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Abstract For primes p, the multiplicativ e group of reduced residues modulo p is
cyclic, with cyclic generators being referred to as primitiv e roots. Here
we survey a few results and conjectures on this subject, and we discuss
generalizations to arbitrary moduli. A primitiv e root to a modulus n
is a residue coprime to n which generatesa cyclic subgroup of maximal
order in the group of reduced residuesmodulo n. ?
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In tro duction

For a prime p, the multiplicativ e group (Z=pZ) is cyclic. Number
theorists refer to any cyclic generator of this group as a primitiv e root
modulo p. There are many attractiv e theoremsand conjecturesconcern-
ing primitiv e roots, and we shall survey someof them here. But it is also
our intention to broadenthe playing eld, soto speak,and intro ducethe
conceptof a primitiv e root for a composite modulus n. It is well-known
that for most numbersn, the multiplicativ e group (Z=nZ) is not cyclic
(namely, (Z=nZ) is not cyclic for any number n > 4 that is not of the
form p?; 2p2 for p an odd prime). Sowhat then do we meanby a primi-
tive root for n? In any nite group G one may look at elemeris whose

1This article also appearedin \New Aspects of Analytic Number Theory" (RIMS Kokyuroku
No. 1274), 2002.
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order is the maximum order over all elemens in G. We do precisely
this, and say that such elemerts for the group G = (Z=nZ) are prim-

itiv e roots modulo n. That is, a primitiv e root modulo n is an integer
coprime to n such that the multiplicativ e order of this integer modulo n

is the maximum over all integers coprime to n. This concept reduces
to the usual notion in the casethat G is cyclic, sothere should be no
confusion. We shall seethat there are a few surprisesin store when we
consider primitiv e roots for composite moduli. For a more traditional

survey on primitiv e roots, seeMurty [12].

The number of primitiv e roots for a given modulus

A basicquestionthat onemight askis a formula for R(n), the number
of primitiv e roots for a given modulus n, and beyond that, a study of the
order of magnitude of R(n) asa function of n. For primes, the situation
is straightforward. If g is a primitiv e root modulo p then all of the
primitiv e roots for p are of the form g2 wherea is coprimeto p 1. Thus
R(p) = ' (p 1) where' is Euler's function. This fact is well-known,
but lesswell-known isthat ' (p 1)=(p 1) hasa cortinuousdistribution
function. That is, let D (u) denotethe relative asymptotic density in the
set of all primes of the setfp prime : R(p)=(p 1) ug. Then D(u)
exists for every real number u, D (u) is a cortinuous function of u, and
D (u) is strictly increasingon [0; 1=2], with D(0) = 0, D(1=2) = 1. This
beautiful result, which echoes Schoerberg's theorem on ' (n)=n, is due
to Katai [5].

It is not so easyto get a formula for R(n) in general. It may be
instructive to rst consider the caseof a general nite abelian group
G. Write G as a product of cyclic groups of prime power order. For
ead prime p dividing the order of G, let p » be the highest power of
p that appearsas an order of one of these cyclic factors, and let |, be
the number of times that this cyclic factor appears. Then the maximal
order of an elemen in G is Y

PP
Pii Gj
and the number of elemens of G with this order is
Y
iGj 1 p°
Pii Gj

To seethe latter assertion,note that an elemert g will have p » dividing
its order if and only if at leastoneof its projectionsin the , cyclic factors
of order p » has order p ». The chancethat one particular projection
does not have this order, that is, it is killed by the exponert p » 1, is
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1=p. Thus, the fraction of elemerts g for which ead of the |, projections
is killed by the exponert p» lisp », sothe fraction for which at least
oneprojection hasorderp P is1l p r. The assertionfollows.

