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The one-minutetalk : two areas
Simplelinear 2

�

�

-orderPDEs

I. Scalingmethodfor Helmholtzeigenproblem
waves:elliptic PDE,time-independent
short-wavelengthlimit numericallyhard
quantumchaosexplainsfastnew method

II. Brain imagingwith diffuseopticaltomography
diffusion:parabolicPDE,time-dependent
ill-posedinverseproblem, messy3D geometry
clinical andfunctionalneuroimaging
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I. Scalingmethod
with Cohen(Ben-Gurion),Heller (Harvard)

Domainin
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Dirichlet

L

Wantspectrum

�
� , eigenfunctions �

Motivation? Cavities: acoustics,electromag,optics,
`quantumdots' (electronsystems),quantumchaos.. .
Oftencareabout
E.g. spectralstatisticsas (asympotics).
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Physicalexamples

dielectriclaser
resonatorsTureci

liquid surfacesKudrolli
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3 approaches

1. FiniteElement(FEM) type
basisfuncsobey BCs,notPDE
basissize

�

�
� �

-sizedpatchesin

�

).

V

2. BoundaryIntegral (BIM) type
Greensfuncknown useasbasis
basisobeysPDE,notBCs

patchesonsurface).

3. Measureresonancesof real system
microwavescavities,etc.. . Q-factor, painful!
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Scalingsketch
quadraticfunctional �
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is nearlydiagonalin thebasis:




�

�

spatiallyrescaledto samewavenumber

�

.

(discovered,notexplained,Vergini & Saraceno1994)

Diagonalize
basisrepof all in range

timesfasterthanubiquitousBIM !
(BIM hasto searchfor each )

Special reliesonboundaryoverlapof 's . . .

Forward andinversewaveproblems:Quantumbilliardsandbrain imaging– p.6



Scalingsketch
quadraticfunctional �

� �

�

���

���

�

�

�

�

	 �

is nearlydiagonalin thebasis:




�

�

spatiallyrescaledto samewavenumber

�

.

(discovered,notexplained,Vergini & Saraceno1994)

Diagonalize
basisrepof all � in range

�

�

�

�
�

�

�

�

�

�

	

�

timesfasterthanubiquitousBIM !
(BIM hasto searchfor each )

Special reliesonboundaryoverlapof 's . . .

Forward andinversewaveproblems:Quantumbilliardsandbrain imaging– p.6



Scalingsketch
quadraticfunctional �

� �

�

���

���

�

�

�

�

	 �

is nearlydiagonalin thebasis:




�

�

spatiallyrescaledto samewavenumber

�

.

(discovered,notexplained,Vergini & Saraceno1994)

Diagonalize
basisrepof all � in range

�

�

�

�
�

�

�

�

�

�

	

�

� �

timesfasterthanubiquitousBIM !
(BIM hasto searchfor each

���

)

Special reliesonboundaryoverlapof 's . . .

Forward andinversewaveproblems:Quantumbilliardsandbrain imaging– p.6



Scalingsketch
quadraticfunctional �

� �

�

���

���

�

�

�

�

	 �

is nearlydiagonalin thebasis:




�

�

spatiallyrescaledto samewavenumber

�

.

(discovered,notexplained,Vergini & Saraceno1994)

Diagonalize
basisrepof all � in range

�

�

�

�
�

�

�

�

�

�

	

�

� �

timesfasterthanubiquitousBIM !
(BIM hasto searchfor each

���

)

Special reliesonboundaryoverlapof � 's . . .

Forward andinversewaveproblems:Quantumbilliardsandbrain imaging– p.6



Quasi-orthogonality sketch
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Specialdeformations: noheatingas .

Forward andinversewaveproblems:Quantumbilliardsandbrain imaging– p.7



Quasi-orthogonality sketch

� �

�

�
�

���

�

�

�

�

� �

�

� �

�

�

� � .

t

Short-time correspondence of dynamics

n

w

m

w

C(  )

classical bounces

force

(w)
of (weighted)
Power spectrum

heating rate under periodic deformation

WAVE PARTICLEM

Specialdeformations: noheatingas �




.

Forward andinversewaveproblems:Quantumbilliardsandbrain imaging– p.7



Results( � )

plane-wavebasis,
�
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speed:100such � foundperminute
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Newbasisfor nonconvex

new singularbasis,
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Dir ections

� Betterbasissetsfor varietyof shapes

Understandbasiscompleteness.
Erroranalysis,creepingsolutions
Applicationto spectralstatistics
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II. Diffuse Optical Tomography
with Boasetal. (NMRCenter, MGH / Harvard)

tissueSource

Detector

k
am

Imageinside
diffusivemedia?

scatteringlength �

absorption ���

Learnabout ���

��� �

, �
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� depth

�

�m

�

mm few cm
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It' sall about blood

Nearinfrared: �
� small

Hemoglobindominates
Hb - deoxy
HbO- oxy

���

��� �

atmany

�

's mapsof Hb, HbO

Clinical: stroke, trauma,babies,breasttumors.. .
Neuronalactivation Hb, HbOchanges
Lastdecade:imagingthebrainin action!
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DOT equipment

signals:

Many S,D:useall possiblepairs

s light pulse photoncountvs time

fMRI: 2-4mm,1-2s, , �x ed,Hb only
DOT: 1-2cm,10-100ms, , portable,Hb & HbO.
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Forward model
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parametervector expectedsignalvector

Incoherentwaves transportequation diffusion:

�uence, RobinBCs .

Finite-DifferenceTime-Domainin 3D ( mm lattice)

accuracy, for now. . .
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Inverseproblem
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measured

Ill-posed: many � have
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measured

Statistical:incompleteinfo learnPDF on
y

x
posterior

x
prior

measuredy

p(  )
p(     )x|y

f(x)noise Bayesianinference

posterior likelihood prior

EmbracesIll-posedness

Userealisticnoisemodel:
Poissonphotonstats
forwardmodelerror
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Baselinemeas.with MRI help
Usegeometryfrom MRI :
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Dir ections

� Real-world data

Forwardmodelling:accuracyvsspeed

Adjoint Differentiationfor Jacobean

cerebrospinal�uid clear diffusionbad

Imagingthecortex: unknowns
BestS,Dplacement?
AI / Optimization:explorehigh-dimPDFs
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