 31 > 1—cg/log X.
Further, if s; exists, it exceeds log X. Let S(x) be the set of such integers s; for X =
exp ((logz)'/?). Thus S(z) is either {s1} or the empty set.

For a Dirichlet character x to the modulus ¢, let

Yy, x) = Y An)x(n).

n<y

Also, let §(x) = 1 if x is the principal character, and otherwise let d(x) = 0. We consider
[v(y, x) — 0(x)y| for ¢ < exp ((logm)l/z), g not divisible by s7 if s; exists, and 2 < y < x.
Any real zero of the L-function L(z,x) must be at most 1 — cg/(logz)/2. It then follows
from the argument on pages 121 and 122 of [15], especially (6), that

—c ogx)t/? —c o 1/2
[W(y, x) —o(x)yl = O(y1 s/(log@) "= 4 4 1=co/(logy) ),

where cg is positive and effectively computable. Thus, uniformly for ¢ < exp ((log x)l/ 2)

with ¢ not divisible by any member of S(z), if x has modulus ¢, then

(10.1) max [(y,x) —d(x)y| = O (aj exp (—cw(logx)l/Q)) ,

2<y<z

where ¢19 = min{cg, ¢g}.

Let

E(z,q) = max  max
2<ys<z ged(a,q)=1

oo Y
Vyiga) w(@"

We have from the argument on page 163 of [15] that
/ 11 *
(10.2) Y E(z,q) = O | Qogz)* + (logz) ) @ > max [y, x) =00yl | |

<y<z
q<Q 7<Q x mod ¢

where >~ indicates the summation is over primitive characters. Let ¢1; = min{1, c10/2}
and let Q' = exp (c11(log z)'/2). Then by (10.1),

(10.3)
Z ,ﬁ ’ R [y, x) — o)yl = O (:L'Q/ exp (—010(10g93)1/2>> = O(z/Q").
q<Q’ xmodgq ~° 7
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From (2) on page 162 of [15] (Vaughan’s inequality), we have for any number U with
1<U <z,

> 3 max 0l = O((2/U +0% +212Q) (log)?)

2<y<zx
U<q<2U v(9) xmod g —J=

Thus, as on page 164 of [15], we have

1 *

> o X w0l = 0 (5 + o+ a2Q) foga)t).
@'<q<q P\ xmodg "

where there is no restriction on the divisibility of ¢ by a member of S(z). Note that since

g > 1 in the sum, any primitive x mod ¢ is nonprincipal, so that d(x) = 0. Putting this
estimate together with (10.2) and (10.3), we have

Z,E(g% q) = O (:l:‘l/QQ(loga:)5 + zexp (_07(1ng>1/2>>

q<Q
for any choice of ¢; with ¢7 < ¢11. This completes the proof of 10.2.
Lemma 10.3. With the same notation and hypotheses as in 10.2, we have

/

E max

ged(a,q)=1
q<Q (

li(z) 1/2 5 1/2
_ < _
m(x,q,a) )] = c122/*Q(log x)” + c1ow exp ( cr(log x) ) ,

where c7 is as in 10.2, and ¢y is an absolute, effectively computable number.

Proof. First note that one may replace the expressions ¥ (y, ¢, a) in 10.2 with 0(y, q,a),

since

Wy, q.0) = 0y, q,a)] < D logy = O(ymlogy>-

n<y
n is a power

Thus, the result follows directly from 10.2 and the identity

_ 0(z,q,a) /m 0(y,q,a)
m(@ q.a) = gz | o y(logy)? dy

In fact, one can save a factor of log x using this identity, but this is unimportant.

32



Lemma 10.4. [Deshouillers-Iwaniec| For each integer m with m > 3 there is an effectively
computable integer x,, and absolute and effectively computable positive numbers c13, C14

with the following property. For arbitrary numbers z,Q with © > x,,, and z'/? < Q <

x'=Y™ and for an arbitrary integer a with 0 < |a| < /™, we have
4/3
rle.q.a) < 2L a0/
©(q) log(z/q)

for almost all integers q € [Q, 2Q)] with ged(q,a) = 1, the number of exceptions being less
than Qx—C14/™,

This result was announced in [16], and a sketch of the proof was presented in [17]. No claim

of effectivity for c¢13, c14, ., was made by the authors, but their methods are effective.

