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Abstract

Here, we give upper and lower bounds on the count of positive
integers n < z dividing the nth term of a nondegenerate linearly
recurrent sequence with simple roots.



1 Introduction

Let {uy, }n>0 be a linear recurrence sequence of integers satisfying a homoge-
neous linear recurrence relation

Un+k = Q1Up+k—1 + -+ ag—1Un41 + Qg Unp, for n= 07 17 R (]-)

where aq, ..., a; are integers with a; # 0.
In this paper, we study the set of indices n which divide the corresponding
term wu,,; that is, the set:

Noy={n>1": n|u,}.

But first, some background on linear recurrence sequences.
To the recurrence (1), we associate its characteristic polynomial

m

fuX) = XF —ay X =~ X —a = [ (X — )7 € Z[X],
i=1

where ay,...,a, € C are the distinct roots of f,(X) with multiplicities
O1,...,0m, respectively. It is then well-known that the general term of the
recurrence can be expressed as

Up, = ZAi(n)oz?, for n=0,1,..., (2)

i=1

where A;(X) are polynomials of degrees at most o; —1 for i = 1,...,m, with
coefficients in K := Q|ay, ..., an]. We refer to [6] for this and other known

facts about linear recurrence sequences.

For upper bounds on the distribution of N, the case of a linear recurrence
with multiple roots already can pose problems (but see below). For example,
the sequence of general term u, = n2" for all n > 0 having characteristic
polynomial f,(X) = (X — 2)? shows that A, may contain all the positive
integers. So, we look at the case when f,(X) has only simple roots. In this
case, the relation (2) becomes

k
un:ZAia” for n=0,1,.... (3)

)
=1



Here, Ay,..., Ay are constants in K. We may assume that none of them
is zero, since otherwise, a little bit of Galois theory shows that the integer
sequence {u, },>o satisfies a linear recurrence of a smaller order.

We remark in passing that there is no real obstruction in reducing to the
case of the simple roots. Indeed, let D € N be a common denominator of all
the coefficients of all the polynomials A;(X) for i = 1,...,m. That is, the
coefficients of each DA; are algebraic integers. Then

m

Du,, = Z DA;(0)a} + > D(A;(n) — Ay(0))a].

i=1

If n € Ny, then n | Du,. Since certainly n divides' the algebraic integer

it follows that n divides > " DA;(0)af. If this is identically zero (i.e.,
A;(0) =0 for all ¢ = 1,...,m), then we are in an instance similar to the
instance of the sequence of general term w,, = n2" for all n > 0 mentioned
above. In this case, N, contains at least a positive proportion of all the

positive integers (namely, all n coprime to D). Otherwise, we may put

m

wn:ZDAi(O)o/-1 for n=0,1,....

A bit of Galois theory shows that w, is an integer for all n > 0, and the
sequence {wy }n>o satisfies a linear recurrence relation of order ¢ := #{1 <
i < m : A;(0) # 0} with integer coefficients, which furthermore has only
simple roots. Hence, N, C N, and therefore there is indeed no loss of
generality when proving upper bounds in dealing only with linear recurrent
sequences with distinct roots.
We put
Ayi= ][] (0i—ay)?=disc(f.) (4)

1<i<j<k

'Here, for two algebraic integers o and 8 and a positive integer m we write a = 3
(mod m) to mean that (o — 8)/m is an algebraic integer. When 3 = 0 we say that m
divides «.



for the (nonzero) discriminant of the sequence {uy, },>0, or of the polynomial
fu(X). It is known that A, is an integer. We also assume that (u,),>¢ is
nondegenerate, which means that «;/c; is not a root of 1 for any 1 < i <
j < m. Throughout the remainder of this paper, all linear recurrences have
only simple roots and are nondegenerate.

When k =2, up =0, u; = 1 and ged(ag, as) = 1, the sequence {uy}n>o
is called a Lucas sequence. The formula (3) of its general term is

un:u, for n=0,1,.... (5)
a1 — Q9
That is, we can take A; = 1/(cy — ag) and Ay = —1/(aq — ap) in the

formula of the general term (3). In the case of a Lucas sequence (uy),>o0,
the fine structure of the set NV, has been described in [18] (see the references
therein and particularly [8]). We also note that divisibility of terms of a
linear recurrence sequence by arithmetic functions of their index have been
studied in [13] (see also [12] for the special case of Fibonacci numbers).

