Ergodicity of guantumeigenfunctionsin
classicallychaotic systems

Feb5, 2004

Alex Barnett

barnett@cims.nyu.edu

Courantinstitute

work in collaborationwith PeterSarnak CIMS/Princeton

—p1



Classicalbilliards

Pointparticlein 2D domain , elasticre ectionsoff boundary .
Positionr (X;Yy). Phasespace(r; ). Enegy is consered.

Typeof motiondependsn billiard tableshape:

Regular: hasotherconseredqguantitiege.g. )
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Classicalbilliards

Pointparticlein 2D domain , elasticre ectionsoff boundary .

Positionr (X;Vy). Phasespacqr; ). Enegy is consered.

Typeof motiondepend®n billiard tableshape:

hasotherconseredqguantitiege.g. )

ergodic: nearlyev-
ery trajectory cov-
ersphasespace

Hyperbolicity: exponentialdivergenceof nearbytrajectories
jrat) rat)j e’ = Lyapunw
Also: Anosw property(all > 0), mixing(phasespaceo w)
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\Quantuml bl”lards ‘guantum’just means wave'

Membrangdrum)problem:eigenfunctions ,,(r) of laplacian
Z
n=En n; (r2) =0 ﬁdl’:]_

@ @ @ @ “enegy' eigervalueE

wavenumbelk

kaZ—

cavity modes,
guantum level

“quantized'equvalentof classicabilliards (momentunh ir )
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Quantum chaos

Whathappenst higherk ? Dependon classicaldynamics:

Regular:
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‘low' enegy: n 7OQ E 104 k 10Q 15 across
1970sto presentday, eld of QUANTUM CHAOS.
eigervalues(spacingscorrelationsRMT...)

eigenfunctiongergodicity, correlationsmatrixels.. .)

dynamicg(scatteringresonanceslissipationglectron
physics,q. chemistry..)
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Classicaland quantum averages

Choosetestfunction' A(r): v
1
(phasespacerverageA vol( ) A(r)dr
versionis A = operatorin ynearspaceof ,'s
Expectation(averageh ;A ,i A(r)I n({gzdg

d _ densitymeasure
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Classicaland quantum averages

Choosetestfunction' A(r): v
1
h eA A(r)d
(phasespacepverag vol( ) (r)dr
versionis A = operatorin ynearspaceof ,'s
Expectation(averageh ;A ,i A(r)I deg
 densitymeasure

Quantumergodicity:

h, A i A 1 0 asE,! 1

Doesthis happenor all statesn? At whatrate?
We testnumericallyfor certainA, upto veryhighn  10°.

If truefor all A ) equidistrilutionin space,d ! uniform

n

—p5



Outline
Motivation: randomwaves,scars
Ergodicity theoremsconjectures
Numericaltestresults
Rateof equidistrilution: semiclassicagstimate
Sketchof numericaltechniquesvhich make this possible
Conclusion
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Moti vation: Random plane waves

ConjecturgBerry'77): statisticalmodelof eigenfunctions

pl—X\l sink 1+ ) iid amplitudesa 2 R
UL R b ’ iid phases | 2 [0,2 [

J=1

Wavevectorsk; , spaceduniformly in direction,jk;j = k.

Rayanalogueof classicalkergodicity.
Predictsequidistrilutionasg ! 1 :
deviationsdielike h ;A i A E 172
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High-energy eigenfunction

k 10
E 1C¢
n 5 1¢°
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Random plane waves

stringy struc-
tures appear
dueto jk] =

const.

Interesting
...to the eye
only?
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Moti vation: Scars'

Heller'84 obsenred: oftenmassconcentrateflocalizeg on short
classical (UPOs)..

Theory(Heller, Kaplan):on UPOhigherclassicaketurnproh

Strongscarswerethoughtto persistase ! 1 . (Nolonger))
For certainA, our h n;,& nl ISameasuref scarring
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Quantum Ergodicity Theorem
QET (Schnirelmar74, Colin de Verdiere'85, Zelditch'87. . .):

For egodicsystemsandwell-behaed A,

imh A i A=0

Enll

IS truefor almostall .

Couldexist anexceptionalset(scais? which arenotergodic
This sethasto be avanishingfractionof thetotal number

QET makesphysicistshappy: Correspondencirinciple'’
all guantum& classicalnswersagreeas ! 0O
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Quantum Unique Ergodicity
QUE conjecturgRudnick& Sarnak94)

For :
imh ;A i A=0
Enll
All convergeto uniguemeasured = uniform. (noscary

Contrastclassical o w hasmary invariantmeasureseach
UPO

QUE wasin contet of hyperbolicmanifolds..

negative curvature
causezhaos

Constant-curaturearithmeticcase:recentanalyticprogress..

Lindenstraus®3: measureant collapseonto UPO
Luo & Sarnak03: boundsonsums) deviations E
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Numerical tests
Analyticsonly for specialsystemgsymmetriesall = 1)

Testgenericchaoticsystem :
( 'sdiffer)

e.g. Sinai-typebilliard:
concaewalls) Anoso/

vol( )
vol( )

guantumn n;,& a1 = probabilitymass'inside A

classicalA =
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Results: Expectationvalues

quantum expectations
—— classical mean <A>

11615 quantum states

No exceptional values -> QUE upheld

meanh ;A ,i! A. Varianceslowly decreasingput how? -



Results: Equidistrib ution rate

\ t)(N +m
Quanturmvariance; VA(E) = h. A ,.i A
En E
Hardto measuree.g. 1% needsm 2 10*indepsamples!

