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Abstract

In this paperl give somedescriptionof what happendo the eigerval-
uesof the Laplacianin the asthe shapefor a quantumbilliard systemis
deformedfrom the non-chaoticcircle to the chaoticstadium. Includedis a
descriptionof the methodusedandsomeerror analysisthereof.Also, there
aresomecool pictures,andwould be cool animationsf printedpapercould
supportt.

Contents

1

Intr oduction

1.1 Mathematicatescriptionof theproblem. . . . . ... ... ...

1.2 Physicaldescriptionof theproblem . . ... ... ... .....
1.2.1 NonChaoticsystems. . . . . ... ... ... ......
1.2.2 Chaoticsystems . . . . . . .. ...

1.3 Abouttherestofthepaper . . . . . . ... ... ... ... ...

The deformation of the circleinto the stadium

The numerical method

3.1 Highlevelovervien . . . . . . ... ... ... ... ... ....
3.2 Moredetail . . ... ... ... ...
3.3 Evenmoredetail: sweeprangeandbasissize . . . ... ... ..
3.4 Evenmoredetail: truncatingthe generalizecigervalueproblem .
3.5 Betternumericalmethods. . . . . ... ... ... ... .....

15
21
21



4 Error analysisof the method 21

5 Moretablesand pictures 21
6 A note of thanks 21
7 References 21

1 Intr oduction

1.1 Mathematical description of the problem

Mathematicallyourproblemstatemenis rathersimple.Wewishto nd nontrwial
eigervalues andeigenfunctions (+) thatsatisfythetwo-dimensionaHelmholtz
equation

r2@®= () (1)

subjectto the conditionthat
(F)=0;8r2 (2)

where is somesimpleclosedcurwve in thex; y plane.For future easeof use,we
de ne k with
k2= : k>0

Herer 2 signi es the Laplacianoperator In two dimensionsthisis de ned as:

2 2u

u
2 — .
reuE) = —+— (v):
ra ra

1.2 Physical description of the problem

A classicabilliard systems justwhatonewould expectfrom thename- apatrticle
(the cueball) bouncingarounda walled system(thebilliard table.) The quantum
analoguds awave packet moving arounda 2D cavity - for example,the cueball

might now be an electron,andit is thus small enoughthat quantumeffectsare
noticed.



This systemis governedby the two dimensionaltime independenSchrodinger
equation:

r? ()= En n(F):
For ahardwalled cavity, we have Dirichlet boundaryconditions:

(r)=08r2 ;

where isthewall of the cavity.

Due to the restrictionimposedby the Dirichlet boundaryconditions,the enegy
spectrunt E, g is discrete,andthe physicalproblemis to nd the enepy levels
andtheir associate@igenstates.

Also, it shouldbe notedthat the very sameconditionsgovern the vibrations of
a tightly stretcheddrum head. For this we have an equationusingyet different
notation:

r 2u(r) = k2u(®):

Herek is proportionalto a priciple frequeng of vibration.

Kac's problemis phrasedas"Canonehearthe shapeof adrum?"[Kac], andasks
if two differentdrumscanhave the samefrequeng spectrum.This is discussed
in [TD].

In this paperl focuson quantumbilliards, but pastsectionl everythingis really
just plain mathematics.

1.2.1 Non Chaotic systems

Oneexampleof aregularsystemis acircle (gure 1.2.1). Theplottedeigenstates
for the circle shav aregulartendeng of having smallvaluesin the middle. The
correspondso theclassicahnalogue aparticlebouncingaroundinsidethecircle
will tendto have atrajectorythatkeepst away from the center The sameis true
for awave pacletinsidea circularquantumcavity.



