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Abstract

In this paperI give somedescriptionof what happensto the eigenval-
uesof the Laplacianin the as the shapefor a quantumbilliard systemis
deformedfrom thenon-chaoticcircle to thechaoticstadium.Includedis a
descriptionof themethodusedandsomeerroranalysisthereof.Also, there
aresomecoolpictures,andwouldbecoolanimationsif printedpapercould
supportit.
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1 Intr oduction

1.1 Mathematical description of the problem

Mathematically, ourproblemstatementis rathersimple.Wewishto �nd nontrivial
eigenvalues� andeigenfunctions (~r ) thatsatisfythetwo-dimensionalHelmholtz
equation

r 2 (~r ) = � (~r ); (1)

subjectto theconditionthat

 (~r ) = 0; 8~r 2 � (2)

where� is somesimpleclosedcurve in thex; y plane.For futureeaseof use,we
de�ne k with

k2 = �; k > 0

Herer 2 signi�es theLaplacianoperator. In two dimensions,this is de�ned as:

r 2u(~r ) =
�

� 2u
� r 2

1
+

� 2u
� r 2

2

�
(~r ):

1.2 Physical description of the problem

A classicalbilliard systemis justwhatonewouldexpectfromthename- aparticle
(thecueball) bouncingarounda walledsystem(thebilliard table.)Thequantum
analogueis a wave packet moving arounda 2D cavity - for example,thecueball
might now be an electron,and it is thussmall enoughthat quantumeffectsare
noticed.
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This systemis governedby the two dimensionaltime independentSchrodinger
equation:

r 2 (~r ) = En  n (~r ):

For ahardwalledcavity, wehaveDirichlet boundaryconditions:

 (~r ) = 0; 8~r 2 � ;

where� is thewall of thecavity.

Due to the restrictionimposedby the Dirichlet boundaryconditions,the energy
spectrumf Eng is discrete,andthephysicalproblemis to �nd the energy levels
andtheirassociatedeigenstates.

Also, it shouldbe notedthat the very sameconditionsgovern the vibrationsof
a tightly stretcheddrum head. For this we have an equationusingyet different
notation:

r 2u(~r ) = k2u(~r ):

Herek is proportionalto a priciple frequency of vibration.

Kac'sproblemis phrasedas"Canoneheartheshapeof adrum?"[Kac], andasks
if two differentdrumscanhave thesamefrequency spectrum.This is discussed
in [TD].

In this paperI focuson quantumbilliards, but pastsection1 everythingis really
justplainmathematics.

1.2.1 Non Chaotic systems

Oneexampleof a regularsystemis acircle (�gure 1.2.1).Theplottedeigenstates
for thecircle show a regular tendency of having small valuesin themiddle. The
correspondsto theclassicalanalogue- aparticlebouncingaroundinsidethecircle
will tendto have a trajectorythatkeepsit away from thecenter. Thesameis true
for awavepacket insidea circularquantumcavity.
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Figure1: Plotsof  2 for thecircle. Noticablein thetop �gure is thatmany orbits
for a classicalparticlestayaway from thecenter, andthequantumsystemshares
thesameproperty.
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1.2.2 Chaotic systems

A chaoticbilliard system,classically, is one in which the typical motion of a
particledoesnot have any regularity to it. Two particleslaunchedwith thesame
velocity but slightly differencepositionsin a chaoticsystemwill tend to have
verydifferentpositionsandvelocitiesin a shorttime. Also, theorbit of a particle
typically takesit acrossthewholesystem,ratherthanjust a subset,aswe seein
the circle. Figure1.2.2shows two typical eigenstatesfor the stadium. Oneof
thestatesshows quiteclearlythe"scarring"thatoccursdueto thebackandforth
bouncingmotionthatthehorizontalwallscause.Theotherstateshowsclearlythe
chaoticnatureof thestadium.It is spreadout over thewholesystem,theway a
particlewouldbounceover thewholesystem.