To apply this result to G = (Z=nZ) we must compute the numbers

p for this group. By the Chineseremainder theorem, G has a decom-
position into the product of the groups (Z=¢?Z) , where g is prime and
g?kn. Further, the groups (Z=¢Z) are themsehescyclic unlessq= 2
and a 3, in which case(Z=22Z) is the product of a cyclic group of
order 2 and a cyclic group of order 22 2. It is thus a simple task to
further re ne the decomposition a orded by the Chineseremainder the-
orem into a factorization of (Z=nzZ) into cyclic groups of prime power
order. We thus can work out a formula, albeit not so simple, for R(n).
For the sake of completeness,we record this formula: If g2 is a prime
power, let (g?) bethe order of the largest cyclic subgroup of (Z=¢f2) ;
thus, (¢?) =" (®)if gisodd orif q= 2anda< 3, while if g= 2 and
6 3, then (22) = % (23) = 22 2. |f the prime factorization of n is

!‘:1 o, and pis a prime with pj' (n), let , bethe largestnumber such
that p j (g*) for somei. If pis odd, let , bethe number of i's with
prj (). If p= 2andeither ,> 1orn6 8(mod 16), the de nition
of sisthesame.lf p=2, ,=1,andn 8(mod 16),then , = k+ 1.
Then %

R(n) ="' (n) 1 pr:
pi' (n)

In analogy with Katai's theorem about R(p)=(p 1), onemight ask if
R(n)="(n), hasa distribution function. That is, for a given real number
u doesthe set

Ry:=fn:R(n)="(n) ug

have a natural density? Our rst surprise is that the answer is no. It
is showvn by the rst author in [7], [8] that there are valuesof u sothat
R, doesnot have a natural density. In fact, there is a small positive
number such that for every u > 0, R, has upper density at least |,
but the lower density tendsto Oasu! O.

There are other naturally occurring setsin number theory wherethere
is no natural density. For example, considerthe set of integersn with
an even number of decimal digits. While the natural density does not
exist (the fraction of numbersin the setat 107" is at least 9=10 while the
fraction in the setat 10°"*! is at most 1=10), note that this setdoeshave
alogarithmic density. That is, the sum of the reciprocalsof the numbers
in the setthat are x, whendivided by In x, approacesa limit, namely
1=2. (It isinteresting to note that logarithmic density is equivalert to the
conceptof Dirichlet density from analytic number theory.) Well, perhaps
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the setof numberswith an evennumber of decimaldigits is not sonatural

a concept. But also considerthe set of integersn with  (n) > li (n).

fHere, (x) is the number of primes in the interval [1;x] and li (x) =

6‘ dt=Int, wherethe principal valueis takenfor the singularity att = 1.)

It was once thought that there should be no valuesof n with (n) >

li (n), until Littlew ood showved that there are in nitely many with the

inequality holding, and alsoin nitely many with the reverseinequality.

It is shown in Rubinstein and Sarnak [13] that assuming reasonable
conjecturesconcerningthe zeroesof the Riemann zeta function, the set
of integersn with (n) > li(n) does not have a natural density, but

it does have a logarithmic density. Similar results pertain to the set
of integersn with (n;4;1) > (n;4;3), where (x;Kk;l) denotesthe
number of primes p in [1; x] that are in the residueclassl (mod k).

Somaybe the setsR have a logarithmic density? Alas, the answer is

again no, asis shawvn in [7]. In fact, the oscillation persistsat even the
double logarithmic density (where one sums 1=aln a for menmbers a of
the setthat arein [2; X] and divides the sumby In In x). Maybe the triple

logarithmic density exists: In [7] it is shown that at the triple level, R

has upper density tending to O asu! O.

