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Permutations and Partitions:
Robinson-Schensted algorithm (RSK) and the Shape of the resulting SYT
(Greene's theorem)

Separable permutations and their shape under RSK

Supersequences of separable permutations and shapes containment

Origins: Shortest containing supersequence
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Basics

Partition of n: Abn, A=A >X>---),> \i=n
Young diagram of shape \:

A=(4,22)—

Young Tableau of shape X:

<

3]4]8]
N216
57

[y

Longest Increasing Subsequence of a permutation w: increasing subsequence
of W of maximal possible length.
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Tableaux and RSK
Basics

Partition of n: Abn, A=A >X>---),> \i=n
Young diagram of shape \:

A=(4,22)—

Young Tableau of shape X:

<

3]4]8]
N216
57

[y

Longest Increasing Subsequence of a permutation w: increasing subsequence
of W of maximal possible length.
w = 782935416
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Tableaux and RSK
Basics

Partition of n: Abn, A=A >X>---),> \i=n
Young diagram of shape \:

A=(4,22)—

Young Tableau of shape X:

<

3]4]8]
N216
57

[y

Longest Increasing Subsequence of a permutation w: increasing subsequence
of W of maximal possible length.
w = 782935416, 2356
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RSK definition
Bijection: w — ( P , Q ).

Insertion Tableau Recording Tableau

Wi... W — (P,', Q,)
Pit1 = wit1 — Pi:
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RSK definition

Bijection: w — (

Wi... W — (P,', Q,)
Pit1 = wit1 — Pi:

5—

Greta Panova (Harvard)
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Insertion Tableau Recording Tableau

3[7]

1
12
L4

:Z_>

).

3]5]

1
12
L4
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RSK definition
Bijection: w — ( P , Q ).

Insertion Tableau Recording Tableau

Wi... W — (P,', Q,)
Pit1 = wit1 — Pi:

5—

1]3]7] 1]3]5] 1
i =7— i = 217
4] 4] 4]
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RSK definition

Bijection: w — ( P : Q ).

Insertion Tableau Recording Tableau

Wi... W — (P,', Q,)
P,‘+1 = Wjy1 — P;: Q,’+1 - Qi + @new box of P;+1

5— [1]3]7] 1]3]5] 1[3]5]
i =7— i = 217
L4 L4 L4
Seprable permutations and RSK
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RSK definition

Bijection: w — ( P , Q ).

Insertion Tableau Recording Tableau
wy ... w; — (P, Q)
P,‘+1 = Wi+1 — P,': Q,’+1 = Q,‘ +@neW bOX Of P,'+1

5— [1]3]7] 1]3]5] 1[3]5]
12 =7— |2 = [2]|7
4] 4] 4]
wy =5, 56 561,
1/6][1]2
) Geaz o (F5)
W= 001423 5614, 56142, 561423,
1]2][1]2 1[2[3][1]2]6]
(éééi) 416),3]4 46] .34
5] 5] 15] 5]
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Shape of the Tableaux under RSK

Theorem (Greene)

Let w € S,, (P, Q) = RSK(w) and A = sh(P) = sh(Q). We have that for every i

Mt A=V
where v1
length.

,...,v" are i disjoint increasing subsequences of w of maximal total

Example
w = 236145
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where v1
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[Lebleaixfand[RSIC
Shape of the Tableaux under RSK

Theorem (Greene)

Let w € S,, (P, Q) = RSK(w) and A = sh(P) = sh(Q). We have that for every i

Mt A=V
where v1
length.

,...,v" are i disjoint increasing subsequences of w of maximal total

Example

w = 236145
i=1 vl =2345 - )\ =4
=2 v2=236,v2 =145 - X1+ X =3+3 - X =2
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[Lebleaixfand[RSIC
Shape of the Tableaux under RSK

Theorem (Greene)

Let w € S,, (P, Q) = RSK(w) and A = sh(P) = sh(Q). We have that for every i

Mt A=V

where v1, ... v are i disjoint increasing subsequences of w of maximal total

length.

Example

w = 236145

i=1 vl =2345 - )\ =4

=2 v2=236,v2 =145 - X1+ X =3+3 - X =2

A= (4,2)
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[Lebleaixfand[RSIC
Shape of the Tableaux under RSK

Theorem (Greene)

Let w € S,, (P, Q) = RSK(w) and A = sh(P) = sh(Q). We have that for every i

Mt A=V

where v1, ... v are i disjoint increasing subsequences of w of maximal total

length.