2

Power law: V, (E) = a E’ g

fitted g=0.48 £ 0.01

~ 25000 quantum states
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Results: Power law

VarianceV,(E) = aE , found

Consistentvith conjecturghatdeviations E ¥ (i.e. = 1=2)

Previousexperimentsalsousedpiecavise-constanf(r):

Aurich & Taglieber98: negatively-cunedsurfacesjowest
n < 6000only

Baclker'98: billiards,n < 600Q but mary choicesof A

Canseepower-law not asymptoticuntil n & 10°
...we go 100timeshigher!
uptoleveln 8 10°, E 1.6 10/
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Results: Distrib ution of deviations
Plotda/iation::,scaleobyIO VA(E) :

using best fit a,g

Consistentvith Gaussiarfi.e. randomwave model),
cornvincing
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Theory: Semiclassicavariance estimatel

Feingold& Peres86

SignalA(t) = follow A alongparticletrajectoryr (t)
Considerautocorrelatiorof this signal:

MDA+ iy T AOQA() © h i AOA() i

e fouriertransform H
noisepower spectrum bandpro le of matrix

matrix Aqmy

| distancdrom diagonal

Barnettetal. '00: veri ed In

stadiumbilliard
Note: the diagonalis our quan-

tum expectation!
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Theory: Semiclassicavariance estimatell

POWER SPECTRUM

EstimateC, (! ) numerically:

Measurepower spectrunof A(t) e Cw=0)
alonglongtrajectories |

Physics:Ca (! ) is heating(dissipationyateunderexternal
driving by eld A. (Cohen'99: uctuation-dissipation)

—p.19



Theory: Semiclassicavariance estimatell

POWER SPECTRUM

EstimateC, (! ) numerically:

Measurepower spectrunof A(t) e Cw=0)
alonglongtrajectories |

Physics:Ca (! ) is heating(dissipationyateunderexternal
driving by eld A. (Cohen'99: uctuation-dissipation)

DClimit ! ! 0 givesdiagonalvariance:

2
Ca(! = 0)E :
) e

prefactora

VA(E) Var(Ann) !

Time-reversalsymmetry:for diagonal,extra factor2
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Results: semiclassicakbstimate

Power law: V, (E) = a E’ g

fitted g=0.48 £ 0.01

Goodagreementyo tted params(Estimatea is 8% too big)
Comparearithmeticsurfaces:agassical® aguanumprovably _p20



Numerical methodssketch

1| Computeeigenfunctions , via scalingmethod:
(Vemini & Saracen®4; correctexplanation(QET) Barnett,Cohen& Heller'00)

I nd As.t.A 6 0butdynamicsgiveslim,, ¢Ca(! ) = 0O
Then: matrix Apm diagonaI:Eigen/elgtorsofA f no.
Putinto abasissizeN 1= E. (eg. N 4000
Onedensamatrix diagonalizatiometurnsO(N ) clusterof ,'s
O(N) 10 fasterthanboundaryintegral equationrmethods!
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Numerical methodssketch

1| Computeeigenfunctions , via scalingmethod:

(Vemini & Saracen®4; correctexplanation(QET) Barnett,Cohen& Heller'00)

I nd As.t.A 6 0butdynamicsgiveslim,, ¢Ca(! ) = 0O
Then: matrix Anm diagonaI:Eigen/elgtorsofA f no.

Putinto abasissizeN 1= E. (eg N 4000
Onedensamatrix diagonalizatiometurnsO(N ) clusterof ,'s
O(N) 10 fasterthanboundaryintegral equationrmethods!

2| New | of Y, Bessellacedoutsidethedomain

3|Norm formulﬁfor Helmholtzsolutions(little known?):

1
A_ﬁ@A(nr)(rr) nr( r )ds

Overall effort scalesO(N 2) perstate(few CPU-daygotal)

N:
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Missing levels?
Wey!l's estimatdor N (E), the# eigervaluesk,, < E:

Nweyi(E) = VOZIL( )E 4LpE+ O(1)

2.0464

NE)-N ., (E)

2.0463
2.0462

g—2.0461
z

2.0458
650 660 670 680 690 700 710 720 730 740 750
k

not 1 statemissingin sequencef 6812states
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Conclusion

Are quantum(laplacian)eigenfunctionspatiallyuniform
In chaoticsystemsasge ! 1 ?

— Measuredateof equidistriutionin genericbilliard
— UnprecendenterAngein E & samplesize

— Strongsupportfor QUE conjecturgno scars)

— Powerlaw consistentvith conjectured = 1=2

— Semiclassicagstimategood,not perfect

Directions
— Studyprefactora for otherchoicesof A (doesit vary?)
— Variantof QUE: off-diagonalmatrix elements?
— Scalingmethod:basissetsrigor, fastBessels..
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