The source of the oscillation

Where doesthis surprising oscillation comefrom? The answer lies in
the numbers , described above. Consider a game played with n coins:
We give you n coins, and at the end of the game you will either have
given us badk all n of the coins, or you will have givenus badk n 1
coins, keeping one for yourself. Here's how the gameis played. You
ip the n coins (assumethey are all fair coinswith a 1=2 probability of
landing heads|the front of the coinjand a 1=2 probability of landing
tails|the badk of the coin.), returning to us all of the coins that land
tails. If there is more than one coin left, you repeat the process. If at
any time you have exactly one coin left, you get to keepit. What is the
probability P, that you win the game by getting to keepa coin? It is
not so hard to work out an expressionfor P, it is

X n 1
P,= n2k 1 2tk
k=1
Indeed, if one keeps ipping until no coins are left, and the last coin
leaveson round k, with the other n 1 coinsleaving on earlier rounds,
then the probability of this isn2 ¥ 1 21 ¥ ™ (There are n choices

for the \last" coin, the probability it falls headsk 1 straight times
followed by a tails is 2 ¥, and the probability that eah of the other
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n 1coinshasat leastonetails inthe rst k 1 ipsis 1 2! K " 1.)
But more interestingly, one can ask:

What is Iim P,?
n'l

It is easyto corvince oneselfthat when n is large, the biggest cortri-
bution to the sum for P, is from the terms k with 2 n. Suppose
0 < land S is an innite set of natural numbers n sud that
the fractional part of the base-2logarithm for n 2 S corvergesto
modulo 1. For example,if = 0, then we might take Sy as the set of
powers of 2. Or we might alsothrow in the numbers of the form 2™ 1
and numbers of the form 2™ + m?2. Then

. )é- i 21
lim P, = 2 le
n!l ;n2S .
=1

From this result it surely looks like the limiting value of P, actually
dependson , the limiting value of the fractional part of the base-2
logarithm of n. That is, it lookslike limy; P, doesnot exist!

And this is indeedthe case,though the oscillation in Py, is very gertle.
We have lim supP,  0:72135465which is achieved when 0:139,
and lim inf Py, 0:72134039which is achieved when 0:639. That
is, the oscillation is only in the fth decimal place! (For more on this
kind of oscillation in probability theory, see[1] and the referencesn the
adknowledgmert of priority therein, and [6].)

It may be unclear what this game has to do with R(n). Consider
the number ,: If 2 2 is the highest power of 2 dividing the order of
an elemen modulo n, then » is the number of cyclic factors of order
2 21in (Z=nZ) . We might ask where these , factors comefrom. But
for a set of numbers n of density 0 we have , equalto the number of
primes pjn with p 1 (mod 2 2). Now think of the odd primes dividing
n asthe coinsin the game. Those primesp 3 (mod 4) are the coins
that turn tails on the rst round and are returned. Those primesp 5
(mod 8) are returned on the secondround of ips, and so on. The
number of primes that are alive in the last round is , and from our
coin experience,we seethat there is someoscillation for the probability
that , = 1. But what corresponds to the number of coins? This is
the number of odd prime factors of n, which is normally about InInn.
Thus the limiting probability should depend on the fractional part of
InIninn=In2. With all of theseiterated logarithms, it may begin to
be clear why the density oscillation persistsat logarithmic and double
logarithmic levels.



But we noticed that the oscillation for the coin gameis very slight.
To seewhy there are great oscillations in the normal value of R(n), we
needto bring the other numbers | into play for higher valuesof p. This
then suggestsa gameplayed with unfair coins, where the probability of
landing headsis 1=p. An analysisof this gameshaws that there is again
oscillation for the probability of winning, and as p tends to in nit y, the
ratio of the limsup of the probability to the liminf of the probability
tends to in nit y. In particular, if x tendsto innit y in suc a way that
the fractional part of InInInx=Inp is very nearly 1 for all small primes
p, then for most numbers n up to x, the values , will frequertly be 1
for thesesmall primes p, sothat then R(n) = o' (n)) for most numbers
n up to x. But if x tends to innit y in such away that InIninx=Inp
has fractional part about 1=2 for all small primes p, then the values
will mostly be > 1, sothat R(n)="(n) is boundedaway from 0 for most
numbersn up to Xx.