For a set A and a positive real number = we put A(z) = AN [1,z].
Throughout the paper, we study upper and lower bounds for the number
#N,(x). In particular, we prove that N, is of asymptotic density zero.

Observe first that if & = 1, then u, = Aad} holds for all n > 0 with
some integers A # 0 and a; ¢ {0,£1}. TIts characteristic polynomial is
fu(X) = X —ay. It is easy to see that in this case #N,(z) = O((log z)*xD),
where for an integer m > 2 we use w(m) for the number of distinct prime
factors of m. So, from now on, we assume that k£ > 2.

Note next that for the sequence of general term w, = 2" — 2 for all
n > 0 having characteristic polynomial f,(X) = (X — 1)(X — 2), Fermat’s
little theorem implies that every prime is in N, so that the Prime Number
Theorem and estimates for the distribution of pseudoprimes? show that it
is possible for the estimate #N,(z) = (1 + o(1))z/logx to hold as z — oo.
However, we show that #MN,(x) cannot have a larger order of magnitude.

Theorem 1. For each k > 2, there is a positive constant co(k) depending
only on k such that if the characteristic polynomial of a nondegenerate lin-
ear recurrence sequence {un}n>o0 of order k has only simple roots, then the

2A pseudoprime is a composite number n which divides 2" — 2. The paper [14] shows
that there are few odd pseudoprimes compared with primes, while [10] (unpublished) does
the same for even pseudoprimes.



estimate
T

#Nu(w) < Co(k)logx

holds for x sufficiently large.

In case of a Lucas sequence, we have a better bound. To simplify no-
tations, for a posititive integer ¢ we define log,x iteratively as log; x =
max{logz, 1} and for £ > 1 as log, z := log; (log,_; ). When ¢ = 1 we omit
the index but understand that all logarithms are > 1. Let

L(z) := exp (/log wlog, v ) (6)

Theorem 2. Assume that {u,}n>0 is a Lucas sequence. Then the inequality
x
#Nu(z) < L(@)trom (7)

holds as © — 0.

It follows from a result of Somer [19, Theorem 8| that N, is finite if and
only if A, =1, and in this case NV, = {1}.

For Lucas sequences with as = 41, we also have a rather strong lower
bound on #MN,(z). Our result depends on the current knowledge of the
distribution of y-smooth values of p?> — 1 for primes p, that is values of p? — 1
which do not have prime divisors exceeding y. We use II(x,y) to denote the
number of primes p < z for which p? — 1 is y-smooth. Since the numbers
p?> — 1 with p prime are likely to behave as “random” integers from the
point of view of the size of their prime factors, it seems reasonable to expect
that behavior of II(x,y) resembles the behavior of the counting function for
smooth integers. We record this in a very relaxed form of the assumption
that for some fixed real v > 1 we have

(y",y) >yt (8)

as y — oo. In fact, a general result from [3, Theorem 1.2] implies that (8)
holds with any v € [1,4/3).

Theorem 3. There is a set of integers L such that L C N, for any Lucas
sequence u with as = +1, and such that if (8) holds with some v > 1, we
have

#N () > #L(x) > W

as x — oo, where

v:=1-1/v.



In particular, since as we have already mentioned, any value of v < 4/3
is admissible, we can take

9 =1/4.

Furthermore, since (8) is expected to hold for any v > 1, it is very likely that
the bound of Theorem 3 holds with ¢ = 1.
Finally, we record a lower bound on #A (z) when ay # £1 but A, # 1.

Theorem 4. Let {u,},>0 be any Lucas sequence with A, # 1. Then there
exist positive constants c¢; and xo depending on the sequence such that for
T > 1o we have

H#N,(z) > exp(ci(logy )?).

Throughout the paper, we use x for a large positive real number. We use
the Landau symbol O and the Vinogradov symbol < with the usual meaning
in analytic number theory. The constants implied by them may depend on
the sequence {u, },>0, or only on k. We use co, ¢y, ... for positive constants
which may depend on {uy,},>0. We label such constants increasingly as they
appear in the paper.

2 Preliminary results

As in the proof of [6, Theorem 2.6], put
Du(l’l, e ,ZEk> = det(afj)1§i7j§k.

For a prime number p not dividing ay, let T, (p) be the maximal nonnegative
integer 1" with the property that

pt [ max{l,|Nkg(Du(0,22,....20))[}.

