Solving Helmholtz problems with a basis of fundamental sons:

the role of singularities in the analytic continuation
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Abstract

The method of fundamental solutions (MFS) has been suadgsafed for solving wave prob-
lems: Greens function sources are placed outside the doohamierest and their coef cients
adjusted to match desired boundary conditions. For exammpleonjuction with the scaling
method, one can use it to compute high-frequency eigenmadbsunprecedented ef ciency
[1], with applications including quantum chaos. Howevikert is currently little understanding
of how to choose the source locations, and poor choices ¢ean tinusable method. We analyse
this in analytic domains, proving spectral convergencéendisc, and showing numerically sim-
llar behavior in non-convex analytic domains [2]. We demits that it is singularities in the
analytic continuation of the solution eld that control bthty, in particular the coef cient sizes,
In the algorithm. This enables us to develop a method forcglocation which adapts to the
singularities induced by the so-called Schwarz functiothefdomain. We also show that MFS is
highly competitive with boundary integral methods whilespessing the advantage that the eld
may be accurately evaluated up to the boundary.

Helmholtz BVP

u+keu=0 in (1a)
u=v on @ (1b)
Unique solution, k2 not a Dirichlet eigenvalue

RZ simply connected,
analytic boundary@

High frequencyK) ! seek boundary formulation

Given approx. solng, boundary error normje := kt VkLz(@) controls interior error norm:

C
ko UkLz() — ku VkLZ(@)

. (Moler-Payne 1968)

whered := min, jk?2 Ejj=E;j is distance’ to nearest Dirichlet eigenvalbe.

Method of Fundamental Solutions

GivenN charge pointy; outside , approximate
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This Is a lineateast-squares problem

Implementation: quadrature at equally-spaced boundantgfo<mdm=1 M gives linear system

A =v AisM N matrix

whereAp; = inH(()l)(ijm yjl) andv := fv(Xm)gj=1;:::;m - Usually overdeterminel > N .

For Laplace BVPK = 0), MFS exponentially convergernite. tjuN)]  C N for some > 1.

Eisenstat 1970's: some such sequencg @ind coeffs exists
Katsurada 1990's: holds ¥fj chosen via conformal map of domain (exterior, annular, etc)

We now give rst analytic results for Helmholik > 0), analogous to Katsurada [4]
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Analysis for the unit disc

Identify RZ with complex plane

e X
singularity

R y§,1 Analytic boundary dat&jg may be analytically continued to
Yy functionv(z) analytic in annulu$ z : 1< jzi< ¢
N IS largest such value: distance to nearest singularity

. G

Place charge points equally on circlef radiusR

Theorem 1 (exponential convergencd)etR > 1, N be even, analytic boundary davawith
de ned above. The minimum boundary ertagchievable with the MFS in the unit disc satis es

2 C N :2- < R 2 . , . . A :
p y rough data’, error due to lack of indep Fourier modes beydmrdiuencyN=2 in MFS basis
t _C NR N, =R?
y smooth data’, error limited by aliasing due to discretemie$§ MFS charges on

where each tim€ means a different constant which may depené dr, andv, but notN .

Theorem 2 (growth of coef cient norm) Consider sequences of coef cient vectorsuch that
the error converges as in Theorem 1dd 1 . Then,

If R < , there exists a sequence wjth] remaining bounded aN ! 1

D N=2

If R > | thereis a constant such that for every such sequernce C N R

Consequence: given choose MFS radiuR 2 (ID , ) for best convergence rate and no growth
Why Is coef cient growthbad? Roundoff limits error td macd

(double precisionpaen, 10 1)

Proofs rely on three key steps:

1. Map from single-layer potential (charge density) aiw @ values idiagonalin Fourier basis

2. Map's eigenvalues(m) = LH ) (kR)Im(K) bounded: =R 1 ™ j §m)j CsRI ™

3. Discrete charges only approximate a smooth densitysiatigfolding) errors in higher Fourier
modes

High k asymptotics: can gaét ... with only 2 degrees of freedom per wavelength (ppw) on

@
General analytic domains: the Schwarz function

parametrizeé® by mapZ(s), s2 [(;2 ) s 2(s) 2
Z lexistsinsomestripZ(S(z)) =2z .. »
| | S(2)
has unique Schwarz functida: | | P
— reimages of singularities e,
G(Z) =/ (S(Z)) noteG(z) is re ection of z in @ g ’ singulgaritie; NG /

Millar [5] (via Bergman-Vekua analytic PDE theory@f): singularities in analytic continuation
of u generically located at singularities in continuationvgbs before) and/dé (anew twis)

Based on numerical observation [2] we have (analogoustl®-khown results in scattering [3]):

Conjecture 1Let be any Jordan curve enclosing with dis{ ; @) > 0, on which MFS charge
points are chosen asymptotically densely. Then the cagftanormj | that minimized grows
asymptotically exponentially d8 ! 1  if and only if encloses a singularity of the analytic
continuation ofu.
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Some numerical results

Convergencefor three ways to locate the MFS charge points for a crescantath, datay 1.
The only singularity (due t&) lies outside In each case; indegd | does notgrow ahll ! 1

(a) and (b) use a conformal map. The con-

a) exterior conformal

b) ext conf equal-arclength

o B, M | vergence rate in (a) matches a conjecture [2
g 10 ++ \ ) _ . .
@ T 0 weare|| T N=2, where is conformaldistance to

-2 * \ . .
[ Sl R 1 nearest singularity.
singularity in G (hence u) *** T
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10 In (c) we adapt to thes-plane singularities
***
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Charge points have spacing proportionalto
This brings close to@ near singularities.

e 4 o ° . 1 1 1 1 1 1 1
large distance away ib 100 200 300 400 500 600 700
no nearby singularities N

High-wavenumber ef ciency: solution to (1) for po-
lar boundaryr( ) = 1 + 0:3cos(5), atk=400, data
v(z)= Re(z 1 05) 1!

Note: G has 5 nearby singularities

At only N = 3:3 ppw, boundary error norn= 4
10 10 pointwise agreement to 12 digits with spectral
guadrature boundary integral equation (BIE).

For same errorMFS adapted curvd3lIE method
N; M 1900, 2800 3200
CPUtime () 55 sec 90 sec
Conclusions

High-accuracy solution of the Helmholtz BVP requires thag¢facients remainO(1), which
In turn requires that the MFS charge curve enclose no singakain the analytic continuation
of the solution. We prove this, with convergence rates, endisc. We devise a singularity-
adapted charge curve for general analytic domains, and #inievean exceed the ef ciency of
layer potential methods. High-impact open questions ohelu

Can the above conjectures be proven? What is highest ppssibergence rate?
Can MFES reliably solve scattering problems in 2D and 3D wutécdral accuracy?
If plecewise analytic (corners), how can we best augment vaittiqoilar solution bases?
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