Artin's  conjecture

Rather than xing the modulus and askingfor the number of primitiv e
roots, aswe have beendoing, we may do the reverse: Fix an integera and
askfor the number of primes (or integers)for which a is a primitiv e root.
Artin's famous conjecture deals with primes, and gives a supposedly
necessaryand su cien t condition on when there are in nitely many
primes p with primitiv e root a. For example, take a = 10. (Note that
in the special casea = 10, Gaussalready had conjectured that there
are in nitely many primes p with primitiv e root 10.) Note that 10is a
primitiv e root for a prime p 6 2;5 if and only if the length of the period
for the decimalfor 1=phaslength p 1. Thus, the Artin{Gauss problem
might even be understandableto a sdool child.

Sinceprimesp > 2 areall odd, the groups(Z=pZ) all have evenorder,
sothat squarescannot be cyclic generators. Clearly too, the number 1
hasorder dividing 2in (Z=pZ) , sothat 1 cannotbe a cyclic generator
when p > 3. Thus, a necessarycondition on a for there to be in nitely
many primes p with primitiv e root a is that a should not be a square
and that a should not be 1. Artin's conjecture is that thesetrivially
necessaryconditions are also su cien t:

Artin's  conjecture . If the integer a is not a squae and not 1, then
there are in nitely many primes with primitive root a.

Artin also formulated a strong form of this conjecture:

Artin's  conjecture, strong form . If the integer a is not a squae and
not 1, then there is a positive numbker A(a) such that the numkber of
primes p x with primitive root ais A(a) ().
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Artin gave a heuristic argument for a formula for the numbers A(a)
appearingin the conjecture, but, asreported in [4], after somenumerical
experiments of the Lehmerswhich cast somedoubt on Artin's formula,
Heilbronn revisedArtin's heuristic argumert and cameup with aformula
which agreedbetter with the numerical experiments. Let

Y 1
A= 1 —— = 0:3739558136:::
al@ 1)

q prime
the number known as Artin's constant. Write a as alag, where a; is
squarefree. We are assumingthat a is not a square, but it might be
someother power. Let h be the largest integer for which a is an h-th
power, so that necessarilyh is odd. In the casethat h = 1, that is,
that ais not any power higher than the rst power, the Artin{Heilbronn
formula for A(a) is fairly simple; it is

8
2A; v ifai;6 1(mod4)andh=1

A@=_A1 %; ifa; 1(mod4)andh = 1.
. Qiall+q q

In particular, if h = 1, then A(a) is uniformly boundedaway from 0. In
the casethat h > 1, the formula is more complicated:

Sy ¢ 29
%A T if a1 6 1 (mod 4)
o oq 1
gih
A(a) =
(@) PR Y1 Y ¢ q 1

2 2
a a 1 qja11+q qu(al;h) q 2

if a; 1 (mod 4).

gih

(This more complicated formula reducesto the earlier one in the case
that h= 1))

Where do these formulas come from? Understanding at least the
appearanceof Artin's constart is relatively simple. Assumethat h = 1,
that is, assumethat a is not a nontrivial power. For a to be a primitiv e
root modulo a prime p, it must be the casethat for ead prime g that
divides p 1 (namely, the order of the group (Z=pZ) ), ais not a ¢-
th power modulo p. These conditions are not only necessarythey are
su cien t. Say that p\passesthe g-test" if either g doesnot divide p 1or
gip landaisnot ag-th power modulo p. (Passingthe g-test for a prime
p is equivalent to g not dividing the index of the subgroup generatedby
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ain (Z=pz) ). By the Chebotarev density theorem, the proportion of
primespwith p 1 (mod g) andaisaqg-th power modulo pisl=qq 1).
Thus, the proportion of primes p that passthe g-testis1l 1=qq 1).
Assuming \indep endence", the product of these expressions,which is
Artin's constart, should then give the density of primes p for which a is
a primitiv e root.