0<w2,...cp <T

It is known that such 7" exists. In the above relation, o, ..., x) are integers
in [1,77], and for an element a of K we use Ng/g(c) for the norm of a over
Q. Since ay, ..., qy are algebraic integers in K, it follows that the numbers
Nk jo(Dy(0, 22, ..., 21)) are integers.

Observe that T,(p) = 0 if and only if £ = 2 and p is a divisor of A, =
(a1 — ag)?.



More can be said in the case when {u, },>o is a Lucas sequence. In this
case, we have

INie/o(Du(0,22))] = 05 — a7?[* = |Au[*[ug, [, 22=1,2,....

Thus, if p does not divide the discriminant A, = (a; — as)? = a? + 4ay of
the sequence {uy, }n>0, then T,,(p) + 1 is in fact the minimal positive integer
¢ such that p | uwe. This is sometimes called the index of appearance of p
in {u,}n>0 and is denoted by z,(p). The index of appearance z,(m) can
be defined for composite integers m in the same way as above, namely as
the minimal positive integer ¢ such that m | uy. This exists for all positive
integers m coprime to ay, and has the important property that m | w,, if and
only if z,(m) | n. For any v € (0, 1), let

Puy=1{p : Tulp) <p"}.

Lemma 1. For x7,y > 2, the estimates

k xk’y

L #P., (@) <

logy

#Hp: Tup) <y} < o

hold, where the implied constants depend only on the sequence {uy}n>0-

Proof. 1t is clear that the second inequality follows immediately from the
first with y = 27, so we prove only the first one. Suppose that T,(p) < y.
In particular, there exists a choice of integers zs, ...,z all in [1,y + 1] such
that

p | max{l, |Ng/o(Du(0,22,...,2x))|}.
This argument shows that
H p | H max{la|NK/Q(DU(075E2""7$k))|}‘ (9)

Tu(p)<y 1<z, .z, <y+1

There are at most (y + 1)¥~1 = O(y*~!) possibilities for the (k — 1)-tuple
(xg,...,2x). For each one of these (k — 1)-tuples, we have that

[Nk /o(Du(0; 22, ... 21))| = exp(O(y)).

Hence, the right hand side in (9) is of size exp(O(y*)). Taking logarithms in
the inequality implied by (9), we get that

> logp=0(y).

Tu(p)<y



If there are a total of n primes involved in this sum and if p; denotes the ith
prime, then

> logp; = O(y"),
=1

so that in the language of the prime number theorem, 8(p, ) < y*. It follows
that p, < y* and n < y*/(klogy), which is what we wanted to prove. [

The parameter T, (p) is useful to bound the number of solutions n €
[1,z] of the congruence u,, = 0 (mod p) (see [17] and [6, Theorem 5.11]).
The following result, whose proof is similar, relates T, (p) to the solutions to
Unp = 0 (mod p).

Lemma 2. There exists a constant ca(k) depending only on k with the fol-
lowing property. Suppose that {u,}n>o is a linearly recurrent sequence of
order k satisfying the recurrence (1). Suppose that p is a prime coprime to
arA, and to the denominators of the numbers A; in (3). Assume that there
exists a positive integer s such that ug is coprime to p. Then for any real
X > 1 the number of solutions R(X,p) of the congruence

Upp =0 (mod p) with 1<n<X

satisfies the bound

X
R,(X,p gck< —i—l).
Proof. By a result of Schlickewei [15] (see also [16]) there is a constant C'(k),
depending only on k, such that for any Bj,..., By € K, not all zero, the
equation

has at most C'(k) solutions in positive integers x.
Let wy, = Uy, so that {w,},>0 is also a linearly recurrent sequence of

order k that is clearly closely related to u. Note first that if aq,...,a, are
the characteristic roots of {u,},>0, then of,...,af are the characteristic

roots of {wy,}n>0. Hence,



Observe that T, (p) exists because p does not divide ay. Further, from the
following calculation:

Nisa(Dular,- . a1)) = Nigja(det(al™)) = Nigjgldet(a))"  (mod p)
= (Nk/o(Du(@1, ..., 2x))"  (mod p),
we conclude that if 0 < z9 < --- < x are any positive integers, then p divides
Nk jo(Dy(0, 22, . .., 21)) if and only if p divides Ng/q(Dw(0, 22, ..., x)).

