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Dirichlet eigenproblem

Normalmodesof elasticmembranddrum)
Eigenfunctions ,,(r) of Laplacianin boundeddomain R?

n= En n; n. =0 N ml = mm

@ @ @ <A

o enepgy' eigervaluekE,

1 1 1 1 1=2
,/ wavenumbek, = Ej
wavelength , := &
— —
cavity modes, ‘
'. quantum level

If cIassmaIdynam|cs(geodesico w) in isemgodic,
whathappengo , in semiclassicalE,!1 ) limit? (87 yrold!)
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Classicaland quantum ergodicity

ConsiderA = A(r) classicasymbol,indep.of momentum
A(r)dr

(phasespacepverageA = vol( )

equivaletof A is A, operatorin L?()
h oA L= A(r)I n({gzdg diagonalmatrix element
d

massdensitymeasure

n
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Classicaland quantum ergodicity

ConsiderA = A(r) classicasymbol,indep.of momentum

A(r)dr

(phasespacepverageA = vol( )

equivaletof A is A, operatorin L?()
h oA L= A(r)I n({gzdg diagonalmatrix element
d

massdensitymeasure

n

QuantumErgodicity Theorem(QET):
(Schnirelman74, Colin deVerdiere'85, Zelditch'87, Z-Zworski'96)
For ergodic ow andall well-behaved;,
lim h ;A i A =0
En'l
holdsfor subset n; g with densitylimn;  #fn; < ng=n=1

Non-egodicexceptionalsetof vanishingdensitycanpersist
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Questions

1. Howdensas exceptionalset?
2. Whatis rate of cornvergence?

Determinepractical applicabilityof QET

Examinenumericallyfor:

uniformly-hyperbolic(Anosov) Euclideanbilliard
certainchoiceof A
upto very highquantumleveln 10°
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Outline

Background

Results:diagonalmatrix elements
Semiclassicaheoryof Feingold-Pereggesults
Method: computingeigenfunctionsat highn
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Moti vation: Random plane waves

Conj. (Berry'77): randomFouriermodelof eigenfunctions

. 1 X . Ild amplitudesa, 2 R
0 im p— g sinkj r+ )
Ild phases ; 2 [0;2 )

N I1
N

wavevectorsk; : spaceduniformly in direction,jk;j = ki

Predictsstatisticalt/arianceof matrix elements
cewE % n=m

Varh ;A il = . . _
A ] cwE 2, n6m; jEnm Enj= o(Er)
n, m Statisticallyindep.) (RMT, time-res. symm: GOE)
RR
‘Coulomb'prefactor Cry = —— Alt)A2) g dr,

vol() jri raj
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High-energy eigenfunction

k 10
E 1C¢
n 5 1¢°
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Random plane waves

stringyridge
structures
appeardueto
Jk] = const.

Theory?
(O'Connor
Heller'86 made
a start)
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Quantum Unique Ergodicity & Scars

Conj. (Rudnick& Sarnak94) QUE, strongerform of QET:
For n,

im h ;A i A= 0

En!l

All , corvemge (weakly)to auniguemeasue: d ! uniform
uniformly hyperbolicmanifolds
provedfor arithmeticmanifolds(Lindenstraus2003)
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Quantum Unique Ergodicity & Scars

Conj. (Rudnick& Sarnak94) QUE, strongerform of QET:
For n,

imh ;A i A=0
Enll
All , corvemge (weakly)to auniguemeasue: d ! uniform

uniformly hyperbolicmanifolds
provedfor arithmeticmanifolds(Lindenstraus2003)

SCARS asE ! 1 couldhave...

O(1) massassociateavith unstableperiodicorbit
mathematiciars scar

massgwidth) vanishesut enhancemerndf 2 doesnot
physicists scar (theoryHeller'84, Bogomolry '89, Kaplan'98)

QUE) nostrongscarspersistasymptotically
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Numerical tests
Arithmetic manifoldsv. special symmetriesall Lyapuny = 1

Testgeneric hardchaotic'system
‘'sdiffer

EuclideanSinai-typebilliard:
concaewalls) Anosov (Sinai'70)
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Numerical tests
Arithmetic manifoldsv. special symmetriesall Lyapuny = 1

Testgeneric hardchaotic'system
‘'sdiffer

EuclideanSinai-typebilliard:
concaewalls) Anosov (Sinai'70)

A(r) = piecaviseconst:quantumcalc.fast useonly @ » data

classicalA = vol( A)=vol( )
quantumh ;A i = massinside A

Essentialdentit%: If = E , haveforarbitrary g ,,

h: | L

_ - 2 i 2
A—ZE@(E r j9)+2(n r )(r r )dA

A
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Results: Diagonal matrix elements

guantum expectations

—— classical mean 25000levels
of rst 50000

mMmean B
h . A il A

Strongevidencefor QUE: exceptionalsetdensity. 3 10 °
Varianceslowly decreasinghut how?
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Results: Rate of variance decay
1 \ rxN +m B
Localvariance VA(E) := = h. A . A
E, E
Hardto measureg. 1%needsm 2 10% indepsamples!