But are the events independert? In fact, if a;, the squarefreepart of
a, is not 1 (mod 4), then it can be shonn by the Chebotarev theorem
that for xed primes g, the g-tests are independert. And in the general
case,the correct joint densitiesmay be computed.

Sowhy then is the strong form of Artin's conjecture not a theorem?
The answer lies in the tail of the inclusion-exclusion. One can prove
rigorously that if (x) tends to innit y very slowly with x, then the
proportion of primes p for which the index of the subgroup generatedby
ain (Z=pzZ) is not divisible by any prime g (x) is indeed asymptot-
ically A(a). To completethe proof one needsto excludethose primes p
which fail the g-test for someprime q > (x). We would only needa
crude upper bound for thesecourts, such as  c=¢f of all primes, or even

c=qgln gq of all primes. Howewer, we have nothing better than c=q
aorded by the Brun{Titc hmarsh inequality. And so, the strong form
of Artin's conjecture remainsjust that, a conjecture.

Hooley [4] howewer, hasmadethe above heuristic into a rigorous proof
under the assumption of the Generalized Riemann Hypothesis. This
hypothesisallows a stronger form of the Chebotarev theorem which gives
an estimate of O( (x)=cf+ x72In x) primes up to x which fail the o-test,
uniformly for q xX2=In?x. Larger primes q may then be handled by
an elemenary argumert that doesnot involve the GRH.

A parallel with another problem may be instructiv e here. Let S(x)
be the number of primesp x with p 1 squarefree.Here the \ g-test”
is that we should not have g?jp 1. The proportion of primes p which
passthis g-testisthen 1 1=qq 1), by the prime number theorem
for arithmetic progressions.The Chineseremainder theorem implies we
have independence,without any exceptional cases,sothat we may con-
jecture that S(x) A (x). Howewer, in this case,the heuristic may be
turned into a rigorous and unconditional proof, since Brun{Titc hmarsh
allows a good uniform upper estimate for the distribution of primes p
which fail the g-test for the primesq< x , and atrivial argumert canbe
usedfor larger primes g. (Actually, we can usethe Page{Siege{\Wal sz
theorem instead of Brun{Titc hmarsh.) The di erence here is that we
have tools for handling large primes q that are not readily available in
the Artin context.
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It is interesting that not only do we not have a proof of the strong
form of Artin's conjecture, we do not have a proof of the weak form
either, not for any single number a. Howewer, if seweral numbers a are
thrown in together, there are theorems. The most intriguing perhaps
is the result of Heath-Brown [3] (based on earlier work of Gupta and
Murty [2]) that there are at most two prime values of a for which the
weak form of Artin's conjecture is false. Nevertheless,we repeat, we do
not know a single value of a for which the conjecture is true.

Allowing more valuesof a, we can even shaw the strong form of Artin's
conjecture unconditionally on average. Let P5(x) denote the number of
primesp X which have a as a primitiv e root. It is relatively easyto
estimate .=~ 1 a xinx Pa(X), shoving it to be A (x). (Note that
the average of the numbers A(a) is A, sothat this result for P5(x)
on average is consistent with the strong form of Artin's conjecture.)
The sum of P,(x) may be thought of as the number of pairs a;p with
1 a xInx,paprimewith p X, andaisa primitiv e root modulo p.
Thus, the sum may be reorganizedas a sum over primes p, and then
we may use the trivial result that there are ' (p 1) primitiv e roots
modulo p in ewery interval of p consecutiwe integers. Far lesstrivial is
to get an averageestimate with a running over an interval of the shape
[1;x ]. The champion theorem hereis due to Stephens[14] (improving
on earlier work of Goldfeld), and may be taken as 4(In In x=In x) 172,

Artin's  conjecture for comp osite mo duli

We saw that it makesperfectly good senseto considerprimitiv e roots
for composite moduli, namely, a is a primitiv e root for n if the order
of ain (Z=nZ) is aslarge as possible. Let N;(x) denote the number
of integers n in [1;x] with primitiv e root a. In analogy with Artin's
conjecture for primes, it is tempting to conjecture that if a doesnot lie
in someexceptional set, yet to be determined, then there is a positive
constart B(a) with Ng(x) B(a)x. Howewer, the experience above
with the normal value of R(n), the number of primitiv e roots modulo n,
shaws that we might be wary of such a conjecture.

