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Math 50: Final

180 minutes, 140 points. No algebra-capable calculators. Try to use your calculator only at

the end of your calculation, and show working/reasoning. Please do look up z, , x? values
for full credit. Attempt all questions, but in the order most comfortable for you, and heed

the number of points available. Later question parts may be independent of earlier ones, so

skip over one you can’t do.
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1. [13 points] It was found that 35 out of 300 “famous’ people have the star sign Sagittarius.
g (a) Test the null hypothesis that Sagittariuses are no more likely to become famous than any other
star sign (asswme each sign is exactly 1 /12 of the yea::'&against the hypothesis that they are more

prone to fame and fortune. ( 4F 457% mﬂa "l
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5 (b) Give this same data, what would a Bayesian, with no prior bias towards any particular value of —f (0 @

the proportion p of famous Sagittariuses, conclude about p? (That is, what is the normalized 2«
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9. [15 points] Consider the joint pdf fxy(zy) =0y for0<z<landl<y<l-z. [Hint: douhle-check
your domain]. ( y

£ (a) Find the marginal pdf fx(z).
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3 (b) Find the conditional pdf fy|{y)-
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3. [14 points]

4 (a) How many ways are there of choosing a team of 3 and a team of 5 out of & class of 87
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[2-point Bonus: if the teams are both of size 4 and not distinguishable, e.g. not labelled A or B,
how many ways are there now?]
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§ (b) A shipment of 24 eggs has 6 bad ones. You test the shipment by picking 3 at random and accepting
it if at most one is bad. What is the chance that you accept the shipment?
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3 (¢) You have 3 drawers of socks: A contains two white, B contains a white and a black, and C contains

two black. However, you can't remember which drawer is which, Suppose you open a random
drawer and pick out a random sock. That sock is white. What are the probabilities that the
drawer you opened are A, B, or C?7 Please explain, using probability notation, and stating what

rule of probability you used.
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4. [18 points} Rectangular mint candies of variable size are produced by a machine. Let X and ¥ be
random variables giving their width and length.

4 () If X has uniform pdf in the interval [0,1] and, independently, ¥ has uniform pdf in the interval

0,2), find the probability that ¥ > X.
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The edge of each candy is lined by chocolake, with length iél by the perimeter P = 2(X +Y).
Given the same pdf as above, find the pdf ;Rthe perimetef, [Hint: find pdf of X + Y first, taking
care to consider its various domains]. e
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4  (d) Finally, assume the machine is adjusted so that the candies are each sguare, so there is only one
random variable, X, and it has uniform pdf in [0,1]. Find the new pdf of the area A = X 2,
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5. [25 points] Consider the model pdf fy(y;6) = (1/8)e~%/8 for y > 0. Data {;}, ¢ = 1,...,n are
collected, from which we wish to estimate 6.

$ (a) Derive the Maximum Likelihood estimator 6. Please show your working.
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5 (b} Compute the variance of this estimator, Var{é), assuming the data does in fact come from the

model pdf with parameter value €.
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5 (c) Compare this to the Cramér-Rao lower bound. Is then ¢ an efficient estimator?
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3 (d) Prove that the estimator is consistent. [Hint: make sure you demonstrate everything you need

to].
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% (e} With the same assumption as before, compute the full normalized pdi of the estimator, Ja(u).
[Hint: go back to the form of é1. ‘
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G. [25 points] Heights of a random sample of four US males were 70, 72, 62, 68 inches.

5 {a) US females have an approximately normal height distribution with mean 64, variance 6. Assuming
the male variance is the same as for females, use the data to test the hypothesis that 4 for males

is greater than that of females, at the 95% confidence level.
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(b) What is your p-value for the above test?
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£ (c) Instead assume the male variance o? is unknown, and compute the 95% confidence inierval on

the mean p for US males.
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é (d) Assuming the underlying pdf is normal, and g is unknown, compute a/ 80% confidence intervaj on
the variance &2,
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5 (e) Can you reject the null hypothesis that ¢2 = 6 (that of US females), at the 80% confidence lavel,
' compared against the hypothesis that o2 #£67
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8. [15 points] A computer LCD screen cont
independent probability p of being ‘dead’
acceptable if they have at most 3 dead pixels.

ains 1 million (that is, 10°) pixels, each of which has an
due to manufacturing defects. LCD panels are considered

g (a} Sayp= 10-6. What is the average percentage of LCD panels produced that are unacceptable?
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have no dead pixels?
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) (¢) Quality Control examines 100 panels and eounts 200 dead pixels in total. Use this data, and
possibly additional assumptions, to construct a 95% confidence interval on p.
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7. [15 points] Responses to the survey question, “Do you like cheese?” gave 147 out of 210 responding
“Yes”, {The rest responded, conveniently enough, “No" ).

§ (a) Give a 95% confidence interval on the underlying proportion o of the population that ‘like’ cheese,
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(b) What assumption(s) is/are needed to justify this last conclusion?
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-7 (c) After & brutal nationwide marketing canpaign by the Cheese Board of America (no pun intended),

s
a new survey finds 118 out of 150 responding “Yes”. Test the hypothesis that the proportion has ‘.‘;L: tne
increased, against the null hypothesis that it remained the same, at the 95% confidence level. F ‘
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