NG

- — best fit power law
—— random waves

—p.12



Results: Power law

VariancemodelV,(E) = aE |, nd

datastatisticcalchonsistenWith model,alsowith = 1=2

randomwaves

same as . _
scartheory(scarwidth E )

prefactora: randomwave prediction80%too big (unsurprising)
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Results: Power law

VariancemodelV,(E) = aE |, nd

datastatisticcalchonsistenWith model,alsowith = 1=2

randomwaves

same as . _
scartheory(scarwidth E )

prefactora: randomwave prediction80%too big (unsurprising)

Previousstudies (low n, unguanti edaccurag, various  0:3-0.5)

hyperbolicmanifolds,level n < 6000(Aurich-Taglieber9s)
Euclideanjevel n < 600Q mary A choicesBacker'98)

But corvergenceslow: powerlaw notasymptoticuntiln 10
...wego100 higher!
n 7 10°, E 16 10
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Results: Distrib ution about the mean
Histogramscaleddeviations(h ;A i K):p Va(En) :

using best fit a,g

convincing Gaussiar{consistentwith randomwave, RMT)
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Theory: Semiclassicavariance

: (Feingold-Pere6)
FPstep(l):

Autocorrelationof signalA(t) := A(r(t)) classtrajectoryr (t)

almostall n
ergod

M)A+ Die = AOA() o1 h o AQ)A() i
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Theory: Semiclassicavariance

FP step(i):
Autocorrelationof signalA(t) := A(r(t)) classtrajectoryr (t)

(Feingold-Peres36)

almostall n
ergod

M)A+ Die = AOA() o1 h o AQ)A() i

# Fouriertransform #

classicahoisepower "bandpro le' of thematrix
spectruniCa (! ) A =h A i

matrix Anmy:

Sumrule for local variancen 6 m,
Var[Anm] | CA(! nm):anOI( )
l'vm = K Kp  distancefrom diag.

(proven,Combescure-Robed4)
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POWER SPECTRUM

EstimateC, (! ) numerically:

Computepower spectrunof A(t)
via longtrajectories |
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POWER SPECTRUM

EstimateC, (! ) numerically:

Computepower spectrunof A(t)
via longtrajectories |

FP step(ii):
Takelim,, ¢ thenassum&OE symm.factor ,

VA(E) = VarijAn.] ! |VO|( )CE;O = O}?E ;
prefactoragp

(Eckhardtetal. '95, bypassGOE symm.argumentvia periodicorbit sum)
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Results: Offdiagonal variance vs. FP step (i)

power spectrum

__ CY"(w) off-diagonal
- Cgl)(w) classical

2.4 1P

~ 7000 states, E ~5 10° In d e p .

QM errorbars 0.7%, classical 0.1% m atrlx
elements

C(Aqm)(O) diagonal

Most accuratknown testof FPfor billiards; no tted params.
clear3%error(4 ) near! = 0...convergences slow!
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Results: Diagonal variance vs. FP

o V,(©E
- — best fit power law
—— FP semiclassical (no fitted parameters)

Prefactor:agp still 7 1%toobigatn  10°
cf. arithmeticmanifoldswherea 6 agp (Sarnak-Lud03, proven) s



Numerics: scall Nng method (Vergini-Saraceno'94)

Finds ; andkj2 = E; efciently 10° fasterthanary otherknown!
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Numerics: scall Nng method (Vergini-Saraceno'94)

Finds ; andkj2 = E; efciently 10° fasterthanary otherknown!
Relieson quasi-orthogonalityof @ ; on @ :
Z
1 .
Qj = ok @r nN@ @ jdA= j + smallerror, | ]

Conj.(v-s'94): error |E;  E;].
(B-Cohen-Hellero0): if ery,FP(i)) error (E; E;)?
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Numerics: scall Nng method (Vergini-Saraceno'94)

Finds ; andkj2 = E; efciently 10° fasterthanary otherknown!
Relieson quasi-orthogonalityof @ ; on @ :
Z
1 .
Qj = ok @r nN@ @ jdA= j + smallerror, | ]

Conj.(v-s'94): error |E;  E;].
(B-Cohen-Hellero0): if ery,FP(i)) error (E; E;)?