Eigenfuniction for the circle at k= 85682716

Eigenfunction for the circle at k= 49.330780
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Figurel: Plotsof 2 for thecircle. Noticablein thetop gure is thatmary orbits
for aclassicalparticlestayaway from tHe center andthe guantumsystemshares
thesameproperty



1.2.2 Chaotic systems

A chaoticbilliard system,classically is one in which the typical motion of a
particledoesnot have ary regularity to it. Two particleslaunchedwith the same
velocity but slightly differencepositionsin a chaoticsystemwill tendto have
very differentpositionsandvelocitiesin a shorttime. Also, the orbit of a particle
typically takesit acrosshe whole system ratherthanjust a subsetaswe seein

the circle. Figure 1.2.2 shaws two typical eigenstate$or the stadium. One of

the statesshaws quite clearlythe "scarring“thatoccursdueto the backandforth

bouncingmotionthatthehorizontalwalls cause The otherstateshavs clearlythe
chaoticnatureof the stadium. It is spreadout over the whole system theway a

particlewould bounceover thewholesystem.

1.3 About the restof the paper

Section2 describedbits of whathappengo the eigervaluesandeigenstatesf the
circle atit is deformedinto a stadium. Section3 describeghe methodthat was
usedto nd this data.Section4 analyzeghe error of the numericalmethodused
by comparingthe found valuesfor the circle to their analytically known actual
values. Section5 is usedfor somenice picturesandtableswhich are betterleft

outof themaintext.

2 The deformation of the circleinto the stadium

Thesectionis currentlypresenteés gures with captions.

3 The numerical method

3.1 High level overview

Themethodusedis discussedi full generalityin [AB] chapter5. Herel discuss
speci cally the methodghatwereusedfor this paper andperhapgive a gentler
introductionto the generaimethod.



Eigenfunction for the stadiurm with a = 1 at k= 40.860795

Eigenfunction for the stadum with a =1 at k= 41.587214

Figure2: Plotsof 2 for thestadium.Thetop shovsthe"scarring"thatoccursdue

to thelikelihoodof a particlespendingﬁne bouncingfrom the top to the bottom

of thestadium.Thebottomplot, however, looksmorelik e arandomsuperposition
of planewaves. As the enepgy level increasesywe seemoreeigenstatetik e this,

whichwe will never nd in thecircle.



Eigenvalues for the stadium as a (1/2 width of rectangular section) changes.
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Figure3: Changen eigervaluesasthecircle is deformednto the stadium.Many
crossingsand avoided crossingsare aﬁparent. Someeigervaluesdecreasedo-
getherevenly spacedwhile othersinterferewith eachother resultingin achange
of the overall distribution of the eigervalues.The randomdotswhich areoutside
of any curve occurfrom errorsin the searchandarenot actualeigervalues.



Figure4: A crossingandanavoidedcrossing.Associateceigenstatefor lettered
points are shovn in otherplots. The s%atterecblots are mostlikely a result of
errorsin the codethatsearchesor eigervalues.



Figure5: Eigenstate#\ andD beforeandafterthecrossingof eigervalues.There
is little change. 9



Figure6: Eigenstate® andC beforeandafterthecrossingof eigervalues.There
is little change. 10



Figure 7: EigenstateE, in the middle of the crossing. This stateseemdo be a
superpositiorof the crossingstates.
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Figure8: Eigenstate$s and| beforeandafterthe avoided crossingof eigerval-
ues. The statesspreadout duringthein%@rferenceandsomehw becomingmore
chaotic.



Figure9: Eigenstate$ andH beforeandafter the avoidedcrossingof eigerval-
ues. The statesspreadout duringthein%é”rferenceandsomehw becomingmore
chaotic.



Realplanewaves(mathematicallysineandcosinefunctions)satisfytheHelmholtz
equation.Thatis,
r 2sin(ke &) = k?sin(ke )

and
r 2cogkr t) = kZ?coskr )

wherejuj = 1.
Also, the Laplacianoperatoiis linear, sofor functions ;; », andscalarc,