11. Sieved primes

The goal of this section is to get a lower bound for the distribution of primes r with » — 1
free of prime factors in some given set. Our proof closely follows an argument of Balog [5].

Before stating this result we first present an elementary lemma.

Lemma 11.1. We have for any real number t > 1 that

L @®) (s
250 " o =t ro(M52),

where ( is the Riemann zeta-function and where v is a constant identified below.

Proof. By writing

L P2
—d_duzld

with p the Mobius function, we have (with v the Euler-Mascheroni constant)

Yow - X, 2 - S (%(0) o)

d<t u<t d<t, uld u<t
o 11 (u) 1% () (v — log u) 1 1 (u)
=G0 oy P T O (t 2 o) )
— 1 1 — 1°(u)(y — log u) log(2t)
= (oet) 1] (1 5m) Tl Ty O (=)
€(2)¢(3) log(2t)
2(6) logt+u—|—0< " ),
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Proposition 11.2. For each integer m > 4, there are effectively computable positive
numbers X,,, 0, with X,,, an integer, satisfying the following property. If x > X,,, and Q

is a set of primes in the interval (1,z'/?] with

(11.3) <

then there are at least 6,,z/(logx)? primes r < x such that every prime factor q of r — 1

satisfies ¢ < x'/? and ¢ ¢ Q.

Proof. Let m be an integer with m > 4, let = be a positive real number, and suppose we
have a set of primes Q C (1, x'/?] satisfying (11.3). Let m’ be an integer with m/ > 2m to
be determined later and let 3 = 1/m/. Let

L= (/2728 21278y Z, H = (/P V220N Z.

For a prime r < z, let g(r) denote the number of factorizations of r — 1 as [h, where

lel, hewH,
lh is not divisible by any member of Q,
[ is not divisible by any member of S(z),

h is not divisible by any prime larger than /2,

where S(z) is defined in 10.2. It is possible that g(r) = 0; let N denote the number of
primes r < x with g(r) > 0. Our goal is to get a good lower bound for N.

From Cauchy’s inequality, we obtain

—1

Nz (S| a0

r<z r<z

Our first task is to get an upper bound for Y~ __g(r)?, and to do this we shall ignore the
non-divisibility requirements in the definition of g(r) and use only the relatively simple

10.1. We have, with [a, b] denoting the least common multiple of a, b,

S Y Y 1= Y we ) 1),

prime r<z prime r<z [q,ls|r—1 l1,loeL
li,leL
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By 10.1, we thus have

2 1
Z g(r)® < 2z Z ([, 12]) log(z/[l1,12])

prime r<z l1,ls Eﬁ

x 1
< _
Blogx 12 o([l1,12])
We have

1 1 1
S (RS R D SR (ry7 B DU Dl )

l1,l2€L v d<xzl/2=8 gcd(ly,l2)=d d<zl/2-8 g b<zxl/2-8/d
l1,lo€L
3
1 3
< — | <(logx)°,
o(d)

d<$1/2

the last inequality following from 11.1 for all  beyond an absolute bound. We conclude

that

Z g(r)? < g ta(logz)?.

prime r<x

We now turn our attention to the heart of the proof, which is to obtain a reasonable
lower bound for 3~ __ g(r), and for this we shall use 10.3 and 10.4. Let £; denote the set
of integers [ € £ with [ not divisible by any member of S(x). To begin, we have

Z g(r) > Zw(x,l,l)— Zﬁ(asl/QJrﬁl,l,l)— Z w(x,l,1)

prime r<z leLy leLq lely
q|l for some ¢q€Q

— Z mw(x,h,1) — Z m(x,h,1)

heH heH
g|h for some g€Q q|h for some prime g>z'/?

== 51—52—53—54—55, say.

Indeed, S; counts the number of pairs [, h where [h + 1 is a prime r < x and [ € £, while
So removes from this count those pairs where h € H, S3 removes those pairs where [ is
divisible by some prime in Q, etc.

