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Directional Derivatives

Recall:
. f(x0 + h,yo) — f(x0, y0)
&(X07y0) = fl][)no s
o) = fim f(x0, y0 + h/)7 — (0, o)
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The Directional Derivative
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The Directional Derivative

@ The directional derivative of f at (xp, yp) in the direction of
a unit vector u = (a, b) is

im 7‘—(XO + haayo + hb) B f(XovyO)

Duf(x0, y0) = i|1—>0 P

if this limit exists.
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The Directional Derivative

@ The directional derivative of f at (xp, yp) in the direction of
a unit vector u = (a, b) is

£(0+ ha, yo + hb) — F(x0,0)

Duf(x0, y0) = ’|1_>0 p

if this limit exists.

o Ifu=i=(1,0), then D;f = f,, and if u =j = (0,1), then
05 = i
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The Directional Derivative
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The Directional Derivative

o If f is a differentiable function of x and y, then f has a
directional derivative in the direction of any unit vector
u=(a,b) and

Duf(x,y) = f(x,y)a+ f,(x,y)b.
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The Directional Derivative

o If f is a differentiable function of x and y, then f has a
directional derivative in the direction of any unit vector
u=(a,b) and

Duf(x,y) = f(x,y)a+ f,(x,y)b.

@ If the unit vector u makes an angle 6 with the positive x-axis,
then we can write u = (cos @, sin 0) and

Duf(x,y) = f(x,y)cos O + f,(x, y)sin 6.

Lecture 24 Directional Derivatives and the Gradient Vector



EMES
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EMES

o Find the directional derivative of

f(x,y) = x3 — 3xy —i—4y2

at the point (1,2) in the direction § = 7/6.
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EMES

o Find the directional derivative of

f(x,y) = x3 — 3xy —i—4y2

at the point (1,2) in the direction § = 7/6.

@ Find the directional derivative of f(x,y) = xe¥ + cos(xy) at
the point (2,0) in the direction of v = 3i — 4j.
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The Gradient Vector

Definition

e If f is a function of two variables x and y, then the gradient
of f is the vector function Vf defined by

Vf(X,_y) = <f;((X,y), fy(xa}’» = 7' + =i
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e Find the gradient of f(x,y) =sinx + e at (0,1).
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@ The equation of the directional derivative becomes:

Duf(x,y) = Vf(x,y) - u.
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Find the directional derivative of the function f(x,y) = x?y> — 4y
at the point (2, —1) in the direction of the vector v = 2i + 5j.
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Functions of three variables
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Functions of three variables

e If w=f(x,y,z)is a function of three variables, the

directional derivative of f at (xo, yo,20) in the direction of
the unit vector (a, b, ¢) is

_ f(xo+ ha,yo + hb, zg + hc) — f(xo, o,
Duf(Xo:yo,zo)Z’linO (0 Yo ‘;7 ) — f(x0, ¥0, 20)

if the limit exists.
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Functions of three variables

o If w=f(x,y,z) is a function of three variables, the

directional derivative of f at (xo, o, 20) in the direction of
the unit vector (a, b, ¢) is

f(XO + haa}’O + hb720 + hC) - f(X07.y0720)
h

Dyf(xo0, y0,20) = ’!imo

if the limit exists.
@ Then

Duf(x,y,z) = f(x,y,z)a+ f,(x,y,z)b+ f-(x,y, z)c.
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Functions of three variables
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Functions of three variables

[ Definition

@ The gradient is

of , Of . of
Vi=ait it 5k
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Functions of three variables

@ The gradient is

of. of, Of
f=—i+—j+=—k
v 8xl + 8yJ + 0z

@ The formula for the directional derivative become

D,f(x,y,z) = Vf(x,y,z) - u.

Lecture 24 Directional Derivatives and the Gradient Vector



EMES

Consider the function f(x,y,z) = xy? + yz3 + xy2.
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EMES

Consider the function f(x,y,z) = xy? + yz3 + xy2.

@ Find the gradient of f.
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EMES

Consider the function f(x,y,z) = xy? + yz3 + xy2.

@ Find the gradient of f.
@ Find the gradient of f at the point (5,4, —1).
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EMES

Consider the function f(x,y,z) = xy? + yz3 + xy2.

@ Find the gradient of f.
e Find the gradient of f at the point (5,4, —1).
@ Find the rate of change of the function f at the point

(4,5, —1) in the direction u = (2/4/20, —3/+/20, —3/+/20).
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