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Dirichlet eigenproblem
Normalmodesof elasticmembrane(drum)
Eigenfunctions� n(r ) of Laplacianin boundeddomain
 � R2

� � � n = En� n ; � n j@
 = 0 h� n ; � m i = � nm
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quantum levels
cavity modes,

level n = 1� � � 1

`energy' eigenvalueEn

wavenumberkn := E 1=2
n

wavelength� n := 2�
kn

MOVIE n � 3000

� If classicaldynamics(geodesic�o w) in 
 is ergodic,
whathappensto � n in semiclassical(En!1 ) limit? (87yr old!) – p.2



Classicaland quantum ergodicity
ConsiderA = A(r ) classicalsymbol,indep.of momentum

classical(phasespace)averageA =
1

vol(
 )

Z



A(r )dr

quantumequivalentof A is Â, operatorin L2(
)

h� n ; Â� n i =
Z



A(r )� n (r )2dr

| {z }
d� � n massdensitymeasure

diagonalmatrixelement

QuantumErgodicityTheorem(QET):
(Schnirelman'74, Colin deVerdière'85, Zelditch'87, Z-Zworski '96)

For ergodic�ow andall well-behavedA,

lim
En !1

h� n ; Â� n i � A = 0

holdsfor subsetf nj g with densitylimn!1 # f nj < ng=n = 1

� Non-ergodicexceptionalsetof vanishingdensitycanpersist
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Questions
1. Howdenseis exceptionalset?

2. Whatis rateof convergence?

Determinepracticalapplicabilityof QET

Examinenumericallyfor:

� uniformly-hyperbolic(Anosov) Euclideanbilliard
� certainchoiceof A
� up to veryhighquantumlevel n � 106
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Outline

� Background
� Results:diagonalmatrixelements
� Semiclassicaltheoryof Feingold-Peres,results
� Method:computingeigenfunctionsathighn

– p.5



Moti vation: Randomplanewaves
Conj. (Berry '77): randomFouriermodelof eigenfunctions

� n � lim
N !1

1
p

N

NX

j =1

aj sin(k j �r+ � j )
iid amplitudesaj 2 R
iid phases� j 2 [0; 2� )

wavevectorsk j : spaceduniformly in direction,jk j j = kn

Predictsstatisticalvarianceof matrixelements

Var[h� n ; Â� m i ] =

(
gcRWE � 1=2; n = m
cRWE � 1=2; n 6= m; jEm � En j = o(E 1=2

n )

� n ; � m statisticallyindep.) g = 2 (RMT, time-rev. symm:GOE)

`Coulomb'prefactor cRW = 1
� vol(
)

RR A(r 1)A (r 2)
jr 1 � r 2 j dr 1dr 2

– p.6



High-energy eigenfunction� n

k � 103

E � 106

n � 5 � 104

– p.7



Randomplanewaves

stringyridge
structures
appeardueto
jkj = const.

Theory?
(O'Connor-
Heller '86 made
astart)

Open.. .

– p.8



Quantum Unique Ergodicity & Scars
Conj. (Rudnick& Sarnak'94) QUE, strongerform of QET:

For everysinglelevel n,

lim
En !1

h� n ; Â� n i � A = 0:

All � n converge(weakly)to a uniquemeasure: d� � ! uniform
� uniformly hyperbolicmanifolds
� provedfor arithmeticmanifolds(Lindenstrauss2003)

SCARS: asE ! 1 couldhave.. .

strong: O(1) massassociatedwith unstableperiodicorbit
mathematician'sscar

`weak':mass(width) vanishesbut enhancementof � 2
n doesnot

physicist's scar(theoryHeller '84, Bogomolny '89, Kaplan'98)

QUE ) nostrongscarspersistasymptotically

– p.9
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Numerical tests
Arithmeticmanifoldsv. special: symmetries,all Lyapunov � = 1

Testgeneric̀ hardchaotic'system
� � 's differ

EuclideanSinai-typebilliard:
concavewalls ) Anosov (Sinai'70)
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A=0