For S7 we use 10.3, getting

S, = lie) Y % +0 ((1o§x>2) :

leLy




By 11.1 and using that S(z) is either empty or has a single member greater than (logz)'/?,
it follows that with & = ((2)((3)/¢(6),

= ¢Bz + O(z/(logz)'/*).

By 10.1, we have

xl/2+6 l
Sy = 0< Z )
logz &~ o(1)

Using 11.1 and partial summation, » 7, . 1/é(l) = O(z'/?7P), s0 Sy = O(x/log ).

For S5 we use 10.3, getting

By 11.1 we have uniformly for ¢ € Q that

. = ¢Blogx + O(qlog(2x)x2#—1/2) for ¢ < x1/2-26,
Z < €Blogx + v+ O(qlog(2x)z?~1/2)  for £1/2728 < ¢ < 21/275,
=0 for ¢ > /275,

Thus,

1 x
S5 e Lir0(i).

We estimate Sy by using 10.4 with “m” chosen as m' and with “Q” being various

powers of 2 so that the intervals [Q,2Q)] cover the interval (x'/2+58 21/2+20) If h is an
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exceptional modulus in 10.4, we use the trivial estimate 7(x, h, 1) < x/h. Thus, for z > z,,/,

Sy = Z m(z, h,1)

heH
g|h for some q€Q

1 x
< (4/3+0(8))x ; o(h)log(z/h) +0 (@)
g|h for some g€Q

x 1 x
<O Y it )

g|h for some g€Q

R S o)

qeQ qméeH

= (8/3+0<ﬂ>)5ﬁxzq%1+o< i )

qeQ log z

For S5 it is sufficient to use 10.1. Note that

1 1 1
P R P Es I D)

a2 <q<g/2H28
q|h for some prime g>z

1/2 ;
q prime

By Mertens’ theorem, the first sum on the right is O(3), and by 11.1, the second sum is
O(Blogx). Thus, the sum > 1/p(h) is O(3*logz), so that we have

1
% < 2 3 L
2, elost/m
q|h for some prime g>z

T 1
- 0< > —) = O(F*x).
og 2 )

g|h for some prime ¢>x

1/2

1/2
Putting together our estimates for S, S2, S3, S4, S5 we have that for x > x,,,

Z g(r) > S1—82—853—54— S5

prime r<z

v

fﬁx (1 — (11/3 + O(ﬁ)) Z qf11> + O(ﬂzx) + O(x/(lng)1/4)

qeQ
> ¢Br(1—(11/34 0(8)(3/11 = 1/m)) + O(x/(log z)"/*)
= {Bx(11/(3m) + O(B)) + O(x/(logx)'/*).
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Thus, there is some absolute, computable, positive integer c15 such that if m’ = ¢;5m and

B =1/m’, we have

o g9(r) = &xf(mm) = Ex/(csm?)
prime r<z
for x > X,,, where X,, > x,,» and X,, is also larger than an absolute constant. Using this
with our upper bound for > . g(r)?, we get the desired estimate for N, where we may

choose 8, = £2/(c2;m®). This completes the proof of 11.2.

Remarks. By using results of Bombieri—Friedlander—Iwaniec instead of 10.4 and the method
of Friedlander [19] instead of Balog, one may not only replace “3/11” with “1/2” in 11.2,
but the number of primes r satisfying the condition is of order of magnitude 7(x). However,
these tools involve constants that are not effectively computable. If one is not concerned
with effective constants, this stronger form of 11.2 would support the conclusion of 2.15
with “46/25” replaced with any fixed number ¢ > 1 (and with “c;” depending on c). It is

likely that the work of Baker—-Harman would lead to a further (ineffective) improvement.

12. The existence of period systems

In this section we prove 2.15. We first show that there are many period pairs for n.

Proposition 12.1. Let n be an integer, n > 1, and let w, y be real numbers. Each prime
number r satisfies at least one of the following conditions:
(i) the element (n mod r) of F,. is either zero or has multiplicative order at most w;

(ii) there is an integer m composed of primes at most y with m | r — 1 and m > w;
(iii) there is an integer q¢ with ¢ >y and ¢* | r — 1;
(

iv) there is a prime q such that q > y and (r,q) is a period pair for n.