1.3 About the restof the paper

Section2 describesbitsof whathappensto theeigenvaluesandeigenstatesof the
circle at it is deformedinto a stadium. Section3 describesthe methodthat was
usedto �nd this data.Section4 analyzestheerrorof thenumericalmethodused
by comparingthe found valuesfor the circle to their analyticallyknown actual
values.Section5 is usedfor somenice picturesandtableswhich arebetterleft
outof themaintext.

2 The deformation of the circle into the stadium

Thesectionis currentlypresentedas�gures with captions.

3 The numerical method

3.1 High level overview

Themethodusedis discussedin full generalityin [AB] chapter5. HereI discuss
speci�cally themethodsthatwereusedfor this paper, andperhapsgive a gentler
introductionto thegeneralmethod.
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Figure2: Plotsof  2 for thestadium.Thetopshowsthe"scarring"thatoccursdue
to thelikelihoodof a particlespendingtime bouncingfrom thetop to thebottom
of thestadium.Thebottomplot, however, looksmorelikearandomsuperposition
of planewaves. As theenergy level increases,we seemoreeigenstateslike this,
whichwewill never �nd in thecircle.
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Figure3: Changein eigenvaluesasthecircle is deformedinto thestadium.Many
crossingsand avoided crossingsare apparent. Someeigenvaluesdecreaseto-
gether, evenlyspaced,while othersinterferewith eachother, resultingin achange
of theoverall distribution of theeigenvalues.Therandomdotswhich areoutside
of any curveoccurfrom errorsin thesearch,andarenotactualeigenvalues.
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Figure4: A crossingandanavoidedcrossing.Associatedeigenstatesfor lettered
pointsareshown in otherplots. The scatteredplots aremost likely a result of
errorsin thecodethatsearchesfor eigenvalues.
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Figure5: EigenstatesA andD beforeandafterthecrossingof eigenvalues.There
is little change. 9



Figure6: EigenstatesB andC beforeandafterthecrossingof eigenvalues.There
is little change. 10



Figure7: EigenstateE, in the middle of the crossing. This stateseemsto be a
superpositionof thecrossingstates.
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Figure8: EigenstatesG andI beforeandafter theavoidedcrossingof eigenval-
ues.Thestatesspreadout duringtheinterference,andsomehow becomingmore
chaotic.
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Figure9: EigenstatesF andH beforeandafter theavoidedcrossingof eigenval-
ues.Thestatesspreadout duringtheinterference,andsomehow becomingmore
chaotic.
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Realplanewaves(mathematically, sineandcosinefunctions)satisfytheHelmholtz
equation.Thatis,

r 2 sin(k~r � ~u) = � k2 sin(k~r � ~u)

and
r 2 cos(k~r � ~u) = � k2 cos(k~r � ~u)

wherej~uj = 1.

Also, theLaplacianoperatoris linear, sofor functions 1;  2, andscalarc,

r 2 1 + r 2 2 = r 2( 1 +  2)

and
r 2c 1 = cr 2 2

andthusif  1 and 2 satisfytheHelmholtzequationfor thesamek2, thensodoes
c 1 + d 2, for scalarsc andd. Thissuggestsamethodfor searchingfor asolution
to the Helmholtzequationfor a given k. We choosea basisconsistingof sine
andcosinefunctionsfor evenly spacedn in the range[0; 2� ), and thenchoose
coef�cients for themwhichminimizetheir sumon theboundary. Speci�cally, for
�x edN , k, wechoosecoef�ents xn to createa function

 (~r ) =
2N � 1X

n=0

xn � n (~r )

wherethebasisfunctions� n arede�ned by

� n =
�

cos(k~r � ~un ) if n < N
sin(k~r � ~un� N ) if n � N

andtheun areunit vectorswith evenangularspacingin [0; � ), so

un =
�

cos
� � n

N

�
; sin

� � n
N

� �
:

Thecoef�cients xn arechosensothattheintegral
Z

�
 (~r )2dr (3)

is minimized nontrivially. The idea is that if we have enoughbasisfunctions,
thenwheneverk2 is closeto aneigenvalue,wecanchoosecoef�cients sothatthe

14



integral is nearzero,andwecangetverygoodapproximationsfor theeigenvalues
andfunctions.