2

1+ 2=f2( 1t 2)

and

2 2

r-c,=4¢ar 2

andthusif ; and , satisfytheHelmholtzequatiorfor thesamek?, thensodoes
c 1+ d ,,forscalarsandd. Thissuggesta methodfor searchindgor asolution
to the Helmholtz equationfor a givenk. We choosea basisconsistingof sine
and cosinefunctionsfor evenly spacedn in the range[0; 2 ), andthenchoose
coefcients for themwhich minimizetheir sumontheboundary Speci cally, for

x edN, k, we choosecoefents x, to createafunction

% 1

(r) = Xn n(F)
n=0

wherethebasisfunctions , arede ned by

cos(kr t,) ifn< N
sin(ke o, ) ifn N

0=
andtheu, areunit vectorswith evenangularspacingn [0; ), so

u—cosn'sin n
A N N

Thecoefcients x,, arechosersothattheintegral
Z

(F)?dr 3)

is minimized nontrivially. The ideais thatif we have enoughbasisfunctions,
thenwheneerk? is closeto aneigervalue,we canchoosecoefcients sothatthe
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integralis nearzero,andwe cangetvery goodapproximationgor theeigervalues
andfunctions.

Thisis ahighlevel overvien of the methodused sothedetailson how to actually
doarnythingareleft to section3.2. Also, somepointersto othermethodsaregiven
in section3.5.

3.2 Moredetall

A discretizechumericalapproximatiorfor 3 is givenby

1 X!

M (fm)?

m=0

wherether,, areM evenly spacedointsontheboundary . If we write this out
in termsof the basiscomponentsye have

1 ’X ! 2 2
M X1 1 17 X1 Xp 1 2F 100+ X5y 2v 2N
m=0
Thesumis the quadratidorm
x"F X
where
2 p P P 3
=) 5;1 1 1(Fm) P 5:1 1 2(Fm) P 5:1 1 on (Fm)
P m=1 2 1(Fm) P m=1 2 2(fm) P =1 2 on (Fm)
- m=1 3 1(Fm) m=1 3 2(fm) m=1 3 2~ (fm)
2N 2N —
P M M M
m=1 2N 1(fm) m=1 2N 2(Fm) m=1 2N 2n (Fm)
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andF itselfis equalto theproductAT A, where

2 m) AR o (e
1(f2) 71 () BRSSPIV ()
1(f3) o(f3) il on(Ra)

Av on =
(Fm)  o(Fm) o ()

A basicmethodthen,itto Il A and nd its singularvalueswhicharethesameas
theeigervaluesof F.) Thesmallessingularvalueis theminimumof thequadratic
form, andthe correspondingingularvectorwill bethe coefcients which mini-

mizeit.

If we do this for arangeof k, we will nd minima,which occurwhenk leadsto

asolutionthatsatis esour constraints.

Unfortunately the matrix gives bad resultswhentoo mary basisfunctionsare
added.Becausehe basisfunctionsareso closetogetherin our closedsystem/F
becomesiumericallysingularwhentherearetoo mary basisfunctions.

Thesolutionis to introduceanormalizatiorfactor Basically wewishto minimize
theboundaryintegral while keepingthe interior integral constant.Thatis we add
anew constrainof Z

2(R)dr = 1
where istheinteriorof . Asabove,thisleadsto aquadratidorm,

x"Gx = 1
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Figure10: Sweepoverk for thecircle. Lower singularvaluesareplotted,andthe
eigervaluesoccurwhenthesingularvaluesareminimized.
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Figurell: Sweepoverthesamek asin 3.2. Heremorebasisfunctionsareadded,
however, sothematrix F is singular
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whereG = BB and

1(81) o(s1) i on (S1)
1(82) P1C7) R on (S2)
1(83) 2(83) oo oN (83)
Bm, on =
() 2(Bw) o an(sw)

wherethes,, areM, pointschoseruniformly atrandomfrom theinterior of our

system. Satisfyingtheseconstraintdogethereadsto the generalizeckigervalue
problem

Gx= F % (4)

wherethe minimais now givenby theinversemaximumeigervalueof (4)
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Figure12: Usingthe generalizeckigervaluesolution,we getmuchbetterresults
andcangoto highervaluesof k
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3.3 Evenmoredetail: sweeprange and basissize
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