Example

w = 236145

i=1 vl =2345 - )\ =4

=2 v2=236,v2 =145 - X1+ X =3+3 - X =2
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[Lebleaixfand[RSIC
Shape of the Tableaux under RSK

Theorem (Greene)

Let w € S,, (P, Q) = RSK(w) and A = sh(P) = sh(Q). We have that for every i

Mt A=V

where v1, ... v are i disjoint increasing subsequences of w of maximal total

length.

Example

w = 236145

i=1 vl =2345 - )\ =4

=2 v2=236,v2 =145 - X1+ X =3+3 - X =2

X = (4,2) Indeed, RSK(236145) = ( é g 4]5] i g 36)

Not always possible v/* = v/* for i # jlII
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[Lebleaixfand[RSIC
Shape of the Tableaux under RSK

Theorem (Greene)

Let w € S,, (P, Q) = RSK(w) and A = sh(P) = sh(Q). We have that for every i

Mt A=V

where v1, ... v are i disjoint increasing subsequences of w of maximal total

length.

Example

w = 236145

i=1 vl =2345 - )\ =4

=2 v2=236,v2 =145 - X1+ X =3+3 - X =2

X = (4,2) Indeed, RSK(236145) = ( é g 4]5] i g 36)

Not always possible v/* = v/* for i # jlI  But if w were separable...
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Definition
A permutation o is separable if it avoids 3142 and 2413. J

Inductively a separable permutation is uv, where
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Definition
A permutation o is separable if it avoids 3142 and 2413. J

Inductively a separable permutation is uv, where

n |

Example

Separable: 65478213,
Not separable 236145 : 2614 ~ 2413
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Main Result

Theorem

Ifoisa separab/e permutation and A = sh(o), there are disjoint increasing
subsequences v, v?, ..., s.t. v/ =0 and \; = |V/| for all i.

In view of Greene's theorem where
A+ A= v AV,

we can take v/ = v/ for every i.
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Main theorem

Main Result

Theorem

Ifoisa separab/e permutation and A = sh(o), there are disjoint increasing
subsequences v*,v?, ..., s.t. |Jv/ =0 and \; = |V/| for all i.

In view of Greene's theorem where
" B
ALt A =V VY
we can take v/ = v/ for every i.

Example

o = 541237698
11— 12378 : 541237698 — \; =5
v =12378,v2 =469 :— X\, =3
v31 =12378,v32 =469,v3 =5:— N3 =1
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Sceie

Proof setup: the Inversion Poset

Definition

The inversion poset of a permutation w is the poset on elements (7, w;) under
the partial order:
(a,b) X (c,d) = (a<c)A(b<d).
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Proof setup: the Inversion Poset

Definition

The inversion poset of a permutation w is the poset on elements (7, w;) under
the partial order:

(a,b) X (c,d) & (a<c)A(b< d).

Example

w = 923578614
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Sceie

Proof setup: the Inversion Poset

Definition

The inversion poset of a permutation w is the poset on elements (7, w;) under
the partial order:

(a,b) X (c,d) = (a<c)A(b<d).

Example

w = 923578614

Pairs:

(1,9)(2,2)(3,3)(4,5)(5,7)(6,8)(7,6)(8,1)(9, 4)

v
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Sceie

Proof setup: the Inversion Poset

Definition

The inversion poset of a permutation w is the poset on elements (7, w;) under
the partial order:

(a,b) X (c,d) = (a<c)A(b<d).

Example
w = 923578614 Poset:
(68)
Pairs: 57) (7.6)
(4,5) (9,4)
1,9)(2,2)(3,3)(4,5)(5,7)(6,8)(7,6)(8,1)(9,4
(1,9)(2,2)(3,3)(4,5)(5,7)(6,8)(7,6)(8,1)(9,4) (1.9) ]
(3|,3) (8,1)
(2,2)

v
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Main theorem [T

The Inversion Poset of a separable permutation

MS

3142 — @1 2413 — (172
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Main theorem [T

The Inversion Poset of a separable permutation

M3
3142 — @n 2413 —

(1,2)
Lemma

The inversion poset of a separable permutation is N—free, i.e. it does not contain

a subposet isomorphic to
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Main theorem Setup
The Inversion Poset of a separable permutation