Let Z be any interval of length T),(p) and n; < ... < ng be all the integers
n € Z such that w, =0 (mod p). Then we have

k
ZAiaﬁijO (mod p), j=1,2,....,¢
i=1

We re-write each congruence as

k
Z(Aiafnl)af(nj_nl) 0 (mod p), j=1,2,...,¢ (10)

i=1

Let m be any prime ideal dividing p in Og. We view the “unknowns” A;af™
in the residue ring O /7Ok. By assumption, no denominator of Ay, ..., A
is in 7. Since u is not identically 0 (mod p), not all A; are in 7, so the above
solution (A;af™) is nonzero in (O /TOk)E.
Assume that
(> C(k)+ k. (11)

Put z; = 0 and out of the set Xp = {n; —n; : j=2,...,¢} choose 25 € X,
with

det(a;")1<i,j<2 # 0.
This is possible by the above result of Schlickewei [15] since #Xy = ¢ —1 >
C(k)+k—1>C(k). For k > 3, put X5 = & \ {22} and choose z3 € X
with

det(e;")1<ij<s # 0,
which is still possible since #X3 = ¢ —2 > C(k) + k —2 > C(k). and by the
choice of x5 this is a nontrivial exponential equation in x3. Continuing like
this, after k — 1 steps, we obtain xs, ...,z € X with

D0, 9, ..., 2x) 2 0, (12)



However, by (10), we have 7 | D,(0, xo, ..., z), therefore

p | NK/@(T() | NK/Q(DM(Oax%' .- 7wk))7

which is impossible by the definition of T, (p) and the condition (12). Hence,
the inequality (11) is false and the result follows. O

When {u,}n>0 is a Lucas sequence, we put

Quay=1p : 2lp) <P}

The remarks preceding Lemma 1 show that #Q,, () = #P,(x)+O0(1).
Hence, Lemma 1 implies the following result.

Lemma 3. For x > 1, the estimate

x2

#Q,,(7) K

log x
holds, where the implied constant depends only on the sequence {uy,}n>o.

As usual, we denote by ¥(x,y) the number of integers n < x with P(n) <
y. By [2, Corollary to Theorem 3.1], we have the following well-known result.

Lemma 4. For x > y > 1, the estimate
U(z,y) = zexp(—(1+ o(1))vlogv)
uniformly in the range y > (logxz)?* as long as v — oo, where

v = (logz)/(logy).

3 The proof of Theorem 1

We assume that x is large. We split the set NV, (x) into several subsets. Let
P(n) be the largest prime factor of n and let y := x/198108%_ Tet

N(z) == {n<z : P(n) <vy};
No(z) = {n<z : ngN(z)and P(n) c Pu,l/(kJrl)};
Nifa) = N@)\ (VM)

10



We now bound the cardinalities of each one of the above sets.
For Ni(z), by Lemma 4, we obtain

#Ni(x) =V (z,y) = xexp(—(1 4+ o(1))vlogv) = o (lozx) (13)

as r — 00, where

_ logx

~ logy
Suppose now that n € N3(z). Then n = pm, where p = P(n) >

max{y, P(m)}. In particular, p < x/m therefore m < xz/y. Since we also

have p € Py1/(k+1)(x/m), Lemma 1 implies that the number of such primes

v = loglog x.

p < x/mis O ((x/m)k/(k+l)>, where the implied constant depends on the

sequence {uy }n>0. Summing up the above inequality over all possible values
of m < z/y, we get

1 ¢y ¢
k/(k+1) k/(k+1)
#No(z) < x E : R ST / 1h/(k+1)
1<m<z/y ! (14)
(k4 1)ty | T
S ey

Now let n € N3(z). As previously, we write n = pm, where p = P(n) > y.
Thus, m < z/p < z/y. Since n € N,, we have that n | u,, therefore p | u,.
Furthermore, T},(p) > p*/*+Y_ We fix p and count the number of possibilities
for m, using Lemma 2. We assume that x, hence y, hence p, is sufficiently
large. Thus, p 1 u, for some s > 0, since u is not identically 0. Further, we
may assume the other hypotheses of Lemma 2 hold as well, using again that
x is sufficiently large. Thus, by Lemma 2 the number of integers m < z/p
for which ,,, =0 (mod p) satisfies

Ru(a/p.p) < es(k) (pr<p) n 1) | (15)

Since n € Nj3(z), we have that T,(p) > p*/*+Y. The inequality (15) now
guarantees that the number of choices for m once p is fixed is

xZ
Ry(z/p.p) < ca(k) <p1+1/(k+1) + 1) '