Proof. If (n mod r) does not belong to F then (i) holds. Suppose (n mod r) € F}, and
let m be the order of (n mod r) in F}. Then m divides r — 1, so if m < w, then (i) holds.
Suppose m > w. If m has no prime factor exceeding y, then (ii) holds. Suppose therefore
that ¢ is a prime factor of m with ¢ > y; then ¢ equals the order of (nm/q mod r). If
q divides (r — 1)/m, then (iii) holds. If ¢ does not divide (r — 1)/m, then the element
(n(r=Y/¢ mod r) = (n™/9 mod r)("~1/™ has order ¢, and (iv) holds. This proves 12.1.

Let p:R>¢p — R denote the Dickman-de Bruijn function. Note that (see [13])

(12.2) log p(u) = —u - log(ulogu) + O(u) for u > 2.
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Lemma 12.3. Let x, u, v be real numbers with x > 20, 1 < v < u < /(log z) loglog z,

1w 4w = y. The number of prime numbers r < z satisfying 12.1(ii) is at

0 (un(o) (s + p(w) )

Proof. This is Theorem 2 from [25].

and put y = x

most

Proposition 12.4. For all sufficiently large integers n, if x is a real number such that
x > (log n)1+1/1800, then the number of prime numbers r < x for which there does not

exist a period pair (r,q) for n satisfying

q is prime, q > /(oslos @)’

is at most x/(log x)3.

Proof. By 12.1, it suffices to show that when n is a sufficiently large integer and x is a real
number with z > (logn)'*1/18%0 the number of primes r <  satisfying one of 12.1(i)~(iii),
with w = z/10glogz and y = z1/(oglog m)2, is at most x/(log x)3. We prove this by showing
that the number of such primes r is o(z/(log z)®) as n — oco.

If the prime r satisfies 12.1(i), then either r | n or r | n™ — 1 for some integer m in
[1,w]. Since the number of distinct prime divisors of an integer k > 2 is evidently smaller

than (logk)/log2, the number of primes r satisfying 12.1(i) is smaller than

logn logn o logn 1800/1801+40(1) 3
. < 2K o = 1
log 2 * Z " log2 — v log2 — v o(aj/(ogx) )

m<w
as n — oQ.

To estimate the number of primes r < x satisfying 12.1(ii) we apply 12.3 with v =

loglog r and u = v?; one finds via (12.2) that as n — oo, this number is at most
x/(log x)(l—l—o(l)) logloglogz __ o(x/(loga:)3).

The number of integers r with 1 < r < x satisfying 12.1(iii) is clearly at most

D>y z/¢*> <z/(y—1)=o(z/(logz)?) as n — oco.
This proves 12.4.

Let € = 1/150, let n be an integer with n > 20, and let z, u be real numbers with

>1+s/12 _ 1+1/1800’ u = (loglogx)z.

x > (logn (logn)
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For a prime r, let Q(r) denote the set of prime divisors g of r — 1 with
2" < g < z'? and (r,q) 1is a period pair for n.

Further, let Q denote the union of the sets Q(r) over all primes r < x. The interest of
Q for us is that each subset S of Q corresponds to at least one period system for n with
degree qus q.

Proposition 12.5. For all sufficiently large integers n and for all real numbers x >

(logn)'T¢/12 we have

> 1,3-¢
=51 11
Proof. Let

A = {prime r < x : prime ¢ | r — 1 implies g < z'/% and ¢ ¢ Q},

B = {prime r <z : prime ¢q | r — 1 implies ¢ < /% or (r,q) is not a period pair for n}.
Clearly A C B. We use 11.2, with “m” of that result being the current 11/e = 1650;
let § = d1650. Suppose n is so large that 11.2 and 12.4 hold for all z > (logn)'*</12, If
> qeo 1/a < (3—¢€)/11, then 11.2 implies that #.4 > 6z /(logx)?. And so #B > dz/(log x)?.
But 12.4 implies that #8 < z/(logx)3. These two inequalities for #B are incompatible for

large n. This contradiction completes the proof of 12.5.

With n, z,u as above, let N be an integer for which

(12.6) 6ulogr < N < exp(2(log:c)3/5(log loga:)_?’/z).