(43)

3142 — @n 2413 — a2
Lemma
The inversion poset of a separable permutation is N—free, i.e. it does not contain

a subposet isomorphic to

w = 783491625
(9.5)

5.9 (7.8)/ (82
2N
(1.8) @“4.4) (1)

1.7 @3
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Main theorem Setup
The Inversion Poset of a separable permutation

(43)

3142 — @n 2413 — a2
Lemma
The inversion poset of a separable permutation is N—free, i.e. it does not contain

a subposet isomorphic to

w = 783491625
@.5)

69 (7.8)/-62)
BRNaN

(1.8)"‘."( 4y @)
a7 (63

6)
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Main theorem Setup
The Inversion Poset of a separable permutation

(43)

3142 — @1 2413 — (172
Lemma
The inversion poset of a separable permutation is N—free, i.e. it does not contain
a subposet isomorphic to

w = 783491625 o = 541237698
@5) ©®9) (98
69 @,

' “82)

NN S5
(Ts) . @4 61) 18 (53 @4
AR
an @3 “h

8) @, 78

3:2)
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Proving the Main Theorem

Lemma

Let u, v, and w be increasing subsequences of a separable permutation. If

w (v = 0 and both intersect u, there exist two disjoint subsequences o and 3,
such that

e alp=wl{v,
e aNu=0.
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such that
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Proving the Main Theorem

Lemma

Let u, v, and w be increasing subsequences of a separable permutation. If
w (v = 0 and both intersect u, there exist two disjoint subsequences o and 3,

such that
e alp=wl{v,
e aNu=0.

Idea of Proof.

Greta Panova (Harvard)

General picture.
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Proving the Main Theorem

Lemma

Let u, v, and w be increasing subsequences of a separable permutation. If

w (v = 0 and both intersect u, there exist two disjoint subsequences o and 3,
such that

e alp=wl{v,
e aNu=0.
Idea of Proof. General picture.

-

{ Needs formalization.

/\
|/
qN

1vwW

ul v vl
- u
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Proof.
Formal Proof.

Argue by contradiction.
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Formal Proof.

Argue by contradiction.

Let G = uN (v Uw) and assume there is no chain 8 C (vUw), s.t. G C § and
(vUw)\ g is also a chain.
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Formal Proof.

Argue by contradiction.

Let G = uN (v Uw) and assume there is no chain 8 C (vUw), s.t. G C § and
(vUw)\ g is also a chain.

Let C C (v U w) be some maximal chain, s.t. G C C. Then there exist
x,y € (vUw)\C,st. x2Zy. Thenx€v, y€w.
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Formal Proof.

Argue by contradiction.

Let G = uN (v Uw) and assume there is no chain 8 C (vUw), s.t. G C § and
(vUw)\ g is also a chain.

Let C C (v U w) be some maximal chain, s.t. G C C. Then there exist
x,y € (vUw)\C,st. x2Zy. Thenx€v, y € w.

By maximality, x U C, y U C are not chains, so there are a,b € C, s.t. x Z a,
y Z2b,soacwandbecv. Assume a > b, then we must have x = band y < a.
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Formal Proof.

Argue by contradiction.

Let G = uN (v Uw) and assume there is no chain 8 C (vUw), s.t. G C § and
(vUw)\ g is also a chain.

Let C C (v U w) be some maximal chain, s.t. G C C. Then there exist
x,y € (vUw)\C,st. x2Zy. Thenx€v, y € w.

By maximality, x U C, y U C are not chains, so there are a,b € C, s.t. x Z a,
y Z2b,soacwandbecv. Assume a > b, then we must have x = band y < a.

We have

X a
Va
b Yy
with x Za,x Zy,y Zb
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Formal Proof.

Argue by contradiction.

Let G = uN (v Uw) and assume there is no chain 8 C (vUw), s.t. G C § and
(vUw)\ g is also a chain.

Let C C (v U w) be some maximal chain, s.t. G C C. Then there exist
x,y € (vUw)\C,st. x2Zy. Thenx€v, y € w.

By maximality, x U C, y U C are not chains, so there are a,b € C, s.t. x Z a,
y Z2b,soacwandbecv. Assume a > b, then we must have x = band y < a.