To gain somefurther insight, we might begin by rst consideringthe
kind of result on averagethat was rlglatively easyin the caseof primes.
Namely, what can be said about % 1 a x Na(x)? Now the problem is
not as easyas before, but the samesort of trick works, namely reorga-
nizing the sum, so that now we are summing over integersn  x, and
for eah n we would like to know how many primitiv e roots it hasin
[1;x]. This estimate wasworked out by the rst author in [10], and sure
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enough,there is an oscillation. It is showvn that
1 X 1 X
lim inf — Na(x) = 0; lim sup— Na(x) > O:
X1 X x11 X
1 a x 1 a x
(The reasonfor the extra factor of 1=x is that it is natural to begin with
the assumptionthat ead term N(x) is of order of magnitude x.)

Thus, while this result is not inconsistert with the assertion that
Na(x) B(a)x, it certainly causessome seriousdoubt. In addition,
the rst author of this survey believeshe may be able to generalizethe
Goldfeld{Stephensargumert and achieve resultslike the onesabove, but
with the averagetaken over an interval of a-valuesof the form [1;x ].

Before proceeding,we note that there are certain numbersa for which
we always have N,(x) = o(x). Namely if a is a nontrivial power, or if
a is a squaretimes 1 or a squaretimes 2, then N4a(x) = o(x). To
get the idea of this, considerfor examplethe caseof a = 2, which is not
exceptional at all when one considersprime moduli, but is exceptional
for composite moduli. For all odd numbersn but for a set of density 0,
the highest power of 2 which divides an order of an elemen in (Z=nzZ) ,
as beforecall it 2 2, has » 3. (That is, almost all numbers are
divisible by a prime that is 1 (mod 8). ) If pjn wherep 1 (mod 2 2)
(at least one such prime must divide n), then necessarily sincep 1
(mod 8), we have that 2 is a quadratic residue modulo p. Thus, 2 2
cannot divide the order of 2 in (Z=nZ) and so2 cannot be a primitiv e
root modulo n. The number of exceptional numbersn  x where this
argumert is not valid is O(x=(In x)¥*), which is o(x) as claimed.

Let E denote the set of integersa suc that either a is a nontrivial
power, or a is a squaretimes 1 or a squaretimes 2. Thus,if a2 E,
then Na(x) = o(x). The set E should then stand as a candidate for the
exceptional set in a generalization of Artin's conjecture for composite
moduli.

But beyond this exceptional set, the rst author in [9] was able to
show that for any integer a, we have

.1 .
I|;T!11|nf ;Na(x) =0 D)

Moreover, this result was obtained on a set of real numbers x that is
independent of the choice of a, in some sense. That is, there is an
unboundedset S of positive reals such that for every integer a,

. 1 o
x!lllrpxzs ;Na(x) =0
So,wede nitely donot haveN,(x) B (a)x for apositive number B (a),
not for any integer a.
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With thesethoughts in place,the rst author in [7] madethe conjec-
ture that if ais a xed integer not in E, then there is a positive number
B (a) with

lim sup}Na(x) = B(a):
x!1 X

Recerly, see[11], we have been able to prove this conjecture, under
assumption of the GRH. In fact, we have beenable to show that there
is an unbounded set S° of positive reals and a positive constart ¢ suc
that for ead integer a 62E,

, 1 " (ja))
limsup —Nga(x c————:
x11 ;XZF;OX a( ) a4

(2)

One might askabout the weak Artin conjecture for composite moduli.
Actually on this question, it is indeed possibleto unconditionally prove
that there are in nitely many n with primitiv e root a for many values
of a. For example,take a = 2. We have that 2 is a primitiv e root for
all of the numbers 3. In general,if a is a primitiv e root for p2, where
p is an odd prime, then a is a primitiv e root for pl for every j. Other
examples: Any number a 3 (mod 8) is a primitiv e root for all of the
numbers 2. What is still unsolved, and may be tractable without the
GRH: Givenan integera that is not a squarenor 1, arethere in nitely
many squarefreeintegersn with primitiv e root a?