A=+1

A(r ) = piecewiseconst:quantumcalc.fast, useonly @
 A data

� classicalA = vol(
 A )=vol(
 )
� quantumh� n; Â� n i = massinside
 A

Essentialidentity: if � � � = E� , have for arbitrary � j@
 A
,

h�; � i 
 A =
1

2E

Z

@
 A

(E � 2 � jr � j2) + 2(n � r � )(r � r � ) dA
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Results:Diagonalmatrix elements
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x 10
5

0.35

0.4

0.45

0.5

0.55

0.6

0.65

E
n

<
f n, A

 f
n>

quantum expectations
classical mean 25000levels

of �rst 50000

mean
h� n ; Â� n i! A

� Strongevidencefor QUE: exceptionalsetdensity. 3 � 10� 5

� Varianceslowly decreasing,but how?
– p.11



Results:Rateof variancedecay

Local variance VA (E) :=
1
m

N � n<N + mX

En � E

�
�
�h� n ; Â� n i � A

�
�
�
2

� Hardto measuree.g. 1%needsm � 2 � 104 indepsamples!
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best fit power law
random waves
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Results:Power law
VariancemodelVA (E) = aE� 
 , �nd 
 = 0:48� 0:01

� datastatisticallyconsistentwith model,alsowith 
 = 1=2

same
 as

(
randomwaves
scartheory(scarwidth � E � 1=4)

� prefactora: randomwaveprediction80%toobig (unsurprising)

Previousstudies: (low n, unquanti�edaccuracy, various
 � 0:3-0.5)

� hyperbolicmanifolds,level n < 6000(Aurich-Taglieber'98)
� Euclidean,level n < 6000, many A choices(Bäcker '98)

But convergenceslow: power law notasymptoticuntil n � 104

. . .wego100� higher!
n � 7 � 105, E � 1:6 � 107

– p.13
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Results:Distrib ution about the mean
Histogramscaleddeviations(h� n ; Â� n i � A)=

p
VA (En) :
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� convincingGaussian(consistentwith randomwave,RMT)
– p.14



Theory: Semiclassicalvariance
(Feingold-Peres'86)

FPstep(i):
Autocorrelationof signalA(t) := A(r (t)) class.trajectoryr (t)

hA(t)A(t + � )i t
ergod
= A(0)A(� )

almostall n �
QET h� n ; Â(0)Â(� )� n i

# Fouriertransform #

classicalnoisepower

spectrum~CA (! )
`bandpro�le' of thematrix

Anm := h� n ; Â� m i

Sumrule for local variance,n 6= m,

Var[Anm ] ! ~CA (! nm )=knvol(
 )

! nm := km � kn `distance'from diag.

(proven,Combescure-Robert'94)

m

n
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wC (  )A

w

~
matrix Anm: m

n
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Estimate~CA (! ) numerically:

Computepowerspectrumof A(t)
via long trajectoriesLISTEN to A(t)

0 5 10 15
0

0.1

0.2

C(w=0)
~

w

C
(w

)

POWER SPECTRUM

FPstep(ii) :
Take lim! ! 0 thenassumeGOEsymm.factorg = 2,

VA (E) = Var[Ann ] !
2

vol(
 )
~CA (! = 0)

| {z }
prefactoraFP

E � 1=2;  
 = 1=2

(Eckhardtetal. '95, bypassGOEsymm.argumentvia periodicorbit sum)
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Results:Offdiagonal variancevs.FP step(i)
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� Mostaccurateknown testof FPfor billiards;no �tted params.
� clear3%error(4� ) near! = 0 . . . convergenceis slow!
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Results:Diagonalvariancevs.FP
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� Prefactor:aFP still 7 � 1%toobig atn � 105

� cf. arithmeticmanifoldswherea 6= aFP (Sarnak-Luo'03, proven) – p.18



Numerics: scalingmethod (Vergini-Saraceno'94)

Finds� j andk2
j = Ej ef�ciently � 103 fasterthanany otherknown!