For a bounded interval I, let |I| denote the length of I.

Proposition 12.7. For an integer N satisfying (12.6) and for i = 1,2,..., N, let
I = [0V GNY A = N2,

and
P\ min{#(I; N Q), || i|/log(«/N) |}, otherwise.

For i < N/u, #(I; N Q) =0, and for each 1 =1,2,...,N, k; =0 or k; > M;.

Proof. Note that all primes ¢ € Q have ¢ > z/*, so it follows that #(I; N Q) = 0 for
i < N/u. For the second assertion, we thus may assume that u > 1. Note that for ¢ > 1

we have ‘ .
|Z;] B :c’/N(l —a:_l/N) xl/N(loga:)/(QN)

- = > > Mi7
log(xi/N) (i/N)logx (i/N)logx -
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where we use z~1/N = ¢~(og2)/N <1 _ (log x)/(2N), which holds from (12.6). This proves
12.7.

Proposition 12.8. For an integer N satisfying (12.6) and intervals I; and integers k;
defined in 12.7, let Q; denote the set of the least k; primes in I; N Q. If n is sufficiently
large we have

N 1 3 e
22 oW

i=1q€Q;

Proof. The double sum here may be smaller than the sum ) qu% in 12.5, the possible
difference between them coming from two sources: intervals I; with 0 < #([; N Q) < M;
and intervals I; with #(I; N Q) > ||I;|/log(x*/™)]. By 12.7 we need only consider indices
i > N/u. We thus may assume that u > 1. The sum of 1/q for primes ¢ in intervals I; with

#(I; N Q) < M; is at most

1/N

- = < — < — wo< ,
Z p(i—1)/N Z i2 N” - 310g:z:e log x
i>N/u i>N/u

by the first inequality in (12.6). Thus, this contribution is o(1) as n — oo, so is negligible.
The sum of 1/q for the largest #(I; N Q) — ||I;|/log(x*/N)| primes ¢ in an interval I;
with #(I; N Q) > ||I;|/log(z*/N)| is estimated as follows. By the prime number theorem

(see [27]), the total number of primes in I; is
where

2/ N
Li = / dt and E(z) = Z/eXp (Cl6(10g2)3/5(loglogz)_1/5),
L1/~ logt

with c¢16 an effective, positive constant. As before, we may assume ¢ > N/u. Note that

0 < - Il 4] o E | wL
= 7 log(x¥/N) T log(zG-V/NY)  log(zi/N) “i(i—1)logz’
Further,
i— - log
12. I| = 20 1>/N( 1/N_1> 9, (i=1)/N
(12.9) |Z;] x x < 2z N
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so that

|Iz| 2 (i—1/N
LZ' — - < - = 0 Ml .
log(zi/NV) i(i—1) (M)
Further, for N/u < i < N,

E(z/N) < = :
exp (c16u=3/5(log z)3/%(log log z) ~1/%) exp (c16(log )3/ (log log z) ~7/%)

so that from the upper bound for N in (12.6), E(z*/") = O(M;). Thus, the contribution
in 12.5 from primes in I; with #(I; N Q) > |||/ log(z*/N)] is

M;
0 Z LG—1D/N |
N/u<i<N
a sum we have seen to be negligible. Thus, we have 12.8.

Proposition 12.10. For an integer N satisfying (12.6) and integers k; defined in 12.7, let
S(i) be the image of the interval

(x(i—l)/N, x(i—l)/N +k7i lOg({ZJi/N))

under the natural logarithm map. If n is sufficiently large, then

3 €
Zfsm ATt

Proof. Since qugi 1/q < k;i/20=D/N it follows from 12.8 that for n sufficiently large,

al k; 3 €
12.11 S — = —.
(12.11) ; Z-0/N 71110
Further, if S(i) # (), that is, if k; > 0, then

/ dt <1og (zC=D/N 4k, 1og(a:i/N))>
— = log .
s

Now, log(a + b) > log(a) + b/a — (b/a)? when a,b > 0, so that if a > e and 0 < b < a,

2
log 710‘(%(& +5) > b2 b = b 1—- 20 .
loga aloga loga \ a aloga a
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Hence,

/ dt - ki log(z*/N) (1 2k log(zci/N))
i . . ) —

(i) t x(z—l)/N log(x(z—l)/N x(z—l)/N

> 2(—1)/N L(—1)/N

k; (1 2k log(zci/N))

Note that, using the definition of k;, (12.9), and (12.6),

2k; log(z"/N) < 2| - 4logx

1
2(i—1)/N = 4(G-1)/N N < u’

so that
dt k;
— > ———(1—uY).
/S(z) t 2 (i—1)/N

Thus, 12.10 follows from (12.11) for sufficiently large n.

