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Classicalbilliards
Pointparticlein 2D domain
 , elasticre�ectionsoff boundary� .
Positionr � (x; y). Phasespace(r ; � ). Energy is conserved.

� Typeof motiondependsonbilliard tableshape:

Regular:
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� Hyperbolicity: exponentialdivergenceof nearbytrajectories
jr 1(t) � r 2(t)j � e� t ; � = Lyapunov

� Also: Anosov property(all � > 0), mixing(phasespace�o w)
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`Quantum' billiards `quantum'justmeans̀wave'

Membrane(drum)problem:eigenfunctions� n(r ) of laplacian

� � � n = En� n ; � n (r 2 �) = 0
Z



� 2

ndr = 1
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quantum levels
cavity modes,

`energy' eigenvalueE
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`quantized'equivalentof classicalbilliards (momentum! i r )
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Quantum chaos
WhathappensathigherE? Dependsonclassicaldynamics:

Regular: � n separable

Chaotic:
� n disordered
MOVIE

`low' energy: n � 700; E � 104; k � 100; 15� across

1970's to presentday, �eld of QUANTUM CHAOS:
� eigenvalues(spacings,correlations,RMT. . . )
� eigenfunctions(ergodicity, correlations,matrixels.. . )
� dynamics(scattering,resonances,dissipation,electron

physics,q. chemistry.. . )
– p.4



Classicaland quantum averages
Choosè testfunction' A(r ):

classical(phasespace)average �A �
1

vol(
 )

Z



A(r )dr

quantumversionis Â = operatorin linearspaceof � n 's

Expectation(average)h� n ; Â� n i �
Z



A(r ) � n (r )2dr

| {z }
d� � n densitymeasure

Quantumergodicity:

h� n ; Â� n i � �A � ! 0 as En ! 1

� Doesthishappen?For all statesn? At whatrate?
� We testnumericallyfor certainA, up to veryhighn � 106.

If truefor all A ) equidistribution in space,d� � n ! uniform
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Outline
� Motivation: randomwaves,scars
� Ergodicity theorems,conjectures
� Numericaltestresults
� Rateof equidistribution: semiclassicalestimate
� Sketchof numericaltechniqueswhichmake thispossible
� Conclusion
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Moti vation: Randomplanewaves
Conjecture(Berry '77): statisticalmodelof eigenfunctions

� n �
1

p
N

NX

j =1

aj sin(k j � r + � j )
iid amplitudesaj 2 R
iid phases� j 2 [0; 2� [

Wavevectorsk j , spaceduniformly in direction,jk j j = k.

� Rayanalogueof classicalergodicity.

� PredictsequidistributionasE ! 1 :

deviationsdie like
�
�
�h� n ; Â� n i � �A

�
�
� � E � 1=2
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High-energy eigenfunction� n

k � 103

E � 106

n � 5 � 104
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Randomplanewaves

stringy struc-
tures appear
due to jkj =
const.

Interesting
. . . to the eye
only?
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Moti vation: `Scars'
Heller '84 observed: oftenmassconcentrates(localizes) onshort
classicalunstableperiodicorbits(UPOs).. .

Theory(Heller, Kaplan):onUPOhigherclassicalreturnprob.

� Strongscarswerethoughtto persistasE ! 1 . (No longer!)
� For certainA, ourh� n ; Â� n i is ameasureof scarring
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Quantum Ergodicity Theorem
QET(Schnirelman'74, Colin deVerdière'85, Zelditch'87. . . ):

For ergodicsystemsandwell-behavedA,

lim
En !1

h� n ; Â� n i � �A = 0

is truefor almostall � n .

� Couldexist anexceptionalset(scars?) whicharenotergodic
� Thissethasto beavanishingfractionof thetotal number

QETmakesphysicistshappy: `CorrespondencePrinciple'
all quantum& classicalanswersagreeas� ! 0
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Quantum Unique Ergodicity
QUE conjecture(Rudnick& Sarnak'94)
For everysingleeigenfunction,

lim
En !1

h� n ; Â� n i � �A = 0

All convergeto uniquemeasure:d� � = uniform. (noscars)
� Contrastclassical�o w hasmany invariantmeasures:each
UPO

QUE wasin context of hyperbolicmanifolds. . .

negativecurvature
causeschaos

Constant-curvaturearithmeticcase:recentanalyticprogress.. .
� Lindenstrauss'03: measurecan't collapseon to UPO
� Luo & Sarnak'03: boundsonsums) deviations� E � 1=4
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Numerical tests
Analyticsonly for specialsystems(symmetries,all � = 1)

Testgenericchaoticsystem
(� 's differ)

e.g. Sinai-typebilliard:
concavewalls ) Anosov
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� quantumh� n; Â� n i = `probabilitymass'inside
 A

– p.13



Results:Expectationvalues
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Results:Equidistrib ution rate

Quantumvariance: VA (E) �
1
m

N � n<N + mX

En � E

�
�
�h� n ; Â� n i � �A

�
�
�
2

� Hardto measure:e.g. 1%needsm � 2 � 104 indepsamples!