Relieson `quasi-orthogonality'of @n� j on@
 :

~Qij :=
1

2ki kj

Z

@

r � n @n� i @n� j dA = � ij + smallerror; i � j

� Conj. (V-S '94): error� jEi � Ej j.
� (B-Cohen-Heller'00): if 
 erg, FP(i) ) error� (Ei � Ej )2

Thm(B '04): for all 
 , regardlessof ergodicity,

~Qij = � ij +
(Ei � Ej )2

8ki kj
h� i ; r 2� j i| {z }
boundedby radiusof 


Proof: DivergenceThm,algebra(e.g. symbolic8-by-8matrix)

– p.19
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Quasi-orthogonality
Example:
 = stadium

j

i

Q
~

matrix :ij

~~    Identity

Corollary: ~Qij ! � ij asEi ! 1 ; jEi � Ej j = o(E 1=2
i )

– p.20



Scalingmethod II
SpaceH 
 (k) := f u : � � u = k2u in 
 g
Let ! j := k � kj (wavenumberoffsetof level j )

� for ! j = 0: � j 2 H 
 (k)
� for ! j < 0: rescaled(dilated)� k

j := � (kr=kj ) 2 H 
 (k)

Let nonneg. bilin. form f (u; v) :=
R

@
 (r � n)� 1uv dA
� f approxdiag.in therescaledeigenbasisf � k

j : j! j j < O(1)g

proof,expandin ! : f (� k
i ; � k

j ) = ! i ! j
~Qij + O(! 2) � ! 2

i � ij

similar for anotherbilin. form g

Method
Simultaneouslydiagonalizef ; g in somebasisfor H 
 (k)
Eigenvectors� � k

j , eigenvalues� ! j

Notes: 
 mustbestar-shaped(r � n > 0)
u 2 H 
 (k), f (u; � k

j ) = 0 ) g(u; � k
j ) � 0 (in progress.. . )

– p.21
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Basissetfor H 
 (k) (B '02)

Planewaves
� l (r ) = eik l �r

� inaccuratee.g. 
 = stadium
� fail asE ! 1 if 
 nonconvex (Gutkin '03, proof)

Neumannfunctions
� l (r ) = Y0(kjr � x l j)

goodfor nonconvex

Why?

W
W+

D ~ l a < l/2

� @
 + layerpotentialcompletein H 
 + (k), for k 6= Dir. eigenvalueof 
 +

� H 
 + (k) dense� H 
 (k) (Lax '56, Rungeapprox)

If noanalyticcontinuationof
� j outside
 ? (Eckmann-Pillet'95)

e.g. corner, � 6=
�
n

Empirical: errorssmall! MOVIE q

log |f |j

– p.22
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Numerics: practicalities

� BasissizeN � k = E 1=2 � n1=2 for d = 2 e.g. N = 2000

� Overall effort O(N 2) perlevel
. . . cf. boundaryintegralmethodsO(N 3) perlevel

� 104 levelsatn � 105: a few CPU-days

� Eigenfunctionerrors� 10� 5, nomissinglevels

– p.23



Conclusions
Anosov Euclideanbilliard atunprecedentedE & numberof � j :

� Strongevidencefor QUE

� Matrix elementsAnm : variance� E � 1=2

� Feingold-Peresestimategood:diagonal& off-diagonal
� Convergencev. slow—FPstill 7%erroratn � 105

Questions:
� Do theseresultsdependonchoiceof A, of domains
 ?
� Ef�cient numericalmethodbringsmathquestions:

– boundarypropertiesof eigenfunctions
– basissetsfor H 
 (k): analysisat corners,re-entrant?

Preprints/software: http://www.cims.nyu.edu/ � barnett

– p.24
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Missing levels?
Weyl' sestimatefor N (E), the# eigenvaluesEj < E:

NWeyl(E) =
vol(
 )

4�
E �

L
4�

p
E + O(1) � � �

650 650.05 650.1 650.15
0

1

2

3

4

5

6

7

8

9

10

k

N

650 660 670 680 690 700 710 720 730 740 750
2.0458

2.0459

2.046

2.0461

2.0462

2.0463

2.0464
x 10

4 Weyl test of k sequence (jump up = missed state)

k
i

N
(k

i) 
- 

i

NWeyl

N(E)

(E)

E
1/2

E
1/2

NWeyl(E)N(E)-

� notonelevel missingin sequenceof 6812
– p.25
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