Thm (B '04): for all , regardlessof ergodicity,

(Ei Ej)?
8k k

h i;rz ji

Qi = 4+

Proof: Divergencelhm, algebraie.g. symbolic8-by-8 matrix)
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Quasi-orthogonality

Example: = stadium

— = |dentity

Corollary: Qij I i ask;! 1 ; JE| EJJ = O(E -
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Scalingmethod |
SpaceH (k) :==fu: u=k?uin g

Let!; ;= k k (wavenumbenffsetof levelj)

for!j:O: JZH (k)
for!; < O: rescaleddilated) jk = (kr=k)2 H (k)
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Scalingmethod |
SpaceH (k) :==fu: u=k?uin g

Let!; ;= k k (wavenumbenffsetof levelj)
for!j:O: JZH(k)
for!; < O: rescaleddilated) { := (kr=k)2 H (k)

Let nonne. bilin. form f (u; V) := R@ (r n) tuvdA
f approxdiag.in therescaledigenbasi$ Jk 1)< O(1)g
proof,expandin! : f ([ () =1i1;Q; + O %) ¢
similar for anothemilin. form g
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Scalingmethod |
SpaceH (k) :==fu: u=k?uin g

Let!; ;= k k (wavenumbenffsetof levelj)
for!j:O: JZH(k)
for!; < O: rescaleddilated) { := (kr=k)2 H (k)

Let nonne. bilin. form f (u; V) := R@ (r n) tuvdA
f approxdiag.in therescaledigenbasi$ Jk 1)< O(1)g
proof,expandin! : f ([ () =1i1;Q; + O %) ¢
similar for anothemilin. form g

Simultaneouslyliagonalizd ; g in somebasisfor H (k)

Method| —. K
Eigervectors  , eigervalues !

Notes: mustbestarshapedr n > 0)

u2H (k),f(u; {)=0) g(u; £) 0 (inprogress..)



Basissetfor H (k) (B '02)

Planewaves Inaccuratee.g. = stadium
(r) = ekir failasE ! 1 if noncomwex (Gutkin'03, proof)
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Basissetfor H (k) (B '02)

Planewaves inaccuratee.g. = stadium
(r) = ekir failasE ! 1 if noncomwex (Gutkin'03, proof)

Neumanrfunctions
1(r) = Yo(kjr — xj)

goodfor noncoivex

Why?
@ " layerpotentialcompletén H - (k), for k 6 Dir. eigervalueof *
H +(k) dense H (k) (Lax'56, Rungeapprox)
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Basissetfor H (k) (B '02)

Planewaves Inaccuratee.g. = stadium
(r) = ki failasE ! 1 if noncomwex (Gutkin'03, proof)

Neumanrfunctions
1(r) = Yo(kjr — xj)

goodfor noncoivex

Why?
@ " layerpotentialcompletén H - (k), for k 6 Dir. eigervalueof *
H +(k) dense H (k) (Lax'56, Rungeapprox)

If no analyticcontinuationof log |
j outside ? (Eckmann-Pillet95)

e.g.corner 6 P

Empirical: errorssmall!
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Numerics: practicalities
BasissizeN k= E¥ n'*ford=2 eg N = 2000

Overall effort O(N 2) perlevel
... cf. boundaryintegral methodgO(N 3) perlevel

10* levelsatn  10°; afew CPU-days

Eigenfunctiorerrors 10 >, nomissinglevels

—p.23



Conclusions
Anosos Euclideanbilliard atunprecedente & numberof
Strongevidencefor QUE
Matrix elementA,,,: variance E 7

Feingold-Peresstimategood: diagonal& off-diagonal
Convergencev. slon—FPstill 7%erroratn  10°
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Conclusions

Anosos Euclideanbilliard atunprecedente & numberof
Strongevidencefor QUE

Matrix elementdA ., : variance E 17

Feingold-Peresstimategood: diagonal& off-diagonal

Convergencev. slon—FPstill 7%erroratn  10°
Questions:

Do theseresultsdependon choiceof A, of domains ?

Ef cient numericalmethodbringsmathguestions:
— boundarypropertiesf eigenfunctions
— basissetsfor H (k): analysisatcornersye-entrant?

Preprints/softwre: http://www.cims.nyu.edu/ barnett
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Missing levels?
Weyl's estimatdor N (E), the# eigervaluesk; < E:

vol( ) L P—
2 E a E+ O(1)

NWeyI(E) =

Weyl test of k sequence (jump up = missed state)

NE)-N ., (E)

g—2.0461
z

not onelevel missingin sequencef 6812
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