Local densities and a stronger conjecture

Let us rst consideran easierquestion. Given a xed prime g and a
xed integera 62, what is the distribution of the setof natural numbers
n coprime to a suc that the power of g in the order of a in the group
(Z=nz) is aslarge as possibleover all elemerns in the group? Say the
number of such integersn  x is Ng(x). This problem, see[11], can be
analyzed unconditionally, giving
' (ia))

d(x) =
Nz (x) = (1+ o(1)) ia

X(1 Fqg(x));

where

= ! Inlnx exp = InInx
'(d) gt " (d)
As with the coin-ip problem, the density 1  F4(x) doesnot tend to a
limit asx! 1 . It is possibleto show that

nq
o

p3
Fq(x) = exp
j=0

o . 1
|I)ET!]1Ianq(X) ; Ilrxr!llsuqu(x) E}’
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asq! 1 . By choosinga sequenceof x-valueswhereF4(x) c=goccurs
for many small primes q, it is possibleto prove (1). It is also possibleto
choosea sequenceof x-valueswhere Fq(x) = O(1=qln q) for most small
primes q, but this is not su cien t for (2), sincelarger primes g can spoil
the result. To shaw that larger primes usually do not posetoo great an
in uence, the GRH comesinto play.

Let

R exp(t=g **
o . pt=¢™) 1 .
Fq = liminf Fqe(x) = tlgfojzl exp=(d g D)’ @)
(Notice that the function of t is invariant under t 7! tq.) It seems
reasonableto conjecture that the upper density B (a) may be taken as
" (jaj)3aj, where v
= (1 Fg 0326

q
aconjecturemadein [11]. That is, it is conjecturedthat for every integer
a not in E,

, 1 " (jaj)

lim sup—Ngz(x) = —; 4

m supy a(x) ial (4)
and that this limsup is attained on a set of positive realsindependert of
the choice of a. Note that for the number cin (2), we do have ¢ 1in
fact this is unconditional. That is, for every integera 6 0,

. 1 " (&)

lim sup—Na(x !

m pX a(Xx) jai

Let tq be avalue of t in [1;g) wherethe inm um in (3) occurs. Then
ty= Ing+ Inlng+ o(1) asq! 1. If x! 1 in sud away that the
fractional part of InInIn x=In g tends to the fractional part of Intg=In g,
then Fq(x) ! Fq. Part of the problem in shawing the conjecture (4) is
to shaw that there is an unboundedsequenceof valuesof x suc that si-
multaneously, for all small primes g, the fractional part of Inininx=Inq
approadiesthe fractional part of Intq=Ing. That suc a sequenceof x-
values exists follows from Schanuel's conjecture in transcendenal num-

dependert. It would follow that the real numbers1=Inq;:::;1=In g are
linearly independent over the rationals, allowing simultaneous diophan-

modulo 1. Howewer, even with Sdcanuel's conjecture and the GRH,
there still seemsto be somedi culties with the stronger conjecture.
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Perhapssomewhatmore tractable may bethe conjecture from [9] that
for a xed integer ag not in E, the individual count N4, (x) is asymptot-
ically equalto the averagecount over all integersa in [1;x]. That is, as
x! 1,

1 X
Nao(x) = (1+ o(1)) Na(x):
1 a x
We closewith another conjecture that is perhapstractable:

_ 1 X 6
lim sup — Na(x) = —:
xi1 X 1 a x
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