We have

X a
e
b Y
with x Za,x Zy,y Zb

Contradiction! O
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Towards the Main Theorem

Proposition

Let u= {u*,..., u*} be k disjoint increasing subsequences (d.i.s.) of a separable

permutation o with sh(c) = \. Then there is an increasing subsequence w*1,
disjoint from u's, s.t. |w**1| > \piq.

Proof.
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Towards the Main Theorem

Proposition

Let u= {u*,..., u*} be k disjoint increasing subsequences (d.i.s.) of a separable
permutation o with sh(c) = \. Then there is an increasing subsequence w**+1
disjoint from u's, s.t. [w**1| > N\yq.

’

Proof.

Let V—k+1dis, 3oy vl = S A by Greene's thm.
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Towards the Main Theorem

Proposition

Let u= {u*,..., u*} be k disjoint increasing subsequences (d.i.s.) of a separable
permutation o with sh(c) = \. Then there is an increasing subsequence w*1,
disjoint from u's, s.t. [w**1| > N\yq.

Proof.

Let V— k+1dis., 3oy vl = S A by Greene's thm.
Let Vi = {v € V|vu! # 0}. Repeatedly apply Lemma to V; to get same
number of d.i.s., same total length, all but at most one disjoint from u?:

\71={Vi:\7iﬂu1:@7i>1;UVi: U v}

veEV)
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Proof.
Towards the Main Theorem

Proposition

Let u= {u*,..., u*} be k disjoint increasing subsequences (d.i.s.) of a separable
permutation o with sh(c) = \. Then there is an increasing subsequence w*1,
disjoint from u's, s.t. [w**1| > N\yq.

Proof.

Let V— k+1dis., 3oy vl = S A by Greene's thm.
Let Vi = {v € V|vu! # 0}. Repeatedly apply Lemma to V; to get same
number of d.i.s., same total length, all but at most one disjoint from u?:

\71={Vi:\7iﬂu1:®7i>1;UVi: U v}

veEV)

Repeat with U\ {u'} and (V' \ Vi)U Vi \ {#!|vi N ut # 0}
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Proof.
Towards the Main Theorem

Proposition

Let u= {ut,...,u*} be k disjoint increasing subsequences (d.i.s.) of a separable
permutation o with sh(c) = . Then there is an increasing subsequence w**1,
disjoint from u's, s.t. Wkt > A\ 1.

Proof.
Let V—k+1dis, > cylvl= Zkﬂ)\ by Greene's thm.
End up with
V={ww(/=0,1<j<k}
and
Uw=Uv
veV
W =X+ N = W == W > e
—_— ——

<A1+-++Ak, Greene's thm

v
Seprable permutations and RSK PP 2010 12719



Proof.
Proof of the Main Theorem

In Proposition, let [u!| + -+ + [uK| = Ay + - - 4+ A4 by Greene's thm.
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Proof of the Main Theorem

In Proposition, let [u!| + -+ + [uK| = Ay + - - 4+ A4 by Greene's thm.
Then ut, ... vk, wktt — k41 d.is., total length > A\; + ... + \ep1, SO
W ] = A
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Proof.
Proof of the Main Theorem

In Proposition, let [u!| + -+ + [uK| = Ay + - - 4+ A4 by Greene's thm.
Then ut, ... vk, wktt — k41 d.is., total length > A\; + ... + \ep1, SO
|Wk+1| — >\k+1-

By induction on k we get

Theorem

Let o be a separable permutation. Then o = |Ju’, where u' are increasing disjoint
subsequences, s.t. |u'| = A;.
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Super- and subsequences and shapes containment

Question

If o is a subsequence of w, when is sh(o) C sh(w)?

Example
w = 24213 o = 2413
L2[3]I112[5]\ /T3] [172]) sh(e) = (2,2) ¢ sh(w) = (3.1,1)
120 3 204034
4] 4]
Seprable permutations and RSK

PP 2010 14 /19



Separable subsequence

Corollary (to Main Theorem)

If a word w contains a separable permutation o as a pattern, then
sh(c) = A C sh(w) = p.

e g PP20107 518



R o - Ll S"sccuence's shape
Separable subsequence

Corollary (to Main Theorem)

If a word w contains a separable permutation o as a pattern, then
sh(c) = A C sh(w) = p.

Proof.