11



To summarize, we have

Naz) < Y eolk) (WJrl)

1
ca(k) (W(CL’) +2x Z m)

y<p

< dt
ca(k) (W(I)H /y m)

IA

IN

Therefore k1t 1)
+
Ni(2) < es(k) (ﬂx) +0 <W’f+§>) . (16)
Comparing (13), (14) and (16), we get that

V) < b0+ e +0 () 07

as * — 00, where the implied constant depends on the recurrence {u, },>o.
By our choice of y as x'/1°81°8% the second and third terms on the right side
of (17) are both o(w(x)) as x — oo, so we have the theorem.

4 The proof of Theorem 2

We divide the numbers n € N, (z) into several classes:
(i) Mi(z) := {n € N(z) : P(n) < L(x)"?};
(i) Na(z) :={n € N,(z) : P(n) > L(z)*};
(iif) Ns(z) == No(z) \ Ni(z) UN2(2)).

It follows from Lemma 4 that

T

#MN(2) < Wz, L(z)"/?) < L0

as r — OQ.

For n € N, and p | n, we have n = 0 (mod p) and n = 0 (mod z,(p)).
For p not dividing the discriminant of the characteristic polynomial for v (and

12



so for p sufficiently large), we have z,(p) | p £ 1, so that ged(p, z,(p)) = 1.
Thus, the conditions n € Ny, p | n, and p sufficiently large jointly force n = 0
(mod pz,(p)). Hence, if p is sufficiently large, the number of n € N, (z) with
P(n) = pis at most V(z/pz,(p),p) < x/pz.(p).

Thus, for large =,

#No(r) < D = Y “”+Z

p>L(z)? pu(p) p>L(x)? pzu(p)
zu(p)<L(x) zu(p) >L(x)

pzu(p

The first sum on the right has, by Lemma 1, at most L(x)? terms for x large,
each term being smaller than z/L(z)3, so the sum is bounded by x/L(z).
The second sum on the right has terms smaller than x/pL(x) and the sum
of 1/p is of magnitude loglog x, so the contribution here is z/L(z)'*°(") as
x — oo. Thus, #Ns(z) < x/L(z)"*°W as 2 — oo.

For any nonnegative integer j, let I; := [27,277!). For N3, we cover I :=
[L(x)'/2 L(z)%) by these dyadic intervals, and we define a; via 27/ = L(z)%.
We shall assume the variable j runs over just those integers with I; not
disjoint from I. For any integer &, define P;;, as the set of primes p € I; with
zu(p) € I. Note that, by Lemma 1, we have #P;; < 4*. We have

LIRS DD VRES B 3D WY PR Ny

Jjk pEP; ik neN,(x) J k pEPjk

P(n)=p
< ZZ Z 1/2aj+o( )’

J k peP; k

as * — oo, where we have used Lemma 4 for the last estimate. For k > j/2,
we use the estimate

2

pEP] k

<2’“Z <9k

pzu( pEI

for x large. For k < j/2, we use the estimate

13



since there are at most order of magnitude 4* such primes, as noted before.
Thus,

2.2

k pePjk

pzu
k>j/2 peP;, k k<]/2p€7’ k
< 2792 = L(aj)_aﬂ'/?.

We conclude that

#N3(x Z a]/2+1/2a7+0( ) as T — 00.

Since the minimum value of ¢/2 + 1/(2t) for ¢t > 0 is 1 occuring at t = 1, we
conclude that #N53(x) < x/L(z)'*°") as & — co. With our prior estimates
for #N1(z) and #N5(x), this completes our proof.

It is possible that using the methods of [5] and [7] a stronger estimate
can be made.

5 The proof of Theorem 3

Since a; = +1, it is easy to see that the sequence u is purely periodic modulo
any integer m. So, the index of appearance z,(m) defined in Section 2 exists
for all positive integers m. Further, by examining the explicit formula (5)
one can see that for any prime power g = p* we have

2 (p") | zu(p)p" " (18)

In fact this is known in much wider generality.
Now, for any real number y > 1 let

M, :=lem[m: m <yl

We say that a positive integer n is Lucas special if it is of the form n =
2sM, for some y > 3 and for some squarefree positive integer s such that
ged(s, My,) =1 and for every prime p | s we have p* — 1 | M,. Let £ denote
the set of Lucas special numbers.