10
4

10
5

10
6

10
7

10
-4

10
-3

E

V
A
(E

)

Power law: V
A
(E) = a E- g

fitted g = 0.48 ± 0.01

~ 25000 quantum states
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Results:Power law
VarianceVA (E) = aE� 
 , found
 = 0:48� 0:01

Consistentwith conjecturethatdeviations� E � 1=4 (i.e. 
 = 1=2)

Previousexperimentsalsousedpiecewise-constantA(r ):
� Aurich & Taglieber'98: negatively-curvedsurfaces,lowest

n < 6000only
� Bäcker '98: billiards,n < 6000, but many choicesof A

Canseepower-law notasymptoticuntil n & 104

. . .wego100timeshigher!
up to level n � 8 � 105, E � 1:6 � 107
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Results:Distrib ution of deviations
Plotdeviationsscaledby

p
VA (E) :
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� Consistentwith Gaussian(i.e. randomwavemodel),
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Theory: SemiclassicalvarianceestimateI
Feingold& Peres'86

SignalA(t) = follow A alongparticletrajectoryr (t)
Considerautocorrelationof this signal:

hA(t)A(t + � )i t
ergod
= A(0)A(� )

QET
� h� n ; Â(0)Â(� )� n i

# fourier transform #

noisepowerspectrum
~CA (! )

bandpro�le of matrix

Anm � h� n ; Â� m i

! � distancefrom diagonal

Barnettetal. '00: veri�ed in
stadiumbilliard
� Note: thediagonalis our quan-
tumexpectation!

C(  )w
w

m

n

~

matrix Anm:
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Theory: SemiclassicalvarianceestimateII

Estimate~CA (! ) numerically:

Measurepowerspectrumof A(t)
alonglong trajectoriesLISTEN to A(t)

0 5 10 15
0

0.1

0.2

C(w=0)
~

w

C
(w

)

POWER SPECTRUM

Physics: ~CA (! ) is heating(dissipation)rateunderexternal
driving by �eld A. (Cohen'99: �uctuation-dissipation)

DC limit ! ! 0 givesdiagonalvariance:

VA (E) � var(Ann ) !
2

vol(
 )
~CA (! = 0)

| {z }
prefactora

E � 1=2;  
 = 1=2

Time-reversalsymmetry:for diagonal,extra factor2
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Results: semiclassicalestimate
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� Comparearithmeticsurfaces:aclassical6= aquantumprovably – p.20



Numerical methodssketch
1 Computeeigenfunctions� n via scalingmethod:

(Vergini & Saraceno'94; correctexplanation(QET)Barnett,Cohen& Heller '00)

If: �nd A s.t. �A 6= 0 but dynamicsgiveslim! ! 0
~CA (! ) = 0

Then: matrixAnm � diagonal:Eigenvectorsof A � f � ng.
Putinto abasis,sizeN � 1=� �

p
E. (e.g. N � 4000)

� OnedensematrixdiagonalizationreturnsO(N ) clusterof � n 's
� O(N ) � 103 fasterthanboundaryintegralequationmethods!

2 New BASISSETS of Y0 Besselsplacedoutsidethedomain

3 Normformulafor Helmholtzsolutions(little known?):

h�; � i 
 A =
1

2k2

I

@
 A

(n � r � )(r � r � ) � � n � r (r � r � ) ds

� Overall effort scalesO(N 2) perstate(few CPU-daystotal)
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Missing levels?
Weyl' sestimatefor N (E), the# eigenvaluesEn < E:

NWeyl(E) =
vol(
 )

4�
E �

L
4�

p
E + O(1) � � �
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x 10

4 Weyl test of k sequence (jump up = missed state)

k
i

N
(k

i) 
- 

i

NWeyl

N(E)

(E)

E
1/2

E
1/2

NWeyl(E)N(E)-

� not1 statemissingin sequenceof 6812states
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Conclusion
� Are quantum(laplacian)eigenfunctionsspatiallyuniform

in chaoticsystemsasE ! 1 ?
– Measuredrateof equidistribution in genericbilliard
– Unprecendentedrangein E & samplesize
– Strongsupportfor QUE conjecture(noscars)
– Power law consistentwith conjectured
 = 1=2
– Semiclassicalestimategood,notperfect

� Directions
– Studyprefactora for otherchoicesof A (doesit vary?)
– Variantof QUE: off-diagonalmatrixelements?
– Scalingmethod:basissets,rigor, fastBessels.. .
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