This is ahigh level overview of themethodused,sothedetailsonhow to actually
doanythingareleft to section3.2.Also, somepointersto othermethodsaregiven
in section3.5.

3.2 Mor edetail

A discretizednumericalapproximationfor 3 is givenby

1
M

M � 1X

m=0

 (~rm )2

wheretherm areM evenlyspacedpointson theboundary� . If wewrite thisout
in termsof thebasiscomponents,we have

1
M

M � 1X

m=0

�
x2

1� 1� 1 + x1x2� 1� 2 + : : : + x2
2N � 2N � 2N

�
:

Thesumis thequadraticform
xT F x

where

F2N � 2N =

2

6
6
6
6
6
6
6
6
6
4

P M
m=1 � 1� 1(~rm )

P M
m=1 � 1� 2(~rm ) : : :

P M
m=1 � 1� 2N (~rm )P M

m=1 � 2� 1(~rm )
P M

m=1 � 2� 2(~rm ) : : :
P M

m=1 � 2� 2N (~rm )P M
m=1 � 3� 1(~rm )

P M
m=1 � 3� 2(~rm ) : : :

P M
m=1 � 3� 2N (~rm )

: : : : : : : : : : : :
: : : : : : : : : : : :
: : : : : : : : : : : :P M

m=1 � 2N � 1(~rm )
P M

m=1 � 2N � 2(~rm ) : : :
P M

m=1 � 2N � 2N (~rm )

3

7
7
7
7
7
7
7
7
7
5

:
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andF itself is equalto theproductAT A, where

AM � 2N =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1(~r1) � 2(~r1) : : : : : : � 2N (~r1)
� 1(~r2) � 2(~r2) : : : : : : � 2N (~r2)
� 1(~r3) � 2(~r3) : : : : : : � 2N (~r3)

: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :

� 1(~rm ) � 2(~rm ) : : : : : : � 2N (~rm )

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

A basic,method,then,it to �ll A and�nd itssingularvalues(whicharethesameas
theeigenvaluesof F .) Thesmallestsingularvalueis theminimumof thequadratic
form, andthecorrespondingsingularvectorwill be thecoef�cients which mini-
mizeit.

If we do this for a rangeof k, we will �nd minima,which occurwhenk leadsto
asolutionthatsatis�esourconstraints.

Unfortunately, the matrix givesbad resultswhen too many basisfunctionsare
added.Becausethebasisfunctionsaresoclosetogetherin our closedsystem,F
becomesnumericallysingularwhentherearetoo many basisfunctions.

Thesolutionis to introduceanormalizationfactor. Basically, wewishtominimize
theboundaryintegralwhile keepingtheinterior integral constant.That is we add
anew constraintof Z



 2(~r )dr = 1:

where
 is theinterior of � . As above,this leadsto aquadraticform,

xT Gx = 1

16



Figure10: Sweepoverk for thecircle. Lowersingularvaluesareplotted,andthe
eigenvaluesoccurwhenthesingularvaluesareminimized.
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Figure11: Sweepover thesamek asin 3.2.Heremorebasisfunctionsareadded,
however, sothematrixF is singular.
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whereG = B T B and

BM I � 2N =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1(~s1) � 2(~s1) : : : : : : � 2N (~s1)
� 1(~s2) � 2(~s2) : : : : : : � 2N (~s2)
� 1(~s3) � 2(~s3) : : : : : : � 2N (~s3)

: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :
: : : : : : : : : : : : : : :

� 1(~sM I ) � 2(~sM I ) : : : : : : � 2N (~sM I )

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

wherethesm areM I pointschosenuniformly at randomfrom the interior of our
system.Satisfyingtheseconstraintstogetherleadsto thegeneralizedeigenvalue
problem

G~x = �F ~x (4)

wheretheminimais now givenby theinversemaximumeigenvalueof (4)
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Figure12: Usingthegeneralizedeigenvaluesolution,we getmuchbetterresults
andcango to highervaluesof k
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