We now show that £ C N, for any Lucas sequence u with ay = £1. To
see this it suffices to show for any n = 2sM, € £ and for any prime power
q | n, we have z,(q) | n. This is easy for ¢ | s, since then ¢ = p is prime and

14



either z,(p) = p (in the case p | A,) or z,(p) | p £ 1 (otherwise). And since
p? — 1| M, we have z,(p) | n in either case.
If ¢ | 2M,,, we consider the cases of odd and even ¢ separately.

e When ¢ is odd, we have q | M, so ¢ < y. Write ¢ = p* with p prime,
so that (18) implies z,(q) | (p — 1)p*~,p* or (p + 1)p*~t. We have
pF ! <yandif p+1 <y, then z(q) | M,. The only case not covered is
p+l>y(ope(y—1y), k=1, z,(p) =p+1. Writep+1=2/m
where m is odd. Then 27 | 2M,, and m | 2M,, so p+ 1 | 2M,,. Thus, in
all cases, z,(q) | 2M, so z,(q) | n.

e When ¢ = 2" is a power of 2 with ¢ | 2M,, then since z,(2) € {2,3},
we see from (18) that either z,(2%) | 2% or 2,(2%) | 3-2%71. Since y > 3,
in either case we have z,(q) | 2M,,.

We now use the method of Erd6s [4] to show that the set L is rather
large. For this we take

log x
U P
og log x
We say that ¢ is a proper prime power if ¢ = ¢* for a prime ¢ and an integer
k> 2.
We define P as the set of primes p such that:

e pely+1,2];
e p? — 1 is y-smooth;
e p?> — 1 is not divisible by any proper prime power q > y.

Note that if ¢ is a proper prime power and ¢ | p? — 1, then ¢q | p £ 1,
unless ¢ is even, in which case ¢/2 | p £ 1. Since trivially there are only
O(t/2) proper prime powers ¢ < ¢, there are only O(zy~'/?) primes p < z
for which p? — 1 is divisible by a proper prime power ¢ > y. Thus, recalling
the assumption (8), we obtain

#P > (z,y) —y + Ozy™/?) = 21+,

provided that x — oo.
It is also obvious that for any squarefree positive integer s composed out
of primes p € P, the integer n = 2sM,, is Lucas special.

15



We now take the set £,(x) of all such Lucas special integers n = 2sM,,
where s is composed out of

{logaz — QyJ
ri=|———
log 2

distinct primes p € P. Since by the prime number theorem the estimate
M, = exp((1+ o(1))y) holds as z — oo, we see that for sufficiently large x
we have n < x for every n € L,(z).

For the cardinality of £,(z) we have

4L, (x) > <#P> > (#—7’)

r r
Since
B log x #P _
= 1 1 d — (1 v—140(1)
r= (v +o( ))loglogm an . (log x)

as r — 00, we obtain #L,(x) > x'~1/v+°(1) a5 2 — co. Noting that £,(z) C
L(z) concludes the proof.

6 The proof of Theorem 4

Since A, = 0,1 (mod 4) and A, # 0, 1, it follows that |A,| > 1. Let r be
some prime factor of A,. Then r* € N, for all £ > 0 (see [11, Pages 210
and 295]). We let k be a large positive integer and look at wu,x+4. By Bilu,
Hanrot and Voutier’s primitive divisor theorem (see [1]), u, has a primitive
prime factor for all n > 31. Recall that a primitive prime factor of w, is
a prime factor p of u, which does not divide A,u,, for any positive integer
m < n. Such a primitive prime factor p always satisfies p = £1 (mod n).
Since there are at most 5 values of £ > 0 such that 7* < 30 for the same
integer r > 1, and since u,, | u, if m | n, we conclude that wu,x+s has at
least 7(r**4) — 5 = k distinct prime factors p # r, where 7(m) is the number

of divisors of the positive integer m. Let them be p; < -+ < pg. Assume
that |o;| > |ag|. For large n, we have that |a;|"/? < |u,| < 2|aq|™ (see [6,
Theorem 2.3]). If 3, ..., (B are nonnegative exponents such that
1 k+4
Bi < log(z/r™™) ),
k log p;
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then 7*4plt ... plt < 2 is in N, (see [11, Page 210]), so it is counted by
#N,(z). Hence,

#Nu(z) > é Q%J N 1) N (log(xérk+4))k . .