Proof of Proposition 2.15. Let € = 1/150, let n be an integer so large that 12.10 holds,
and let D be an integer satisfying

D > (logn)'t/6*¢ = (logn)*%/?.

Let & = DS/11=¢/% 50 that 2 > (logn) /1800 let v = (loglogx)?, and let integer N satisfy
(12.6). Let D" = D exp(2u(logz)/N) and let S be the additive semigroup generated by

og D’

HCZ

where S(i) is as in 12.10. Note that if S(i) # 0 we have /N < 21/2 50 that

log(@/Y) _ (1 1\logae _ (1 1)(6 e} 3 ¢
log D’ 9" N)logD 2 "N )\11 1 119
for sufficiently large n; that is, S(i)/log D' C (0,3/11—¢€/9). We suppose that n is so large.
Thus, from 12.10 and the fact that the intervals S(i) are disjoint,

3
[ TR T
5M(0,3/11—¢/9) t S(i)/log D' t 5(i) t 11 9

It thus follows from 9.1 that 1 € S. Hence, there is a finite subset F' of |J, S(¢) and

positive integers x(f) for each f € F such that

> _K()f = logD"

fer
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Let F; = FNS(i)fori=1,2,...,N, and let
ki = Y R(f):

Then, using S(i) = for i < N/u from 12.7,

N
1
2om= 2 ) wlf) < ) ey 2 M
(12.12) = i fer i fEF;
1 B log D’
< log (z/v=1/N) ZH(f)f ~ (1/u—1/N)logz < 2

fer

the last inequality holding when n is sufficiently large. If S(i) # 0, then 12.7 implies that
k; > M;, so that k; > a:l/“/N2 > 2u > k;. Thus, for each 7 with x; > 0 there are at least

k; distinct primes in Q;. Label the least such primes ¢ ;, 42, .. .,¢x,;,i and let
N k;
d=[[1]%:
i=1j=1

If rj; <z is a prime with ¢;; € Q(r;,;), then
P:{(Tj7i,q]‘7i) . izl,...,N,jzl,...,Kji}

is a period system for n with degree d. We have

(12.13)
N k; N Ki
[log D' —logd| = |> w(f)f =D > loglgii)| = > < IOIEDS 1og<qj,i>> ‘
feF i=1 j=1 i=1 \f€EF; j=1
< Z K <log(xi/N) — log(a:(i—l)/N>> — 10]%[33 Z ki < QUK)[gx’

using (12.12). Thus,
D = D'exp(—2u(logz)/N) < d < D'exp(2u(logz)/N) < D(1+ 6u(logz)/N).

By choosing N near the upper end of the interval in (12.6), we have 2.15.

Remark. We may use the same argument to show that there are many integers in [D, 2D)

that are degrees of period systems for n, in fact more than D/ exp(5(loglog D)3), once n
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is sufficiently large and D > (logn)*6/?®. We choose N near the lower limit in (12.6) and
we let D' = +/2D. For each i with x; > 0 choose k; primes from Q, and let d denote the
product of all of these primes over all choices for 7. Then, as in (12.13) and by our choice

of N,
2ulogx 1
log D' — logd = —.
| log ogd| < — 3

Since /3 < /2, it follows that D < d < 2D. It remains to count the number of choices

for d in the argument. Since #9Q; > M, when x; > 0, the number of choices for d is at

) = I - T e

ki >0 ki >0

least

Now, by (12.12),

and

Thus, the number of choices for d exceeds D/(2uN?)?" and it remains to note that

(2uN?)** < exp (5(loglogz)?) < exp (5(loglog D)?).
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