Greene's theorem: |w!| + - + [wX| = pg + -+ + k. Set v/ = w' (No.
By proposition there exists u* is. in o, |u* Tt > A\iyq.

In w: wl, ..., wk uktt —d.is, so

W - WK [ <
—_————
Ptk Akt

= Mkt1 < fkt1

e g PP20107 518



Supersequences

A word w is a supersequence of ¢ if it contains o as a subsequence.
Definition

Let B C S, w is a supersequence of B if w is a supersequence of each element of
B. Let SCS,(B) be the minimal length of a supersequence of B.
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Supersequences

A word w is a supersequence of ¢ if it contains o as a subsequence.
Definition

Let B C S, w is a supersequence of B if w is a supersequence of each element of
B. Let SCS,(B) be the minimal length of a supersequence of B.

V.

Question

Bounds for SCS,(S,)? Bounds for SCS,(B) for certain sets B?
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Supersequences

A word w is a supersequence of ¢ if it contains o as a subsequence.
Definition

Let B C S, w is a supersequence of B if w is a supersequence of each element of
B. Let SCS,(B) be the minimal length of a supersequence of B.

V.

Question

Bounds for SCS,(S,)? Bounds for SCS,(B) for certain sets B?

Koutas, Hu, 1975: SCS,(S,) < n?> —2n + 4,
Kleitman, Kwiatkowski, 1976: SCS,(S,) > n? — Cn"/4*¢
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N ¢/ - L} Shortest Supersequence
Supersequences of Separable Permutations

B ={o1,...,0k}, o; — separable; w — supersqn(B).

1

Ush(:)  sh(w) = SCS,(8) > | Jsh(o)]

Greta Panova (Harvard) Seprable permutations and RSK PP 2010
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Supersequences of Separable Permutations

B ={o1,...,0k}, o; — separable; w — supersqn(B).

1

Ush(:)  sh(w) = SCS,(8) > | Jsh(o)]

Lemma
For any shape X there is a separable permutation o, s.t. sh(o) = \. J
Seprable permutations and RSK

PP 2010 17 /19



Supersequences of Separable Permutations

B ={o1,...,0k}, o; — separable; w — supersqn(B).

Ush(:)  sh(w) = SCS,(8) > | Jsh(o)]

1

Lemma

For any shape X there is a separable permutation o, s.t. sh(o) = \. J

Take rw(T), T - superstandard, sh(T) = A Example: A =

1]2]3]4]
T=|5]6/7] ,w(T)=2895671234
8]9

Note: rw(T)- separable (in fact 213-avoiding), sh(rw(T)) = sh(T).
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Supersequences of Separable Permutations

B ={o1,...,0k}, o; — separable; w — supersqn(B).

[Jsh(ev) C sh(w) = SCS,(B) > \Ush i)
Take B = {rw(T)|sh(T) = A AF n} pu(n) =Uyp A
Example
n=9 k=5 B={oy,...,05}:

[TTTTT]
sh(oq = 123456789 ), -

( )= (9
sh(o, = 678912345) = (5, 4),
sh(o3 = 789456123) = (3,3, 3),
( )= (2,
( )= (

Uiy sh(on)] = 23.
sh(os = 978563412 2,2,2,2,1),
sh o5 = 987654321 1.1.1.1.1.1.1.1 1) w=69787596543123456789123,

) 7 ) ) ) ) 7 )

4
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Supersequences of Separable Permutations

B ={o1,...,0k}, o; — separable; w — supersqn(B).

Ush(:)  sh(w) = SCS,(8) > | Jsh(o)]

Take B = {rw(T)[sh(T) = X\, AF n} pu(n) = Uy, A
Proposition

|s(n)| ~ n(Inn+---) and number of corners is 2\/n, so B has 2\/n permutations
and SCS,(B) > n(lnn+--+)
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Related Questions, work in progress

Question

If o is a subword of w, characterize when sh(c) C sh(w).

Conjecture

If o = uv, where u = (w;|i < k,w; < k), v=(w|i > k,w; > k), then
sh(o) .= sh(u) +sh(v) _C sh(w).
- ~—

obvious ?

Question

For what shapes X is Greene's theorem "satisfied” in the sense of: For every
permutation w, sh(w) = X, there exist d.i.s. V', s.t. |v'| = \;.

S pe TS et R U]
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