%
i:llogpz'
o (Jog(a/r+h) \*
— \2rfttlog |aq| )

where the last inequality follows from the mean value inequality

kl < 1 k 1 ’ < log(|urk+4|) F
H 0g P = EZZI 0g Pi S - 5
(r’““ log || + log Q)k
<
k
(27”“*4 log | a1 | > g
< —]{Z ,

for £ > 2. In the above, we have also used the fact that |u,| < 2|a;|™ holds
for all n > 1 with the choice n := r*™. Let c3 := 2log |a;|. The above lower
bound is

N> (18 o (B)) 2 (Jogr Y (1o (22
i) = rkticg rk -\ rktie, log
log F
> (m)

provided that

k= o(y/logz), (19)

as r — 00, which is now assumed. So, it suffices to look at

logz \"
(Tkic?)) = exp (klog(logz/c3) — k(k + 4)logr) .

Let A := log(logxz/c3). In order to maximize the function f(y) := yA —
y(y + 4)logr, we take its derivative and set it equal to zero to get A —
2ylogr — 4logr = 0, therefore y = (A — 4logr)/(2logr) = A/(2logr) — 2.
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Thus, taking k := |A/(2logr) — 2] (so that (19) is satisfied), we get that
F(k6) = Fy) + O(f'(4) = A*/(41og ) + O(A), hence

#N,, () > exp ((bg(ioliigv?/nc?)))z

(loglog x)?
=exp [ ——
4logr

+ O(log log x))
+ O(log log x)) )

which implies the desired conclusion with any constant ¢; < 1/(4logr).

7 Remarks

We end with a result showing that it is quite possible for #N,(z) to be large
under quite mild conditions. Observe that the sequence u,, = 2" — 2 has the
property that u; = 0. Here is a more general version of this fact.

Proposition 1. Let k > 2 and {u,}n>0 be a linearly recurrent sequence of
order k satisfying recurrence (1). Assume that there exists a positive integer
ng coprime to ay such that u,, = 0. Then

4N(z) > o/ log,
where the implied constant depends on the sequence {uy,}n>o-

Proof. Since ng is coprime to ag, it follows that {u,},>¢ is purely periodic
modulo ngy. Let t,, be this period. Now, let R, be the set of primes p =1
(mod t,,) such that f,(X) splits into linear factors modulo p. Alternatively,
R, is the set of primes p such that the polynomial f,(X)(X™o — 1) splits
into linear factors modulo p. The set of such primes has a positive density
by the Chebotarev density theorem. We claim that

S. C N, (20)

where
Sy = {pno:p € R, and p > ng|A,|}.

The above inclusion implies the desired bound since then

#N(z) > #Ry(x/no) + O(1) > z/log x.
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So, let us suppose that p > ng|A,| is in R,. Then p = 1 (mod t,,),
therefore p = 1 + A, for some positive integer A\. Thus, png = ng + Anoty,
and since {uy, },>1 is purely periodic with period ¢,, modulo ng, we get that

Upny = UngtAngtn, = Uny = 0 (mod ng). (21)

Next, observe that since the polynomial f,(X) factors in linear factors mod-

ulo p, we get that of = «; (mod p) for all i« = 1,..., k. In particular,
o —

o™ = af® (mod p) for all i = 1,... k. Since the denominators of the co-

efficient A;, i = 1,...,k, in (3) are divisors of A, and p > |A,|, it follows
that such denominators are invertible modulo p, therefore A4;af™ = A;a}°

(mod p) for all i = 1,..., k. Summing up these congruences for i = 1,... k,
we get
k k
Upny = Z Ao = Z Aial® =up, =0 (mod p). (22)
i=1 i=1

From the congruences (21) and (22), we get that both p and ng divide wu,,,
and since p is coprime to ng, we get that png | upn,. This completes the proof
of the inclusion (20) and of the proposition. O

The condition that ng is coprime to ay is not always necessary. The con-
clusion of Propositon 1 may hold without this condition like in the example
of the sequence of general term

U, = 10" -7 —-2-5" -1 for all n >0,
for which we can take ng = 2. Observe that k = 4,
Ju(X) = (X = 10)(X = 7)(X = 5)(X — 1),

and ng is not coprime to ay = —350, yet one can check that the divisibility
relation 2p | ug, holds for all primes p > 11. We do not give further details.

Let M, (x) be the set of integers n < x with n | u, and n is not of the
form png, where p is prime and u,, = 0. It may be that in the situation of
Theorem 1, we can get a smaller upper bound for #M,,(x) than for #N,(z).
We can show this in a special case.

Proposition 2. Assume that {u,}n,>0 is a linearly recurrent sequence of
order k whose characteristic polynomial splits into distinct linear factors
in Z[X]. There is a positive constant c4(k) depending on k such that for

all sufficiently large x (depending on the sequence u), we have #M,(x) <
x/L(z)®),
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Proof. Let y = L(z). We partition M, (z) into the following subsets:

Mi(z) = {neMy(x): P(n) <y}
Ms(z) = {n € M,(z): thereis a prime p | n, p >y, pT.(p) < ka};
As in the proof of Theorem 2, we see that Lemma 4 implies that #M;(z) <

x/L(z)Y?°W) as 1 — oo.
As in the proof of Theorem 1,

HMy(r) < Y (}%@+1)<<Z

y<p<z y<p<wz
Ty (p) <kx

pTu(p)

We break this last sum according as p € Py 1/(k+1) and p € Py 1/(k+1), respec-
tively. Lemma 1 shows that #7P, 1/441)(t) < tk/+1) [1og t. Thus,

T T T
Z pTu(p) < Z ; < YL/ (k1)

y<p<z y<p<z
PEPu1/(k+1) PEPu1/(k+1)
and 1
T T xlogy
DI i
— 1/(k+1) 1/(k+1)
Sz, Pulp) S vy Yy
PEPu1/(k+1)
Hence,
T
#Ms(x) < as T — 00.

L(z)V/k+D)+o(1)

Suppose now that n € Ms(z). Let p | n with pT,,(p) > kz. Using as
before the notation ¢, for the period of v modulo p, as well as the fact that
Tu(p) < kt, and t, | p — 1 (since f, splits in linear factors over Q[X]), we
have

kx < pT,(p) < kpt, < kp?,

so that p > /x. Thus, n can have at most one prime factor p with pT,(p) >
kx. So, if n € M3(x), we may assume that n = mp where p > /x > m, and
P(m) < y. Further, we may assume that wu,, # 0. Since p | upn, and t, | p—1,
we have p | u,,. Now the number of prime factors of u,, is O(m). Since the
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number of n € Mj(x) with such a prime p | n is O(x/(pT.(p)) + 1) = O(1),
we have

X
#Mg(I) < Z m < \/E\I’(\/E, y) = m as r — 00,
m<\/z
P(m)<y

using Lemma 4.
We conclude that the result holds with ¢4(k) := min{1/5,1/(k + 2)},
say. O

Finally, we note that for a given non-constant polynomial g(X) € Z[X]
one can consider the more general set

Nug:={n>1: g(n)|u,}

We fix some real y < z'/2 and note that by the Brun sieve (see [9, Theo-
rem 2.3]), there are at most

1
N <z ( Ogy) (23)
log x

values of n < x such that g(n) does not have a prime divisor in the interval
[y, 2Y/?]. We also note that for a prime p not dividing the content of g, the
divisibility p | g(n) puts n in at most deg g arithmetic progressions. Thus,
using Lemma 2 as it was used in the proof of Theorem 1, the number of other
n < x with g(n) | u, can be estimated as

Z Zl<< Z ( +1)<<x Z (:r;l/z).
ey e vl velyat/?)
plun

Using Lemma 1 for any v € (0,1) and the trivial estimate T, (p) > logp, we

derive
2k 2177
((log 2)? + log z) '

27 = (zlog z)Y/(k+D)

1
ZPT( ng;

DPE[2,27]

Taking v to satisfy
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we obtain

. Z <« 2 VD) (g )=+ (+1),

T
o P (p)

Summing over dyadic intervals, we now have

Z 1 < y—l/(k+1)(log y)f(k+2)/(k:+1).

Ty
pEly,z'/?] PTu(p)
Therefore,

Ny < xy‘l/(k“)(log y)—(k+2)/(k+1) + 12 (24>
Taking, for example, y := (logz)**!, we obtain from (23) and (24) the esti-
mate

(25)

log1
BN, () < Ny + Ny < @ (&) |

log x

It is certainly an interesting question to bring the bound (25) to the same
shape as that of Theorem 1. However, the method of proof of Theorem 1
does not apply due to the possible existence of large prime divisors of g(n).
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